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INTRODUCTION 



In order to solve problems in indefinite integration 
effectively, students need both a mastery of the special" techniques 
of integration and a general procedure for choosing and applying 
these techniques t^o problems. Most textbook* space and classroom 
time in this subject area is devoted to teaching and practicing the 
special techniques of integration. It is .generally assumed that 
with' much practice and the help of insightful comments from their 
teachers, students will develop a^"feel" for the material that 
enables them to solve problems effectively. In m^ experience/ 
however, many students have had difficulty learning to approach 
problems in integration systematically and effectively even after 
k lengthy classroom discussions of*problem solutions. 

TOiOvercome this problem, this, booklet provides students 
directly 'with a general procedure for approaching"an<f solving 
problems in integration. Based on observations of "experts" 
working on integrals, the procedure has three steps: SIMPLIFY, 
CLASSIFY j and MODIFY. 

In step 1, SIMPLIFY, we try to reduce a problem to one which 
can be Solved by a formula or can be done easily. At this fails 
to solve the problem we proceed to step 2, CLASSIFY. * Here we use th< 
form of the integrand to decide which special technique (integration 
by parts/V partial fractions,- etc.) to use on the_problem. If we 
are unable to CLASSIFY the integrand, we go to stej> 3, MODIFY. There 
we try 4 to; manipulate the integrand inttf a more familiar or manageable 
form. We always check for simple ^alternatives before beginning 
complicated calculations, and start the process over with step 1 
whenever, we have succeeded in transforming the integral to something 
easier.. The generaj procedure is outlined in the table on page 5, 
and summarized in full detail on the Jast page of this booklet. 
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INTEGRATION ; ^ 
A A GENERAL PROCEDURE 



Proceed from one step to the next when tj»e .techniques of 
that step fail to solve the problem. Always look for easy 
alternatives before beginning complicated calculations. 
If you succeed* in transforming the problem to something 
easier, begin again at Step 1. 



Step 1:* 



SIMPLIfYJ 



Easy Algebraic 
Manipulations 




Obvious 

Up* 1 



•Substitutions 



$tcp 2: CLASSIFY! 


Rational . 
.Functions 


♦Products 

* 


Trigonometric 
Functions 


Special 
Functions 



Hi 





Step 3^ 


MODIFY! 






Problem* 


Special 


keeds 




Sf&ilariti^s 


Manipulations 


Analysis • 




i HOW Tff USE THESE MATERIALS 

"Work the pre-test in Appendix I. These naterials are written 
for people who have mastered the basic techniques of integration. If 
you miss more than one of the pre-rtest problems, of if you find them 
difficult, you should review your textbooks sections on basic anti- 
derivatives and substitutions before you start Chapter 1. Before you 
work on Chapter 2, you should be familiar with the techniques of 
partial fractions, integration Mparts, and trigonometric, siibsti- • 

tut ions. . 1 „ , 

A" 

* This booklet is organized like the General Procedure, given in 
the chart on page 3. The three chapters in the booklet and the 
sections they are divided into correspond to the three steps in the 
general procedure and their subdivisions. You should work through 
this booklet following % the procedure^closely , until *using it becomes 
automatic. If it does,' you will be able* to solve problems in 
integration like an expert, 
s Each section begins with a description of some technique of 

integration, which is summarized in table fop. The table is followed 
by sample problems, which serve }s review problems and examples. ^ Yqu 
'should try to solve each sample problem' yourself . Then compare your 
answer, with the solution given . Just reading through the solutions 
will not be enough ! You should focus on the process of solution, 
which is as important as the answer. 

Each chapter*ends with exercises- designed to reinforce'the 
procedures you have just learned. Work the exercises as if they 
were a test. Detailed solutions are. in a separate solutions manual, 

fete ;, It's ea^sy to^lose" terms in an.intergal if we're not careful.. 
I've chosen to write all the terms in an integral at each stage of 
the process, aj><T I suggest you do the same. This^taies some extra I 
time, but it helps prevent costly mistakes.^ ' ^ 



Chapter 1 



SIMPLIFY! 



.There is *6ne general rule that you should keep in mind 
whenever you are solving problems; 



ALWAYS CHECK FOR EASY ALTERNATIVES 
BEFORE BEGINNING ANY COMPLICATED 
OR TIME-CONSUMING OPERATIONS. 



As the sample problems below illustrate; it is worth taking 
a few moments to look for ^ guick v or easy solution to a problem 
before jumping into a complicated procedure. This is especially 
true in integration, where a tamely observation can save tremendous 
amounts of work. The twd types of SIMPLIFYing operations we will 
discuss are summarized below. 
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Step 1: SIMPLIFY 




Easy ^Algebraic 
Manipulations 


* Obvious 
Substitutions 
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Section 1 ; 

' ' EASY ALGEBRAIC 

MANIPULATION 



Some algebraic manipulations are easy** enough to use that 
it's wortn considering them automatically before going oh to 
anything else. For example, We almost always break \he integral 
of. a '•sum into a sum of integrals and then integrate term by term. 
Before doing this, however y we should lodk for other alternatives. 
Sometimes an algebraic or .trigonometric identity will simplify 
the term facing us, before we t>ry to integrate it. Another .operation 
which, is more complicated but also worth considering is simplifying 
rational functions by long division. . 

t We call a rational function (the quotient of two polynomials) 
a "proper fraction" if the degree of the numerator is less than 
the degree of the denominator. Proper fractions are usually easier 
to manipulate than others. Also, we can only apply the technique 
of partial fractions to proper fractions. v Thus we. should consider * 
division as a preliminary simplification. In sum, $s ¥e have: 



EASY ALGEBRAIC MANIPULATIONS 

(1) Break integrals into sums 

(2) Exploit Identities 

(3) Reduce rational functions to * 
Proper Fractidns by division 




SAMPLE PROBLEMS 

* Each of the following sample problems can be SIMPLIFIED 
by an easy algebraic manipulation. Try to solve each problem 
before you read the solution, and then compare your method with 
.mine, * » 



dx 



dx 



SOLUTIONS 



1 + sin'x 



• 2 . 
cos x • 



dx* 



This integrand contains ^sura, so we should cbnsider breaking 
the problem into a sum T>F integrals. This gives us 

/l i< fsin x , t 2 , /sin.x , 
— dx ♦ / y dx = J sec x dx ♦ /— — dx t . 
cos x j J cos x J cos x 

* J' > • 

The first integral can now be done directly. In the second, 
we notice that the denominator contains the term cos x* 
Since the numerator is sin x , which (except for <a minus 
sign) is thefderivative of cos x, this suggests that we 
make the substitutions 

ai = coS x, du = -sin x dx. 

Then the integrals become 

-sin x dx ^ _ w / du 

J u 



fsec^x dx - ;v 



2 

cos X 



tan x 



= tan x 



-,/»- 




L2 



du / tan x - (-u ) ♦ C = tan x ♦ ♦ C 

/ 

* tan x * cV*x 



f 



♦ C s tan x ♦ sec x ♦ G. 



Solutions, Continued 



2. / <" 



in x ♦ cos x}" dx 

The first thing we should notice is that the integral can't 
be done directly, so some sort of manipulation is called for. 
If we square the terra (sin x ♦ cos x) , we obtain 



y*(sin 2 x. ♦ 2 sin x cos x ♦ cos 2 x) dx. 



STOP! While the integral can be broken into three terms and 
each done separately, there are simplifications. Do you see them? 

** 2 2 

Recalling the trig. identities (sin x ♦ cos x = 1) and 

(sin 2x = 2 sin x cos x), we can write the above as 

J{six?x ♦ cos 2 xJ dx + fl sin x cos x dx = Jl dx ♦ fsixx 2x dx 

= x - \ cos 2x ♦ C. 

* ♦ 



NOTE: The terra y2sin x„cos x dx can also be solved by the * 
substitution u=sin x. or u = cos*x. These give two equivalent 
solutions to the problem, 



£ » sin x 



and 



x - cos x ♦ C. 



3 -/ 



2 ? 
x ♦ 1 



dx 



The integrand in* this problem is an ''improper fraction 11 , 
so we should perform a division. The division gives us a 
quotient of (x) and a remainder of (-x) , so we obtain 



dx. 



/?tt^;|-77t)v-/--/7tt 

In the second integrand, we^ notice that the numerator is one 
half jthe derivative of the denominator. If we make the 
substitutions u'= (x 2 +l) , du * (2x dx), the above becomes 

= | x 2 - i ln|x 2 +ll ♦ C. 
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Section 2 



• • • * 

"OBVIOUS* SUBSTITUTION'S* 



Using substitutions is one of the^rfost powerful ^ools we liave 
for simplifying and solving integrals, I always look for substitu- 
tions before. I try more complex procedures. There are two guidelines 
I use in looking for substitutions: 

(1) Does the integrand contain a function" of a function? 
If" it does, try a substitution with uvas the^ -"inside" function. 
Consider the 'integrals * 

• *• . 

^ 1 + X J .cos x ' - . 

The term tan~*(x 2 ) appears in th$ first integral, with' x as an 

inside function. I Would try the substitution u = x in that 

. 2 2 

problem. The denominator of the 'second integral is i cos x' = (cos x) 9 
c os x — is an^tTSSide function, t Would try ' u = cos x. . 



-so- 



(2) Does thef integrand contain a complicated or "nasty" 
function, particularly in thte denominator o£ a fraction? If so, 
try a substitution with u as the "nasty" function. Consider 

* -1 ' 

In the first problem I would try u = (tan x ♦ x) , and nope that 

9 * * 

it helps. [It does; see sample problem 2.] In the second problem 

the denominator dsn 1 1 particularly "nasty", but it's worth trying the 
2 

substitution u = x - 9. Then du »^2x dx, and the integral is 

' *v 14 

V K 



Note : If the problem I just discussed were y x 2_ 9 dx, the 
substitution u = x 2 -9 'would not have helped. In general, a 
substitution u* = f(x) will only Kelp if you can find the terri 
du = f f G0dx somewhere in the integral. If you try a substitution 
and it looks like you're getting involved^in a complicated procedure, 
stop to consider other alternatives. The procedures of chapter 1 
are designed to help SIMPLIFY and solve an integral rapidly: You 
should explore all simple alternatives before trying anything 
complicated. If «need be, you can always return to a complicated 
substitution later. 



OBVIOUS SUBSTITUTIONS 



(1) "Inside" functions 

(2) "Nasty" terms and 
denominators 



SAMPLE PROBLEMS 



A Each of problems 1 through 3 can be. solved by a a 
substitution. Try to salve each problem before you read the 
solution, and then compare your method with mine. 



1/^4. 2. /<-•'- «>(&) 



dx 



3 f^ 1 

W # / X -X 

J e - e • 



dx 



A i 

*T. One of the following two integrals is much easiejr to solve 
• * t » 

than the other-. - Decide which it is, and solve it. 

(b) /(1+x 4 ) 5 dx , 

15 



(a) /x 3 (iv x 4 ) 5 dx 



V 
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SOLUTIONS 



x 4 - 

- dx 

x 2 - • . : *. 



tan" 1 x -1 
'in this problem we have the term, e , so tan # X > 

is an "inside" function. If we try' * / 

k 

-1 1 
u = tan x, then du> ■ * dx. 

1 ♦ x . ' 

Since du does appeal in the integral, we can make the substi- 
tution. The integral becomes > * 

du = e U ♦ C 



tan x . n 
= e ♦ C. 



2>/ct« 1 xVx)(^i)dx. 



In\his expression the term ttan^x ♦ xj is rather 
"nasty 11 . We Might consider the substitution 

u « tiuf *x + x, 

and see if it helps. We obtain 

and,, we're in luck. The integral then becomes " 
• J (tan" 1 * + x) J dx J * Ju du = \ u 2 + C 



j (tan _1 x + x), 2 + C. 
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1 I'd like to work this problem using all the, methods of. 
this chapter, to illustrate how I would think about this «n 
problem if I didn't know where it came from. 

As a first step, I look for algebraic simplifications. 
The numerator is a sum, so I might consider breaking the * 
integral up into . 



v e - e J e 



-x 



-x 



dx. 



This doesn't seem, to help, so I took for substitutions. } 
might be tempted to try the substitution u « e x at first, 
Since all the terms in the integral are expressed in terms 
of*e x . But du = e*dx, and I don't see that in the integral. 
For that reason- 1 won't explore the substitution further now. 
If necessary, I can return*to it. 



This gives 



Finally, I might try a substitution for the denominator, 
u 
du 



/ X » -X* 

»(e - e ), 



(e~ ♦ e 



which does appear in the integral. From here on the probl< 
easy. We haVe 



x . -X 
«e - e 



[(e x ♦ e" X ) dx] 



du » In |u| ♦ C 



In 



x A -x 
e + e 

x -x 
e- e 



♦ C. 



One of the following two integrals is much, easier to solve 
than the other. Decide which it is, and solve it. 



(a) 



/xW: 



) 5 d* 



(b) /(1+x 4 

17 



) 5 dx 



As always, I start working on a problem by looking for* 
algebraic simpl ideations/ In both parts (a) and (b) of 
this problem, I can Multiply (1+x*) by itselfcFfive' times, 
and then integrate term by term. That seems \tgp complicated, 
however, so I look for other alternatives. 

In both parts of the problem I see (1+x^tv so tnat tne V 

term (1+x*) is an "inside" function. If I try] 

4 3 
u = 1 ♦ x , then du * 4x dx. } 

Since the term (x 3 dx) appears in part (a), that integral will 
be easy to solve. It becomes 



Jx 3 (l+x 4 ) 5 dx » i/(l*x 4 j 5 (4x 3 dx) - iju 5 du 



($(iu 6 ) + C 



* * * WASHING * * * 

The sample problems you've worked through in this chapter 
may have seemed very easy, because you were on guard for simple 
solutions. On tests I've seen students spend ten or fifteen ' 
minutes trying to solve 

'V4x 



by partial fraotions or by using the substitution x = 3 sin 0 ! 
The moral of this chapter is: 



Vhen you start working 'on a problem, » always 
check fon an easy algebraic manipulation or 
obvious substitution* h Only when you 9 re sure 
the problem xxmnot be SftiPLIFIED should you 
try anything else. . ' • 



EXERCISES 
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EXERCISES FOR CHAPTER 1 



Detailed solutions of these exercises are available in a 
separate solutions manual. The order of the solutions is scrambled, 
to keep you from accidentally seeing the answer to ttie next problem 
you are working on.. The solution number of the exercise you^are 
wonjeing on is underneath the exercise number. For. example, ' • 



i 



[sol. 5 



means that solution *5 presents a discussion of exercise 1 
******** 



In each of the following exercises, one problem can be done 
easily. Use the techniques of easy algebraic manipulations and 
obvious substitutions to determine which it is, and solve it. 



I sol. 5 



(a) 



J 2 ♦ si 



sin x 



~x fcos x dx 
(b) J i ♦ sin x 



Isol. 2\ AX 0 



dx 



dx 



^ f U) Jtm 4 x sec x dx 
(sol ; 8 J (b) Jsec 4 x tan x dx 



14.1 u, /tVt- 

Isol. II* 
* '(b) JtaxT l x dx 



5. 

sol. 3 



(a) '/ln(e x ) dx , 

(b) /ln(x) dx 



I 6r U) /woo *>/x") 5 ^ 

•sol. 4 



(b) 



7. 

sol. 6 



.8, 

sol. 7 



(a). 



/ (i +SZy 



Cb) J^-Ldx 



(a) 
(b) 



/7T47T 
r L - 2 

7x- 2 - 4x ♦ 



dx 



dx 



19- 
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Chapter '2 



"CLASSIFY^ 



As we noted in the introduction, experts generally follow a* 
three-step procedure when solving integrals. The first step^ which 
we discussed in Chapter 1, consists invoking for simplifications 
or easy solutions to 'a problem. The second step, if necessary, 
consists 6£ choosing and applying the technique*most likely to 
solve a problem. . « 

This choice" of technique is iJ^^X based on* the FOBM^oi the 
integTand. Ask /an expert why he chooses to solye fx sin x dx 
using integration by parts, for example, and he'll say because 
it's a product of dissimilar function*. 11 The solution to a problem 
follows routinely once the right technique has. been chosen. 

In this chapter we will classify integrals in^four ba?ic 
categories, and* discuss the techniques most often effective in 
dealing with them. Our classification is summarized by,the^ 
second -box in the General Procedure: • . 





Step 2: ■ 


. CLASSIFY 




Rational 
Functions 


Prodbcts 


Trigonometric 
| Functions 


Special ■ m 
1 Punctions* 





Your goal 'in working through this section, should be to 
classify integrands by form and recall the techniques appropriaDe - 
to them. If you systematically use\^te simplifications of Chapiter 1 
and ttie' classification scheme of this section, you should be akle 
to solve most of the problems at the end of \jour- text's chapter 
on integration. 



ERIC. 
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Section 1 



RATIONAL FUNCTIONS 



A rational function , is, the quotient of two, polynomials. The 
procedure for integrating rational functions is straightforward, 
although it may sometimes be Jong and involved. A large part of 
that procedure is purely algebraic, and consists of, "breaking up" 
complicated rational functions into sums of simpler ones. We wjfil 
begin by examining the simple or "basic" rational functions, and then 
discuss how-to bre^k up the^more complicated ones. 

Part*l: % - ' 

r BASIC RATIONAL 'FUNCTIONS 
* , 1 1 

Definition: A Basic Rational Function is a "proper fraction" of the 

form ' ^ 

or rx, ♦ s . 

ax ♦ b - (ax ♦ b) n ^ ax 2 '* bx ♦ c 




'Basic rational functions "of the first two types are easy to 
integrate. 'If the denominator i$ (ax+b) or (ax+b) , the 
substitution u = (ax+b) will solve tip problem. See sample 
problems ^ and 2. ' * • tt 

Things are more complicated jf the denominator is quadratic 
If the denominator factors easily, we use partial fractions to 
break up -the integrand- . For example, » 



4 fx-SVdx s: f (x-S)dx, :. U 2 , I \ dx 



- 2* lnjx-4|-lnl*-3| ♦ C? * • 
,We will discuss* the technique of partial fractions' in part 2 
of'this section.. t * s. 

■ . • .21 



V 



Suppose the denominator does' not factpr easily. Then ' / 
complete the square and "make a substitution for the u term in ( 
the denominator. There' are two possibilities. 

* 

2 0 

(i) 'If the denominator is of the -form (u +a~) , we will obtain 
something of the form « * > 



er|c 



du. 



The first integral on the right will yield .a logarithm, and the f 
secon^gives an arctangent. 

' (ii) If the denominator is of the form (u -a ) f we obtain 



/bu+c 
T7 
V -A 



du. 



TJfere are^two ways to continue* from here. One is to factor the 
^^denominator and use partial fractions to break up the expression 



bu+c 



J(u>a)(u-a). * g 

If tfie factors (u+a) and (u- a) 400k reasonable, this is probably 
a^good way to finish tne problem.^. We* do have another alternative, 
however'.' 

. I 

^ — Jfe can write the integral as 

" b /-r"2 du + c /-r-2 d "-^ 

J u -a ;u -a 

The first integral is a logarithm, and the second can be solved 
easily using the formula given; below. * See sample problems 3 
through 5. 



1 




1 ) 


i i : 


2a\u - a 


u'+ ay 


u - a 
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INTEGRATING BASIC RATIONAL FUNCTIONS 



*(1) If t^e denominator is (ax+b) or ^(ax*b) n , substitute 
u = ,(ax>b). This reduces the problem to standard form. 

(2) If the denominator is quadratic and factors easily, 
use partial fractions to* finish thej^roWem. 

(3) If. the denominator is quadratic and does not factor 
easily, complete the square. If the denominator is then 

' i: (u 2 +a 2 ) f integrate directly to obtain a logarithm 
and/ or inverse tangent. 

ii: (u 2 -a 2 ), either use partial fractions or break up the 
integral and use the formula on. p. 17.^ 



Bote: Make sure you have checked for SIMPLIFICATIONS be fore, you- 
'use the procedure for rational functions. 



SAMPLE PROBLEMS 



Th*e solutions. to these problems illustrate the techniques 
described above. Try to solve* them before you read my solutions. 
If they cause you a^great deal of difficulty, you should probably 
practice on some similar problems from your textbook. 



l f— 



dx 



^' Jx 2 + 4x+',13 



J (4x + 3) 6 

. 4. f^-< 

J x ♦ 4x ♦ 13 



5 ii — ~ — 

J x ♦ 4x ♦ 



dx 
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Solutions to Saaple Problems v * '. 19 



1. /*v,* 



There is no algebraic simplification possible* Since the 
'denominator is (5x+7) , we make the substitutions 

*. r 



u = 5x*7; du » 5 
The integral then becomes 



£j * ±fg- » Jln|ul +*C = ±ln|5x+7| *C. 



4 f 5 d 



2. /(4x ♦ 3) 6 -J 

Again, I see- no algebraic si^litic ation. Since the 
denominator is (4x*3> 6 , -the substitutions 

• « * u » 4x*6; du * 4 dx 

are called for. The integral then becomes 

- 5 t 4 dx 5 rdu 5 a 5 / u " 5 V+r' 



♦ c = =■ ♦ c. 

4(4x+3) 



3. f^^- 

v x ♦ 4x # 13 



dx , 



As a preliminary algebraic manipulation I would consider * 
breaking the integral into a 'sum, but that doesn't look like 
i^ will help yet. Checking for obvious substitutions, I' would 
consider substituting for the? denominator, u = x*+4x*T3. 
This givers du « (2x+4)dx». which does not appear, in the 
numerator. I can't factor the denominator, so I should 
complete the square. Since • " 

X 2 4x ♦ 13 * *(x 2 ^4x ♦ 4) ♦ 9 - (x ♦ 2) 2 ♦ (3) 2 , m 

24 



* .the denominator is of the form (u 2 ♦ a 2 ), where u = (x/2) 
"and a = 3. Making the substitutions u=x*2 and du=dx, 
, we obtain 



. f(3x+7) .dx _ / •[3(u-2)»7ldu = f 3udu + / du_ 



3 2 



= |ln|u 2 + 3 2 | ♦■|tan- 1 (£) ♦ C J 
= | lit |x WlS | ♦ \ tan' 1 (ill) ♦ C 



■ • v x , ♦ 4x ♦ 1 



dx 

3 



As always, I begin work on this problem by looking for 'easy 
algebraic manipulation's* The integral can be broken into a 
sum of two integrals, But this does not look especially 
promising. I see no useful identities and this is already 
• a "proper fraction", so I look for obvious substitutions next. 

The "nasty' 1 term is the denominator, so I should 
consider the substitution 

u * x - ♦ 4x ♦ 13. 

This would give 

du n (2x ♦ 4) dx, - 

which is double the numerator in this problem! The rest is 
easy. The integral is 

J x *4x*13 

» *r In |x 2 +4x+13| ♦ C. 
J L * 

Notice: This problem could have been done by completinjpthe 
square in the denominator, like we did in problem 3. The * 
advantage of the SIMPLIFY step is that it saved us the trouble. 
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Solutions, Continued 
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5. •/-r Js f i T * 

, J X ♦ 4x ♦ 2 



A preliminary check indicate* that none of the SIMPLIFYING 
procedures will be o£ assistance here. Since I cannot factor 
the denominator easily, I complete the square to obtain 

x 2 ♦ 4x ♦ 2 = (x 2 ♦ 4x ♦ 4) - 2 * (x ♦ 2J 2 - G/F) 2 . 

* ^ Thus the denominator is of the form u 2 -a 2 , where u = x+2g 
and a = JT . Making the substitutions u = (x+2J and * 
du = dx, " we obtain ^ . • 



du 



x 2 +4**2 " J u 2 - 2 Ju 2 - 2 J u 

4 The first integral is easy, and yields a logarithm. For the 
second integral we can use the formula on page 17 to obtain 



u 2 -2 



J_r_i_: _L_\ 

2/Jy u u ♦vT/ 



and the int&gral becomes 



J u - 2 2/2 /\u -72 u +/2/ 

^lnfu - ln|u +72 1 j 



±ln|u 2 - 2 J + 



fin |u 2 -2| + 4, 
Z \ 2*2 



♦ C = 



IP 



luj-j^ 
|u +V2. 



♦ C = 



\ In jx 2 *4x*2| 



|(x+2) -^T 
2& |(x+2) 



In 



♦ C. 




f 
1 
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Part 2: ■ 

DEC0><1EPSING RATIONAL FUNCTIONS, 



In part l,of this section we learned to integrate the basic 
rational functions. It is a fact that any rational function can be 
decomposed into a sum of basic rational functions. The techniqes we 
use are summarized in the following table. 



DECOMPOSING RATIONAL FUNCTIONS 



(1) If the* function is an "improper fraction", divide to obtain 
the sun of a polynomial and a proper fraction. 

(2) Factor the denominator as far as you can, into a-product 
of linear and quadratic terms. 

^(3) Use the technique pf partial fractions to decompose the 
proper fraction into a sum of simpler terms. 



We have already discussed step (1) in the. SIMPLIFY chapter. 
If you are trying to integrate an improper rational function, your 
first step should always be to divide, and then to looK^f or further 
simplifications. 

* Step (2), factoring the denominator, can sometimes be 
difficult if .the denominator is complicated. The following rules* 
from algebra often make this task easier. 



fofe 3: If a polynomial with whole, numbers for coefficients 
has a root which is a whole number, that root 
is a divisor of the constant term of the polynomial. 

Jfak? g£ For any polynomial P(x), the term (x-a) is a 
' _ factor of P(x) if and only if P(a) = 0. 



jTo see how these rules work, let's factor the polynomial 

P(x) = x 3 ♦ x 2 ♦ x ♦ 6. 

By Rule 2, any number which is a root of* P(x) must -be a divisor 
of the constant terra 6. Thus the only candidates for a whole 
number rt>ot of F?(x) are 

♦1, -1, +2, -2, +5, -3, *6, and -6. 
' " — 



23 



:V ' - V " "T~~ 

Now we use flute 2 to -see if any 'of these are roots of P(x)., Testing 
: the candidates, one at a time, we obtain 

•P(*l) » 1? ♦ I 2 ♦ 1 ♦ 6 = 9, so (*1) is Ndt a 'root of P(x). 

PC-1) » C-l) 3 (;D 2 ♦ (-« ♦ * •»■*, v 

* ' * * eL. • -* so is NOT a root of P(x). 
P£2) * 2 3 ♦ 2 2 2 ♦ 6 * 20,so (+2) is NOT a root of P(x). 
P(-2) » (-2> 3 ** C-2) 2 ♦ (-2) ^ 6 « 

-8* 4-2*6- O.'thus (-2) IS a root pf P(x).* 

Using Jtek 2, we now have that x - (-2) - (x ♦ 2) is a factor 
of P(x) » x 3 ♦ x 2 ♦ x ♦ 6. He can divide to find the other factor: 



x ♦ 2 JV ♦ 



*x 2 - x +3 



x ♦ x ♦ 6 



x 3 *2x 2 



- x x 

- x 2 -2x 



TTV 6 
3x ♦ 6 

— C 



Thus""" P(x) i x? ♦ x 2 ♦ x ♦ 6 « (x ♦ 2)(x 2 - x ♦ 3). The quadratic 
tern cannot be factored further, so we stop here. 



Step (3) in the procedure calls for using the technique of 
partial fractions. Since your textbook describes ^t in detail; 
I'll just suawirite it here. .7 * * * 

The technique of partial fractions is used to decompose a 
mover fraction into a sub of basic rational functions. Make, sure 
you have a proper fraction before you try to use the technique. * 

Each. te» in the denominator $f .fehe fraction you are 
trying to break up will give one or iiojre top* when you use 
partial fractions. * * 

if (axti>)* appears in the den^nator, there will be a tem 

of the fom 4 

il-r— in the decomposition. 

ax ♦ b ' 

If (ax*b) n appears in the denominator, there will be terms 
^qf the form \ 



1 --sr. . ' ^-B. in the decomposition.^ 

2 9 9 #...t.Nn . • 




(ax*b) . (ax*b) 4 (ax+b) 



If the term (ax 2 +bx+c) appears in the denominator, there will be 
a term of the form t 

Cx *® - in the decomposition. 
<*, ax «bx+c 

Youwill rarely, if ever, encounter terms like <ax ♦bx+c) n in the 
denominator. We will not deal with such functions here. 

To use partial fractions, follow this procedure: • 

• Step 1: Decide what terms will appear in the decomposition.using 

the guidelines given above. Write an equation, with the 

coefficients still to be determined. • 
Step 2: Multiply both jsides of the equation by the denominator 

T"^ "of the fraction you are trying to break up. Write 

both sides of the equation as polynomials, in x. 

Step 3: Compare the* coefficients of x on both sides of the 

— K equallom,; These enable you to solve for the terms A, », 

C, etc. injthe- decomposition. 



/ V SAMPLE PROBLEMS 

. . Decompose these two functions Into sums ofbasic functions, 
usW the technique's we have just discussed. MakeW to try the 
problems before you read my solutions. Then compare ybur work with 
mine. , " , ' > 



SOLUTIONS 



r , . x 3 + x 2 - 6x + S 

f (x)« ^ — 

x ♦ x - 6 



A ▼ A - V • 

The first thing we should do is reduce the ^mpreper fraction" 

by division. That division has a quofient.of (x) and a remainder , 
of P), so 
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Solutions to Sample Problems 



25 



Solutions, Continued 
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f(x) = £ * 



x * 



x ♦ x - 6 



(x*3)(x-2) . 



< 



Since the terms in the denominator are both linear, the partial 
fractions decomposition will be of the form 



B 



(x*3)Cx-2) x ♦ 3 x - 2 , 

Multiplying both sides of this equation by (x*3)(x-2), we get 
S A(x-2) ♦ B(x*3), or 

(0}x* * 5 * (A ♦ B) x ♦ (-2A ♦ 3B). 
(RemerribeT that if a term does not appear, its coefficient %e 0. ) 
% Comparing coefficients, we obtain the equations 

A = -1 



A ♦ B * 0 

-2A *,3B * S 



, so that 



B * 1 



Thus 



(x*3J (x-2) 
f(x) = > 



x ♦ 3 x - 2, and 



x ♦ 3 x - 2 . 



2. 



g(x) 



x 4 - x 3 ♦ 3 * 
x 3 - i 



This fuhction is also an improper fraction, so we divide to 
obtain 



g(x) * x * 



x - 1 • 

Our next step is to -factor the denominator. Since the constant 

v ; - ~3V ■ : 



term in the denominator is 1, the only candidates for roots 
are x = *\ and x = -1. Since 

(I) 3 -1=0, x = +1 is a root of x^-1 . 

This tells us that (x*l) is a factor of (x 3 -l). We can divide 
to find the other factor. This gives us 

x^r- 1 ■ (x - l)(x 2 ♦ x ♦ 1). 



Thus 



g(x) = x ♦ 



* (x-lj (x%x*l>, 

and our problem is to cjecompose 



(x-l)(x +x+l) 



into a sum of basic functions.. Using the criteria on pp. 23-24, 
we, see that the decomposition will be of the form 



A + Bx+C 



( * } (x-1) (x, 2 +x+l) x-1 x 2 *x*l. 



Multiplying through by (x-1) (x *x+l) , we obtain 
3 



A (x 2 +x+l) >,(Bx*C) (x y -l) 



2 2 
= ,Ax ♦ Ax ♦ A ♦ Bx - Bx ♦ Cx - C. 

Thus 

% (0)x 2 ♦ (0)x + 3 = (A ♦ B) x 2 ♦ (A - B ♦ C)x ♦ (A - C), 
This -gives us the three equations * 

',, so that 



A ♦ B = 0 

A - B ♦ C 0 

A - C =3 



A = 1 
B * -1 
C = -2 



Plugging thes& three values back into^f*), we obtain 

3 m I + (-Dx *(-2) 

(x-l)(x *x*l) x-1 x + x ♦ 1 , so that 



g(x) ^ x ♦ 



x ♦ 2 



x-1 x ♦ x ♦ 1 



.v. 
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Section 2 



PRODUCTS 



If the integrand is a product, anji especially if the, integranc 
is a produc/ of dissimilar functions, you should consider Using, „ 
integration by parts to solve the problem. 'The formula is derived 
Vfrom* the formula for the differential of a product, * 

d (uv) =' u dv ♦ v du*. • 
Integrating each term, we obtain , • 



uv = /u dv */v„du. 



Rearranging this gives 



/u dv = uv - £ v # du. 



To apply this formula, we separate the integrand into two parts*. We 
call one u and the other dv. We differentiate u to obtain du, ' 
and integrate dv to obtain v. If we can then integrate the term 

du, .the problem is solved. The goal\of this procedure, then, 
is to choose u and dv such that the term Jv du is easier to solve 
than the original problem. As' the sample problems illustrate, this 
usually happens when u isj&tf>TT?UA by differentiation. These 
comments are summarized ifo the box be/Low, 




GRATING PRODUCTS 



Consider integration by parts. The formula is 



fu dv = 



uv 



fv du 



and your ^hoice of u and dv should be governed by two things : 

(1) ^You must be able to integrate the te$m you call dv. 

(2) You want fv du to be easier than the original integral. 
This often happens when u is simplified br differentiation. 



32 



PRir- 
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.yog. This formula also has special application tjo the integration 
of single terms that we caii't integrate otherwise. Since /f(x)dx 
can be written as /[f(x) ][l dx] , we can think of that integrand 
as a 'product and try integration by parts with u*f(x) and dv=dx. 
.See sample problems 3 and 4. 



SAMPLE PROBLEMS _ 



As usual, try these problems before you read my solutions. 
Pay particular attention to the reasoning I use in making my 
choices of u and dv in each problem. 



1. /: 



x cos x dx 



x 2 tan~*x dx 



3 # fsin X x dx 

\ 



2 J 

4. /(In x) 2 dx 



r 



SOLUTIONS 



^ fx cos x dx 

There are two possible choices of u and dv in this problem; 

| U = X I and l u = cos *| ,, T 

I j„- „„„ „ a*, 1 a% j» To see which is more 



I u = x 


and 


Ju = cos x 


I dv= cos x dx 




J dv= x dx 



V 

promising, we should determine du and v in each. In the 
du ■ dx 
v = sin x 



first case we obtain 
du ■ r sin x dxl 



and in the second 



1 2 

v j x « 



Clearly fv du is easier to solve 



in 



the- first case, so we make the substitutipns u=x^ dv=cos x dx 

S Then * ' 

0 JW (cosjc^dx) = (x)(sin x) - f\ C^injc) (dx] 



u 



dv 



u v v* du 

x sin x ♦^cos x ♦ C. 
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' Solutions, Continued 
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\ Xote: The functions e X / ; sin x, and_cos x are affected 'about the 
sane by either integration or differentiation. On the other 
hand, polynomials are usually Vconplicated" by integration 
and aade simpler by differentiation. This suggests the follow- 
irig guideline: . 
let P(x) be any polynomial. All of the integrals 

fp(x) e* dx, fp(sf) sin x dx, fp(x) cos x dx 
shoudd be done by parts, with u » P(x) and do the remainder; 



Solutions. Continued 
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2. /x 2 tan~ 2 x dx 



As in problem 1, there are two reasonable choices for u^and 
dv: 



u = x 
dv * tan 



I X dx I 



or 



•u = tan x 
dv * x 2 dx. 



let*s examine Which choice will help more. In the first case 
we will, have that .du = 2x dx, which is rather nice. But we 
will have to integrate dv * tan *x dx,- and that is no simple 
matter. In the .second case, we will have' ~ 



du = 



dx, and 



1 3 
v = jx . 



i ♦ x * < . 

1 Here du is much simpler than u, because* we've replaced > 
an inverse tangent by a rational function! WitK-this choice 
we obtain* 



„ /(tan'^Hx 2 dx) (tan-\)(ix 3 ) -/(i x 3 ) ^) 

• U ^ d\, ~ 



2; 



The second integral canSipv be] done by: the procedure for 
"ratien^tlttmc^ions: After using the procedure, we 'obtain ^ 

ljj**n l x dx, a? t ari^x, ^| x 2 * |jn(l*x 2 ) + ci? 



3, /sin^x dx ' ... • * . ' 

This integranci can be considered as a product, if ve 
write the problem* as. * jf (sin^xMl dx). 'Since, as in problem 'l\ 
we obtain the greatest simplification by differentiating an 
inverse trigonometric function, we set 



u = sin~*x 
dv = 1 dx 



* so that 

v 



du = 



dx 



V ■ x. 



Then 



jfeuf^O^'d^ = (sin^xMx) -/(x) 



dx 




1-x' 



dv 



du 



$ * . i-* 

•« x sin^x ♦ Vl-x 2 ♦ C 



4 # '/dnx) 2 dx.. ' % . : 

Like problem 3, this, can be done by parts if we write it as 



/[(In x) 2 ][J dx]. With 



u = (ln x)S 
dV= i dx 



and 



du = ~ In x dxl 

V = X I 



we obtain - . ' 

, f(lnJl 2 il dx) QnjQ 2 (x) -/ (x) (| In x dx) 
u *dv u V- v^ f du 

» x (In";) 2 ->/lnx dx 

Ke haven •t solved the problem, but we'vf siraplified.it:- we now 
have to. integratd^Un. x dx) instead of /(In x) 2 . dx. A second j 
integration by |>arts with U = lrv x, - dV = 1 dx gives 

. x(ln x) - 2/(li^(l_dx) ■ x(ln x)^-2{ (ln x) (xj yQcj ^x)] 
• . : - U , dV . U. V* V dU 

« x(ln'3Q^2x(ln x)+2x ♦ C. 

Note: Like many problems in integration', this can^be^done in 
more than, one. way*. The sfcbstitution K =*ln x (or e s x) s * ^ 
trans,forms^ Ln x) 2 dx %q « fyflf&i, wh ich is, done by parts (twice 
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Section 3 



TRIGONOMETRIC 
. FUNCTIONS 



There^ are many, special techniques for integrating combinations 
of the trigonometric functions, and trying to keep track of all of 
them .can be-difficult. Instead we can keep some general guidelines 
'for approaching trigonometric integrals in mind. The basic idea is 
to exploit, the relationships among the trigonometric functions 
themselves, in order to simplify the integrand. 

- r 

\A The first kind of manipulation we look for is a simple d 
substitution of the kind u 3 sin x, u = cos x, etc. ^ For this kind 
of substitution to be successful, the ih^ferand should consist of 
an expression involving one trigonometric function, multiplied by 
trie .derivative of that function. For exaj^le, . 



/ 

cos x j* ' is of the form /f(sin x)[d(sin x)], 



T 

sia x * 



where f(sin x) ■ — - — =- and d(sin x) * cos / dx. 

1+sin x # 

In this problem we would make the substitution u » sin x. Similarly; 

"j\ * 

iff an integral can be expressed as 

r 

• >Ji (sec.x) (sec x tan x dx), we would set' u ■ secjc^, 

Our first /object*, then, is to manipulate an integral into the • 
form Ji (sin it) (cos x^dx), etc, To do this, we try toexploit the 
"twin pairs", of /trigonometric functions: sin x and cos^x, 
secx and tan x, and esc x and cot x. The "twin pair" relation- 
ships axe stauMrized in the table on page 32. We d&scuss how-to 4 
use them in sample problems Land 2. 
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Twin Pairs of Trigonometric Functions 



-p-(sin x)= cos x 
dx 


«~(sec x)= sec x tan x 
dx 


d * \ 

-r-(csc x)=-csc x cot X 
dx 


d * 
^j(cos x)*-sin x 


d, ^ 2 
gj(tan x)= £ec x 


^(cot x)»-csc X 


.2 2 , 
sin x ♦ cos x = 1 


2 , 2 
tan x ♦ 1 * sec x 


^ ' 2 
1 ♦ cot X = CSC X , 









#If we are unable to exploit the "twin pairs", we turn to a 
different approach. The next thing we try to do is to reduce the 
powers of the trigonometric functions appearing in the integrand. 
This is usually done with the help of the formulas 



sin 2 x = -j(l-cos 2x) 



cos^x = «j(l+cos 2x) 



or by a reduction formula obtained by using integration by parts. 
See sample problems 3 and 4. 



Finally, there is a "last resort" technique based on the 
substitution u » tan j . -'Admittedly, this formula seems to come 
"out of the blue"..' However^ if nothing else seems to work when you 
are trying to integrate a rational function of sin x and cos x, 
the substitutions 



X 

u = tan(j) , 


2u 

sin x » 0 9 


1-u 2 

COS X = x , 


. 2 du 
dx = J 

lni h 



will transform the integrand to a- rational function of u. It can then 
be finished by the techniques of section 1.-* See problem 5. In sum, 



INTEGRATING TRIGONOMETRIC FUNCTIONS 



(1) Exploit "twin .pairs" to prepare for substitutions. Try 
to obtain /f(sin x) (cos x dx) , etc. 

(2) Reduce powers of trig functions in the integrand, by 
half-angle- formula or integration by pa^rts. • 

(3) As a last resort, the substitution u = tan(j) transforms 



rational functions of sin x and 
functions of u. 



cos x to rational 
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Solutions, Continued 
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SAMPLE PROBLEMS 



1»« /cos 5 x dx 2L/sec 3 x tan 3 x dx 3. fsin A x dx 

4./sec 3 xdx 



dx 

sin x 



SOLUTIONS 



os 5 x dx 



As a first approach to the problem, we sfjpuld try to exploit 
the -"twin pair" of sin x and cos x. Thus we should ; try 
to obtain either 

(a) a function of cos x, multiplied by (-sin otl, or • 

(k) a function of sin x, multiplied by (cos x) • 
Notice that we can achiev6 (b0 Since cos 2 x can be expressed 
in terns of ain^x, then any even power of cos x can be expressed 
% in terns of powers of sin x ^} n tnis problem we can write 
cos 5 x * (cos 4 x) (cos x), which gives us-f ' « 



cos x dx 



*x) (cos x dx) » ^(l-sin 2 x) 2 (cos x^x) 

2 4 
1 - 2sin x ♦ sin x ] (cos x dx). 



This is now in the form ^fCsin x) (cos x dx), and the 
substitutions u » sin x, du = cos x dx give us 



/l 1 - 2u 2 ♦ u 4 ] du = u 



1 



Bote: This technique will work exactly in this manner for any 
odd powers of cos x and sin x. 
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2 J 



sec 3 x tan 3 x dx 



' Since this integrand involves sec x and tan x, we should see 
if we can express it as 

(a) a function of sec x, multiplied by (sec x tan x) t or 

(b) a function of tan x, multiplied by (sec 2 x). 

In this case we can achieve (b) , since factoring out the term 

2 2 * 

(sec x tan x) leaves us with (sec x tan x), and the even 

power of tan x can be expressed in terms of secant*. We have 

7* 3 3 t> 2 2 

/sec x tan x dx */(sec x) (tan x) (sec x tan x dx) 

a 2 2 
'/(sec x)(sec x - 1) (sec x tan x dx), 



and the substitution u = sec x gives us r 
t^i 2 (u 2 :i) du =/(u 4 - u 2 )du -Ju'-Ju 3 



15 13 

j sec x - j sec x ♦ C. 



3> 



* 4 . 

in x dx 



/ 



Technique (1) doesn't help us in this problem; if we try to 
separate out (sin x dx), we're left with the teijra (sin^x dx), 
which can't be, expressed as a polynomial in its twin, cos x. 
Instead we turn to technique (2) and use the double-angle formula 

/sina dx = /(sin 2 x) 2 dx = /^(l-cos 2x)] 2 dx 

s w 2 " C0S 2x * cos2 2 x ) 

The first two terms in this expression can be* integrated easily, 
and we can again call on a double-angle formula to express 
2 1 

* cos 2x = j(l ♦ cos 4x). ,This gives us 



if** ~ if™* 2x dx * ?/ dx j; kf cos 4x dx 



X sin 2x x sin 4x 
4 4 8 32 * C = 



sin 4x - S'-sin 2x ♦ I2x 

31 ' — * c 
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\ Thi^is a diffiwlV problem. He'll go through it slowly and 
in detail, so that the reasoning for it and problems like it 
becones apparent. If© begin by noticing. that*te$hnique (1) 
doesn't work for us here and that the double-angle formulas 
,do,n*t apply*, so we decide to use integration by parts. There* 

* are throe reasonable choices: ' 

^ V 

(a) /(sec 3 x)(l^dx) , (b) /(sec 2 x) ( sec x dx ) , and 

^ u dv * - u dv 



2 

seq x) (sec x dx) 



\ " - u \ dv • 

In 'choice {a), setting 'dv»dx would lead»to v»x, and the tern 
(v du) would involve both x and a combination of trig 
functions. Integrating that looks difficult, so we go on to try 
something else: in choicer (b), setting Sv * (sec x dx) leads 
to „v »• lntsec x ♦ tan x{ , which is nasty* Thus we examine 
choice (c)- Since ^ 

sec'x , r . - |du * sec x tan x dx 
seAcdx) |^«tanx* 
and this is the best of the threat Alternatives, we proceed : 

yi(sec x)(sec 2 x dx) « , (sec 1c) (tan x) - f &tn x) ( sec x tan x dx) 

u . dv * * "if^^v^ v du 



; - * sec x tan-x rj*{sec x)(tan 2 x dx). 

v We can use theldentity (tan * »,sec x.-jl) to obtain* j. 
-/sec 3 xdx * sec x.tan x - /(sec x) (sec 2 x - 1)* dx, or . 

(*') /sec 3 x dx * sec x tan x - fsec*x*jx U fsec x dx. 

For a moment it looks as if we've gone around in circles, 
because we now have the term 

. i-\ t 3 

U * / sec x dx • , ' 

-mboth .sides: of equation (*). . Notice, Wevef, that U • 
r .appears with a negative sign on the right-hand side of (*f. 
We can then consider (*) as an a^hrtf£c«equa # tion, 
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U = (sec x tan x) - U ♦ (/s^ec x dx). 

Solving this, equation for U, we obtain 

* ^ 2U = secx tan x ♦ fsec x dx 

= sec x tan x ♦ ln|sec x ♦ tan xl ♦ C. 
dividing both sides of this equation by 2, and replacing U by 
fs*c*x dx, we finally obtain 

J*sec Z x dx ■ i [ sec x tan x ♦ lnjsec x + tan xl] ♦ C*, 
where ■C , =C/2. j • 

Mote: - 27it8 is a long agd involved procedure* With minor 
modifications, it will provide reduction formula* foly power* 
* of all the trigonometric functions* Because of its complexity, 
however, you should only consider using it after checking *that 
technique (1) and the double-angle formulas don't help* 



5f dx * 
• J 2 ♦ sin x 



In this problem, neither the "twin pairs" or reduction 
formulas seen to help, so we make use of the "last resort" 
substitution, given in technique (3). The substitutions 

u * tan(|); s*in x « cos x « ^;\dx -2A 

1*U; : ■* . ltu * 1+U 

transform the integral to ^ 




*r This is a rational* funttion, and is done v by collet ing the 
.square in t£e denominator: 

y U Z +u+i ,/(u+l/2)%(3/4) V3?7 /37 ^ ■ 

- . % 1 tan -l f tan(|)Ml/2)] tC . t . ' 

I /i77- j ; T 



Section 4 



SPECIAL FUNCTIONS 



in this section we will discuss, three kinds of substitutions 
which occur often enough that they are worth singling out 
for special mention. The first type of substitution deals 
with tens of the form 



(a 2 *" 2 ) n/2 , 



(a 2 -u 2 )^ 2 , 



and (u 2 -a 2 ) n/2 . 



We deal with functions like these by asking a 'trigonometric 
substitutions for one of the texas 



M (aV) 1/2 , V-'uV/2, 



or (uW) 1 ' 2 . 



The substitutions can be memorized, but I find it easier 
to draw a triangle and derive them. All of the substitutions 
cone from the Pythagorean theorem, 
which says- that ' X 2 ♦ Y 2 « Z 2 
in the triangle to the right. 
If we place the sides a and u * 
on the triangle carefully, we 
can sake the third side of the triangle be any of the terms in (•} 
See the triangles below. 




for 
(a 2 +u¥' 2 



for 
(a 2 -u¥ /2 



fox 
(u 2 -aV/ 2 

il 



^- 58 

Once the triangle has been drawn and labeled, we can "read" whatever 

substitution we need from it. Follow this procedure* 

To ^obtain an expression for u , use the trigonometric function 

that involves u and a. Once •you have u as a trigonometric 

function of Q 9 differentiate to find du. . , 

To obtain an expression for (something)*^ 2 , use the trigonometric 

1/2 

function that involves the sides (something) and a in the 
triangle. . * , 

Make the substitutions. The result will be a trigonometric 
integral, which you can solve in terms of 0. To express the answer^ 
in terms of x , "read? the functions from the triangle. . ^ 

Sample problems 1 and 2 will illustrate how to u£e this 
procedure. See page 41 for the seconded third kinds of substitutions 
we discuss in this section. 

SAMPLE PROBLEMS 



I f dx r\ f x 2 dx 



SOLUTIONS 



1- It^ 71 



Before we try a trigonometric substitution, we should check for 
any SIMPLIFICATIONS. Unfortunately there are none, so we 
draw a triangle. In this case the term we wish to substitute 

f0r is 2 1/2 • 

so we draw the triangle x * 



r 



Solutions, Continued 
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To obtain the substitution .for x,'we use the function that 
involves the' sides (3) and (x). In this case 

Z 2 
tan 0 » j , -so x ? 3 tan 0 and dx * 3 sec 0 dO. 

2 1/2 

To obtain the substitution for (x +9) , we use the function 
that involves (x 4 *9) ' and (3): This gives us 



sec 0 » A* 



or 



(x 2 *9) 1/2 » 3 sec 0. 



~s • ~ . * " — " * 

We are now ready to Substitute these into the problem. We get 

s • 

' f dx* f dx fl sec 2 0 dO 

• ' y^i? 77 VtCxW'V J (3 sec .)? • ' 



3 sec 0 dO x 
27 sec 3 0 . < 



kS 



cos 0 dO 



s i sin 0 ♦ C. 

it. • c . 

We. now return to the triangle to obtain the value of sin 0. This 

gives us tht final answer 

C. 



2. /i 



dx 



9 * 

In this problem the. term Y4-9x 2 

is of the form 7a 2 -u 2 , and suggests 
ft triangle with hypotenuse 2 and leg 
3x, like the one drawn to the *ight. 



We first determine x and dx by using the trigonometries 
function involving (3x) and (2). % This gives us 
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3x 0 2 

sin 9 = y , so x = j sin 0 and , dx'» j cos 0 dO. 



To substitute* for ?4-9x , we use # the trigonometric function 
involving that term and the constant.- Here 



cos 0 = 



so V4-9x 2 = 2 cos 0. 



At this point we're ready to substitute in the 'integral. We 
obtain 



fx 2 dx a Ajsin 0) 2 (f 



cos 0 dO) 



L 



|^/d0 - §7/ cos 20 d0 



cos 20) dO 



2 1 

2yO-27-siii2Q + C 



3 27 



( 0 - sin 0 cos 0 ) ♦ C. 



To complete the problem, we need only read off the values of 
the functions of 0 from the triangle. Sin 0 and cos 0 are 



,3x 



and 



y respectively. To find 0, we can use the function 



sin 0: since sin 0 * 
Thus ■ 



3x 



-1 ,3x, 



yr-, 0 = Sin (y-). 



2 . 
x dx 



2_ 
27 



• l f 3x, ,3x w /4-9x^ 
l 2 



[ sin^(^)- - (^.)(-^_)] *C. 



'45 



\ 



9 

ERLC 
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'ax+b j occur often enough to justify listing 



The second and third types of substitution w£ discuss in this 
section are really special cases of a suggestion we discussed in 
Chapter 1, where we noted-that it is often worth considering 
substitutions for the "nasty" terras in integrands. Expressions 
involving e x and 
these substitutions. 

We frequently *en counter integrals like 

, £^ a^d f^LL dx/ .. 

J e + 1 y e -e J e ♦ 1 

which are rational functions of e X ^ At first glance it looks like 

x ^ 

the substitution u„= e will not be of assistance, because the 
te>a du%p e X dx is missing* You should make the substitution 
anywayi^^ 

\ x x 1 

• , A If u\= e , then du = e dx ■ u dx, so dx = — du. 

u 

If i/OM are trying to integrate a rational function of e , make the 
substitutions 

and 



x 

e — u 



* 7 

dx = ±du. 

The Result will be a rational function of u. 



A similar comment holds for integrals which include terras of 
the form 

n> 



'ax*b. 

If we set u = ^ax*b, then u n = ax+b, and x = ^(u n -b) . 

Differentiating, we obtain dx = — u 11 "* 1 du. 

a • 

If you are trying to solve an integral which is a rational function 
of x and n ax+b, make the substitutions 



If n , , , , n n-2 , 
x = -^(u -b), and dx = - u dx. 



The result of these substitutions will be a rational function of u. 

See sample problems 3 and 4 for these substitution^. The table 
on page 42 summarizes this section. 1 

^ 4ti ~ 1 



a r 
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INTEGRATING SPECIAL FUNCTIONS 



(1) If the integrand includes ^terms of t'^ fom 

,2 „2,n/2 r ..2 _2,rf/2 _ / 2 * 2,n/2 



Ca V)' 



or (a +u ) 



(a) Draw a right ttiangle. 

(b) Place a and ni so that the third side of the 
triangle is the term you want. 

(c) "Read" the* substitutions from the triangle. 

(2) If the integrand is a rational function of e x 3 
make the substitutions 



e^j u 



and dx = — du. 
u 



(3) If the integrand is a rational function of x and fyax+b* 
make the substitutions 

vJ^ax+b = u, x- = -ku n -b), and dx = £ u 1 ' 1 du. 

\ a a 



SAMPLE PROBLEMS 



dx 



SOLUTIONS 



3.7 



X -X 

e - e 



dx 



The integrand, iri^this probKsm is a* rational function\f e X 
therefore we should maJ^e the substitutions ^ " ; 



x ■ 1 , 

e = u, dx = -t du, 



even though (e x dx) dpes^not appear in the numerator: S 

-x i .i * . * ! ; 

e a ~ = u • t inte gral becomes 

, e » 



mce 



■ft 



J 
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EXERCISES 



Using partial fractions or the formula on page 17, this is 



44 



lp- i> » 
— In 



r ♦ C .jl, 



e -1 



♦ C. 



4. / i dx 



The integrand in this problem is a rational function x>f % 



and «/2x+T, so we should sake the substitutions 



3 2 



u^ V^2*+l ; u 3 = 2x*l ; x = ^{u 3 -l) ; dx = ^ u* du. 



The integKl then becomes 



» du. 
Using the technique for rational functions, this becomes 

»' 3u* ln|u-l| - | ln|u 2 m*l| - (/T ) tan"^^) - ♦ C, 
where u ■ 
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A. 



PART 1: 



EXERCISES FOR CHAPTER 2 



The purpose of these exercises is to give you practice in 



the SIMPLIFY and CLASSJJY steps of the General procedure. 
DO NOT SOLVE THE INTEGRALS AT THIS POINT. 'Examine them for 
simplifications, classify them, and decide which technique 
you would use to solve them. Then compare your reasoning with 
mine, in the solutions manual. Remember: 

i i. 



sol. 6 



means that solution #6 presents a discussion 
of exercise 1. 



sol. 6| J xVx*+4 
2.1 /z.taA-dx 

soi. id 



dx 



6x* 

vSx^T 



dx 



5# I f , 9x 

sol . 131 J /x*+4' 



dx 



6.1 / 



x tan"*x dx 



sol. 8 



7. 1 -f-fL 

sol. 14f J x 4 - 1 



dx 



8- 

[sol. 11 



dx 



x^6x' 



|1>Q| J-t—tL 

Isol. 2) 17 2 ♦ cos x> , 



The exercises are.cdntirtued on page 45... 



" * 1,1 — ^ f ~ 



-3^ 
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A* ' 



111* I ; *i/ cs<?3 * cot3jx 




sol* 16 



7 l i/x 2 + x ^ 2 ^ 

1 

|Ji^ \ J x 2 ^ i * 




I sol. 151 



/ f csc, 2 x cqt'x dx 



1151 /« 

Isol. 5 I 



16.1 r^- 

sol. 12| J x 3 _ i 



Csin 2 x - cps 2 x) dx 



dx 



* * * awr ^ * * * 



Solye each of the exercises from part 1. Detailed solutions ^re 
in the solutions aanual. This table lists the nuaber* of the solution 



to each exercise below the number of the exercise. 



Exercise * Ll 


i 


3 


4 


5 


6 


7 


6 


9 


10 


11 


12 


13 


14* 


IS 


16 


.Solution t f 22 


26 


20 


17 


29 


24 


30 


27 


is 


i 


32 


23 


21 


31 


19 


28 
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Chapter 3 ^. 



"I 



v. 



4 MODIFY ! 



Chapters 1 and 2 of this booklet contain the basic techniques 
necessary for solving aost first-year calculus integration problems, 
face we can' SIMPLIFY or CLASSIFY an integrand, its solution /is/ a 
routine (although not necessarily easy) aatter. 

We encounter the aost difficuly with probleas of unfamiliar 
fora/ those which. Resist classification by the aethods of/ Chapter 
2. Igith such probleas our goal is to MODIFY the integrajuy aanipu- 
lating it until it is in a aore convenient or recognizable fora. 
Once this has been done, we return to the SIMPLIFY and/OASSIFY 
steps of the General Procedure to finish the problem./ 

The three sections of this .chapter are: 

(1) P rob lea Similarities : looking for and exploiting 
resemblances, between the problem we are' working, on 

^ and problems we know how to integrate 

(2) Special Manipulations: techniques for exp^essink 
complicated integrands in more convenient fora j 

(3) Needs Analysis : looking to see what additional terms 
, aight help" solve a. problem, and modify^ig the, 

integrand to include them. ^ 



logether, these form the third step of the General Procedure: 

] 1 * ' 



-Step 3:-, 



M00IFY 



Problem | Special I Needs 

Similarities I Manipulations f Analysis 
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Section 1 



PROBLEM 
SIMILAR I T I E S 



Some integrals can be classified easily, but look so compli- 
cated that tfte standard procedures for solving then promise to be 
very Bessy*. Other integrals nay not* fit into the classification 
scheme of Chapter 2, and^we may not know an appropriate way to 
solve them. One way to approach such problems is to look for 
similarities between then and problems we know how to do. If the 
form of a difficult problem resembles that of a "standard" problem, 
there are two possibilities. We might be able to reduce the 
difficult problem to that "standard" form. Or, the technique" 
would use on the easier problem might help us solve the more 
ifficult one. Th£ sample problems wi.ll illustrate this kind of 
K approach. Summarized in table form, we have 



PROBLEM SIMILARITIES 



(1) Look for easy problems similar to the one you 
are working on* 

(2) ifcy to reduce the difficult problem to the form 
of the easy similar problem. 

(3) Try the techniques you would use on the similar 
problem. "* 



9 
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SAMPLE P ROBLEMS 

— r 7 "? — 

Use the suggestions given on pgge 47 to try to solve these 
problems. Then compare your solution vith mine. 



J V 



i/rt 



dx 



2. /ttitt 
3 f \ » 



dx 



SOLUTIONS 



1 Jtz 



dx 



The integrand in this problem is a rational function, so 
we could solve the problem by the procedures of chapter 2. 
The denominator is difficult ta factor, however, so we look 
for another approach. 

1 4* 2 

The problem would be easy of the denominator were (1 ♦ x ) 
instead of (1 ♦ x*); can that be arranged? Yes, because of 



the x term *n the numerator. Making the substitutions^ * 



x , du = 2x dx, 



we get 



J 1 ♦ x 4 VMx 4 J 1 ♦ u 



+ C 



jtan" 1 ^ 2 ) * O. 
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SPECIAL * 
MAN I P ULAT IONS 



4. RATIONALIZING DENOMINATORS 



>2 n 2 



This te chnique is based on the relation (A*B)(A-B) = A -B . 

Tf we replace A by >/u" and B by /v" , we obtain 

,^i>fu + Jv ) (Vu - /v ) = u - v. 



' if the integy^mdris a fraction whose denominator in of m the fom 

(Vut y/v ), multiply both the numerator and denominator by its 
"conjugate," (Ju + The denominator * of ' the resulting fraction 

^re{nqpty~(u---vh- r ~ 

See sample problems 1 and 2. 



B. SPECIAL .USE OF TRIGONOMETRIC IDENTITIES 

The basic trigonometric identities, like the terms discussed 
in (A) t can be written as the difference of two squares. For example, 



In this section we discuss four techniques designed, to express 
complicated integrands in more convenient formjfor integration. 
They are - * 7 : 



SPECIAL MANIPULATIONS" 



A. Rationalizing denominators of quotients 

3. Special use of trigonometric ^identities 

C. ''Common denominator" substitutions 

0. "Desperation" substitutions 



'The^e , techniques of ten an vol vf complex man ipul at ions. Itmay 
not be clear that they are helping to solve a problem until we have 
iojie some complicated calculations'. For that reason these tech- 
niques differ from the simplifications of Chapter 1. When we first 
examine an .integral, we look for fast -and easy ways to solve it. If 
that fails, we try £a. classify "it and use* standard techniques* Only 
if that fails, or if the standard techniques look ' Very complicated, . 
do we look for alternatives such as these. With practice you will 
discover which* approaches to integrals you can examine rapidly, and 
which are time-cpnsuming. This knpwtedge should govern tfte order 
in which ^ou apply them. 4 



ERIC 



r 



(1+cos x)(l-cos'x) ■ 1-eos x = sm x; 

•2 2 

^ ' (l^sin x)(l-sin x) * 1-sin x = cos x; 

2 2 

(sec x +tan x) (sec x-tan x) = sec x - tan x » 1 

2 2 

(esc x +cot x)(csc x-cot X) s CSC x - cot X s 1. 



The terms paired' above, like (l*cos x) and (1-cos x), are' 
called conjugates* * » , 



If the integrand contains any of the terms (li cos x)/ 

(1 t sin x) % (sec x t tan x) > or (esc x t cot x) t either >irt 

the denominator of a fraction or inside a square toot, consider 

* * r 
multiplying and dividing the integrand by its conjugate* 

See sample problems 3 and. 4. » 
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C. "COtMON DENOMINATOR" SUBSTITUTIONS 

When an integrand involves a single term like v^x = x^ n , 
we sake the substitution u = x*^ n , or equivalently, u n = x. 
The result of this substitution is an integrand which has integer 
(whole number) powers of u instead of fractional powers of x. 

Some integrands involVe more than one 'fractional po wer ftf 
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D. "DESPERATION 9 * SUBSTITUTIONS 

Our guideline in Chapter i~was~that we should only consider 
substitutions that are quick <and easy to use, and we postponed 
looking at any substitutions that looked complicated or unpromising. 
If neither the SIMPLIFY nor CLASSIFY steps help us solve a problem, 
we should now consider more complicated substitutions 'in the hope 



that tney win prove helpful. At this s,tage/-we have little to lose. 
For example, to solve ^ j 

* we might try° u = 1 ♦ Jx or even u =Jl ♦ /x~' . See probiemr6; 



x, like 



T7T-773** 



To solve an integral like this, we would like to find a 
1/N 

substitution u * x ' such that all of the fractional powers 
of x. are replaced by integer powers of u.- We choose N as folJt>ws. 

Let N be the smallest cotmon denominator of all the fractional 
potters of x which appear in the integrand. Make' the substitution 

• u - x 1/M , so that x » u 9 I and* - dx » N u*~ 2 du. 

The integrand which results from this* substitution will be a rational 
function of a. 

v 

In the problem above, the smallest common denominator of 
1 *1 2 w * 

j/* *2 9 and J is Thus we snoul( ^ ■ ake tne substitutions' 

* u » x 1/6 ; x = u 6 ; dx = 6u 5 du. ' » * ^ 
'The integral then becomes 



which can be solved by the. procedure for rational functions. 



See saaple problem S. 



9 

mc 



To solve 



c, 



. Km-: . ■ 



we might try u = x * 1 or even 



REMEMBER: Our goal He to manipulate the integrand until it takes > 
a familiar or convenient form* As' soon as succeed, we return } 
to the SIMPLIFY and CLASSIFY techniques of chapters 1 and 2, 



SAMPLE PROBLEMS 

Try each problem before you read the solution. Then compare your 
reasoning with mine* 



1 f ** 

O f xdx 

3. f-r- 



dx 
cos X 



4 # J/ 1 ' cos x dx 

6, fj 1 ♦/T'd 



dx 

/3 1/2 
- x 
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9 f ^ 



s 1 <. 



Solutions to Sample Problems 



55 



Solution*, Continued 



SOLUTIONS 



J /x+l ♦ /x-l 



To solve this problem, we multiply both numerator and 
denominato r^ the conjugate term (/x+1 - >/x-l ). 



f 



dx 



* 



J 1 ♦ cos X 

o 

Since the integrand is a rational function of dbs x* we could ' 

x o/ ^ 

use the substitution u = tan j to transform it to/ J, rational 

function of u. Since working with conjugates in this case 

is fairly easy, we can try that first and see what happens. 

We get 



[ dx ~ / (1-cos x) dx 9 f (l-co3 x) flf /' J 

J 1+cos x* J (1+cos x)(Ucos x) " J .2 . f 



/ [ (/x^T - /£T ) dx = ' - /^l )dx 

i/(vxTi +&~i){<nFi -VxTT ) J (x+i) - (Vi) 



1/2 



dx 



2^ 



x dx 



1 * /l^x 



Here too we multiply^numerator and^dAnominator by the 
conjugate term, (1 ♦ /Ux ). This gives us 

y x ( 1 + TIT )>dx a /x (1 ♦ vfcx ) dx = 
U-/^)(1*/Fx) J 1 - (1-x) ^ 



(i + yi^o dx B (M) l/2j 



dx 



- x-|(l-xj 3/2 -C. 



sin"x 



. /cos x dx a r sc 2 x ^ m Au s (wherg ussin x) ^ 

J sin x J sin x v/ * 



- cot x ♦ — ♦ C 
u 



- cot X ♦ 



1 



► » - cot X 



sin x- ftV k 

♦ esc x +*C. f *t 



4. - JJ 



1 



1 - cos x dx? 



In this problem the "nasty" term is' inside the "square root. 
If we multiply (1-cos x) by -its conjugate (1+cOs x) , we obtain * 
sin x, and the square root of that is just sin x« *F6r that 
^reason we can try the technique, in the hope* that the result 
is simpler to work with; If it isn't, we wpulS look for some- ; 
thing else. , . t - 



Sjt- 



cos x^ dx % 



/ /(1-cos x)(l+cos x)- « s - I 

y/*- (i*cos x) - 



[Ell s /©Lax = / giuLAL , * * 
^1+cosx* y y Ucos x Jjl+cos.x . 

This nay look as complicated; as 'the integral Ve started-with, 
but is much easier and can be done by the techniques of 
Chapter 1. He have the term cos x in the denominator, 

Gl 



ft 
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tz ^ 

/ . 



and (almost) its derivative in the numerator. Making the 
substitution u s cos/ x, the integral 

: fet- - J-U)- {n - -2(l + u) 1/2 



+ c 

-2s/l+cos x + C. 



5 ' / 



dx 

175 ~I7I 



This problem involves fractional exponents. The least 
^ common denomitmorof -|^n^ substitution 

.1/6 |*6 5 

u - x , so x « u and dx = 6 u tiu. 

The integral becomes • " 

'*/( " 2 * u + 1 + ct) *» = 

. . , . . - (2u. 3 +' 3u 2 + u + ln|u-l| ) + C = 

'•>- . - (2x 1/2 ; ; 6xY 6 ; 6 h, 1 1 yrET ^T 

6- : //rr?^ dx • 



This problea can be done by sequential substitutions u « /T; 
v » l*u; w = /7. As an example of a "desperation"' substitu- ' 
tion /however, we might try 

u =/?wf . Then u 2 = 1 */7 ; x-« (u 2 -l) 2 ; and 
dx = 4u(u"-l) du. Then 

» . • * 

T/Wf dx = /(u)[4u(u 2 -l)f du =/(4i/- 4u 2 )du = ' 

i 
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Section 3 > 

HE EDS ANALYSIS 



The technique of needs analysis has been implicit in much of 
our work so far, and we now state it formally as an integration 
technique. It consists'of asking what might enable us to solve a 
problem, and then either adding it (and compensating for it) or« 
changing something in the problem to it. 3 Needs analysis explains * ■ 
the, reasoning behind our exploiting "twin pairs" of trigonometric 
functions, for example. If an integrand is a complicated- expression 
involving sin x, we search for a way to introduce the term 
(cos -x <fx). Conversely, if (cos x dx) appeared in the integrand, 
we might seek to express the rest of the integrand in terms of 
sin x. For an integrand involving e x , we migjit seek to introduce * 
(e x dx). (Thiss^ done automatically by the substitutions u=e x ; 
du*e x dx; * dx * ^du. An alternate?*strategY is given in sample 
problem 1.] If'tf\e integrand involves x n , we can look for a way 
to introtfucfc [nx 11 " 1 dx] As usual, we summarize in table form. 

\* '. 



NEEDS ANALYSIS* 



(1) Look for a term, or a form of the integral, that would, 
enable you to solve it. 4| ' 

(2) Try to modify the integral to produce, the term or form 
yquvneed. 

(3) Try to introduce the term you' need, and compensate for 
it. * 
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Saicple Problems arid 5olut ions 
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: ,\ . . v SAMPLE PROBLEMS \ " 

V * i ' - - 

tv*^ ^ solve* each, of these ^.rcblens using a needs analysis. 

v Tfc^n efl#f|>«re t/2nr ecZwtfcn wttfc nine.- 



1 / — 

J* 3 



sec 'x dx 
sec 2 x 



^ r ' ax • 

„• x(ax +b) 

4. /-: " 



dx 



y (sin x ♦ 6) (cos.x) 



SOLU TI ON S- 



1. / e X - e~ x 



, J 

We solved this "problem before on page 42, where the 
procedure for special functions called for the substitutions 

? e X = u an<f . dx » y'du. 1 « 

Netds analysis provides another route to a solution.^-Since 
the integrand is a rational function of e x , <I would like to — * 
make the substitution u = e*«* "TKis^would work most easily 
€f the term* du - e x dx were pteeent in the integrand, I can 
obtain it, if t multiply nuaeraror and denominator of the 
integrand by e x . This gives 



n 



^olutioiis, Continue J *. 
• — +■ 
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' / e x dx 
J (e x )(e x - e" x ) 

x 

and net* the substitution 7 u * e gives • 



i . e A -i 
* eM 



♦ C. 
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2 f se ° 2x •** 

J/S - secrx 



Since this integral involves a function cf sec x, our first 
reaVvion is: we need the term (ssc x tan x dxi. We can multipl/ 
numerator and denominator -by tan x to obtain 



i 



r 

(sec x)(sec x* tan x dx) 



* (tan 



S-sec'-x 



but this looks very 'hasty. Instead, we can ask: We have 
the tern^ (.sec*A dx) in the* numerator. Cin the rest of the 

integral be -expressed^r^ems-of^-ai^?^ — ; 

sec^x"'= tan^x ♦ !• Using xhis in the denominator, «c obtain 



h 



2 . 
sec x ox 



✓ 4 - tan^x 



f du 



[u « tan x]. 



. -1 ,iu « . -1 ,tan x> , r 
m (7) ♦ ,C = sin (—5—) ♦ 'C 



* — 

3. Y.-45- 

V x(ax n +b) 



One way to handle this problem might oe a "desperation" 
substitution, u * (ax n *b) . Another way /is to focus on the 
term causing diffuculty, the x 11 in the denominator. To make 
a substitution like u « ,x n , we woutd need nx 1 ' in the 
nmeratcr.' We can get it, if we mult iply^ numerator and 
denominator by nx^Ci^V^He integral becomes 

f nx 1 " 1 dx , 1 f nx^dx _ if du ' 

yCnx-^CxHax^b) » 7 (x n ) (*Nb) . 

where u = x 11 ." We can now s6lve the problem by partial fractions, 
obtaining , 

— 1 — Bo" ' 



Solutions, Continued 
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EXERCISES 



r 
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^(inlul . ln|au+b|)+C * Jgln|^|*C 



nb L n +b 



♦ C. 



4.- / ^ > 

J (sin x ♦ 6) (cos x) 



Since this integral involves sin xv and cos x , we. need 

either 1 

<> * ■* 

(a) (sin x dx) in the numerator with all the rest 
expressed in terns of cos x, or 

0>) (cos x <&) in the numerator, with all the rest 
expressed in terms of sin x.' 

If we try (a), we obtain 

sin i dx ' 



h 



(sin x ♦ 6s in x) (cos x) # 

That doesn't help, because We can't express the ^denominator 
easily in terms of cos x. So we try (b) : 

dx - / cos x dx / cos x dx 



(sin x ♦ 6) (cos *) J (sin x ♦ 6) (cos x) J (sin x ♦ 6) (l-sin 2 x) 

Here the numerator il (cos x dx) anjj the denominator is a 
function^of sin^x. Now the substitution u = sin x gives us 

f d " 3 - f du - 
v/(u*6)(l.u) . J (u*6)'(l*u)(l.u) 

J \ u+6 i* u 1-u / 

= ~ ln|u+6| + ^ ln|l+ul - jy In 1 1-u I ♦ C 



10 



14 "! 



I = ln l sin x * 6 ' * lo" ln l 1+sin x ' " TT ln|l-*in x| + C. 



1? 



ERIC\ 
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PART 1: 



' EXERCISES FOR CHAPTER 3 
% 

Examine each of these integrals and DECIDE how you 
would solve it. Then compare your chosen approach 
with mtne, which*is given in the solutions manual. 



jsoU*S | j 



7^7 



dx 



2. J J tan x 
(sol. 10| J sec x ♦ 2 

5.| r ' L-L- 



4 

sol. 9 



6. 

sol. 7 



dx 



7 I f-hr* 

>1. 8 I y ( x *4)/x 2 *8x, 

8.1 /j—* 

>i. 1 1 J /i ♦ 



dx 



* 

y sec x ♦ tan x 



10. 

sol. 6 



PART 2: +. Solve each of the exercises ^given above. Detailed 
solutions are in the solution^ manual. The solution 
numbers are given below. . v 



Exercise * 


\ 


2 


3 


4 


5 


6 


7 


8 


9 


10 


Solution * 


IS 


20 


13 




14 


17 


18 


11- 


■12 


16 
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Appendix I * 



Pre-Test 



You should be able to do alTo^tlie^e-p^oblems without difficulty. 
If you have a lot of trouble,* practice these~types of^probleias 
before you- try to work through the booklet. Answers lire on the_ 
opposite page, m i 



v r 

1 

U^ksxW' 2 *!) 


(8) f[x 2 *l)?dx 

. r 




(9) /* e x2 dx 


(3) ,^(4in x ) 

t 


X ♦ 6 - 




- * 4 / . • ' 
; (11) /(2x+l) (**<*} 7 dx 

: — V 




(•12) Jcsz 2 2x dx p , 


• • 

(6).^log(sin' ; 2x)) 

* • * 


(13) ^cos 5x dx- 


(7) ^tan 4x) • . f . 


(14) % J sec x tan x dx „ ' 

f 4 , 



verJc 



68 



- Appendix 



Answers *o Pre-Test 



(1) lOx ♦ | x" 1 ^ 2 



(2) 6rx(x 2 <?l) 2 



(3) 



COS X 



2/ 



sin x 



,(4) 14xe 7x+1 



{Sy 6 sec 2 65T- 



(6) 2 cos 2x 
^ sin 2x 



(7) 



1 ♦ 16x 



(8) I x 5 f | x 3 V x ♦ C; 



NOT j(x 2 *l} 3 - ♦ C. 



■a 



(9) \ e A ♦ C 



u 



(10) c 



(U) I (x 2 *x) 8 ♦ C 



(12) 4- cot 2x ♦ C 



1 

(13),* — sin 5x.+»C 



{14) sec x * C 



&9 



This table contains the formulas which are 
ESSENTIAL for integration. You should know 
them so well that you never have to refer 
to' the table when solving problems. 



ESSENTIAL FORMULAS* * 


' Trigonometry 

2 2 
ta) sin x ♦ cos x » 1 * 

> m 

(b) sin 2x » 2 sin x cos x 


i * 

cos x*— sin x 
2 

(c) cos 2x- 2 cos x - 1 * 

l'- 2 sin x J 

I 1 . 


Integration i 


1 


( n+1 
( l)J,i n du = H- r+ c* 


(4) Jsin u du ^ -cos u ♦ C! 

(5) /cos u du = sin u ♦ C 


(2)/~» In u ♦ C 

* 


(6) /sec 2 u^4u = tan u ♦ C 
f " 2 

(7) /esc u du = -cot u ♦ C. 


(3)/e u du » e u ♦ C \) 


(8) /sec u tan u du = sec u ♦ C 
• 




(9) /csc'u cot u du^r -csc u ♦ C 



s 



?0 
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This table contains the formulas which are 
USEFUL for integration. For short-term use 
(on tests, for exaxnple) memorizing them will 
save you time and trouble. For long-term or 
occasional use, you can look them up or* 
deFtuf^hem when you need them. 



^ USEFUL FORMULAS 


Trigonometry 

2 2 

(d) tan x ♦ 1 = sec x 

2 2 

(e) 1 ♦ cot x « csc x 


(f) sin 2 x = j(l - cos 2x) 

(g) cos 2 x = j(l ♦ cos 2x) 


Integration > 


(13) Jtan u du - -ln|cos ul * C 

(14) /cot uiu = ln|sin ui * C 

(15) '/sec u du « In (sec u ♦ tan i^*^ 

(16) Jc£c u du = -In |cscu * cot u ( '*C 

• 
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A "Detailed Outline of the General Procedure 



SIMPLIFY! - ' •' 


EASY ALGEBRAIC MANIPULATIONS 

(1) Break integrals into Sums. 

(2) Exploit Identitiee. 

(3) Reduce rational functions to 
Proper Fractions by division. 


« * 
OVIOUS SUBSTITUTIONS * 

(1) Substitute for the "InfLde rjfr 
feme" in complex expressions. 2 ^ 

(2) Try to substitute for "Naety" 
Term or Denominators (brief 
tries' only). " „ ' 



r 



CLASSIFY! 



\ 



INTEGRATING RATIONAL FUNCTIONS 

(1) Reduce to proper fractions" by division. 

(2) Factor the denominator. 

(3) Decompose by partial fractions into a sum of 
"basic'^ rational functions. 

(4) If the denominator is (ax+b) or (ax+b) n , ^ 
use the substitution u « (ax+b). 

(5) If a quadratic denominator does not factor 
easily, complete the square. For the terms 

i: (a z +u*), integrate, directly to obtain a 

, J logarithm .and/or* arctangent. 
. 2 2 ^ 

ii: -(u -a*), break into* a sumand use the formula 

» °JV P» 17 "» or uS « partial fractions. 



INTEGRATING PRODUCTS 

Qcmsider integration by porta. The formula is 
fu a\ » uv - fv du \ 



uv 
and "do 



should be governed 



, and your choice of* 
by two things: 

(1) You must be able to integrate the term* do. 

(2) You want fv du to be easier than the original 
integral. This often happens when u is 

- simplified by dif £eren*f iation. * 



INTEGRATING TRIGONOMETRIC FUNCTIONS 

IT) Exploit twin pairs to prepare for substitutions. 
Try to obtain integrals of the form ^ 

j/f(sin x)(cos^x dx); etc. ' 

(2) Use half-angle formulas pr integration by. parts 
to reduce powers of trigonometric functions 

*0ti the integrand. 

(3) As a last resort, the substitution u « tan(y) 

, transforms rational functions of sin x an4 cos x 
9 to rational' functions of u. (see p. 32) . * 



INTEGRATING SPECIAL FUNCTIONS 

(1) If £he integrand inoludee texme jof the form * 

( a 2- u 2)n/2 # ( u 2-a 2 ) n/2 , or (a 2 +u 2 ) n/2 , - 

(a) Draw a right triangle « 

(b) Place a and u so that the third side of * 
the triangle is the term you want. 

(c) "Read 11 the substitutions from the triangle. 

(2) If the integrand ie a rational function of e x , 
make the substitutions 



x 

e a U 



and 



dx = — du. 
u « 

(3) 'If the -integ rand is a rational function of x 
and %/ax+b * « tne substitutions 

yaxTb » u; x « |-{u n -b), and dx = - u n ' 1 du. 
a a 



MODIFY! < ' 


PRCBLEM SIMILARITIES 

1 

(1) Lpok; for easy problems similar 
to the one you are working on* 

t2)* , T*y to reduce the difficult • 
problem to the form of the easy 
v similar problem. 

{3) Try the techniques you would 
use on' the similar problem. 

V, c 


SPECIAL MANIPUCATIONS * 

(1) Rationalizing denominators 
of quotients* { « 

(2) Special uses of . 
trigonometric identities. 

(3) "Common denominator" 
substitutions* 

(4) "Desperation" substitutions 


NEEDS ANALYSIS 

(1) 'Look for a term, or a form 

of the integral, that would 
* enable you to solve it. 

(2) Try to modify the integral 
to produce the jjterm or form 
you need. 

(3) Try to introduce the term 
you need; compensate for it. 
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STUtJENT FORM 1 
Request for Help 



Return to: 

EDC/UMAP 

55 Chapel St. 

Newton, MA 02160 



Student: If you have trouble with a specific part of, this unit, please fill 
out this form and take it to your instructor for assistance. The information 
you give will help the ^author to .revise th£ unit. ' 

Y ? ur Name_^_ ; ( Unit ^ 



Page 



G Upp^r , 
OMiddle 
O Lower 



OR 



* Section 



Paragraph^ 



OR 



Description of Difficulty: (Please be spefcific)' 



Model Exam 
Problem No._ 

Text 
Problem No. 



Instructor :^ Please indicate your resolution of the difficulty in this box. 
Corrected errors in materials"; Eist corrections here: 



Gave student better explanation, example,, or procedure than in unitrr 
^""^ Give brief joutline of your addition here: , ^ 



4 -A 



[Jj Assisted student in acquiring general learning and problem-solving 
skills (not using examples from this unit.)^ 



. ..\ ' Instructor's Signature , 

ERJC— 



Please use reverse if necessary. 



, Return to: 

STUDENT FORM 2 EDC/UMAP 
Unit Questionnaire £ 5 cha P el St. 



Name : Unit No. Date_ 

Institution 'Course No. 



Newton, MA 02160 



Check the choice for each question that comes closest to your-personal opinion. 
^ How useful was the amount of detail in the unit ?' 
Jlot enough detail to understand the unit 



JUnit would have been clearer with more detail 
^Appropriate amount of^Betail 

Unit was occasionally too detailed, but this was not distracting 



* T oo much detail; I was often distracted 

. 2 . How helpful were the problem answers? 

Sample solutions were too brief; I could not do the intermediate steps 

Sufficient information was given to solve the problems 

Sample solutions were too detailed; I didn f t need them 

v \ 

3. Except for fulfilling the prerequisites, how much did you use other sources (for 

example, instructor, friends, or other books) in order to understand th e unit? 

1 : i 

A Lot Somewhat A Little • Not at all 

4. 'How long was this unit in comparisdn to the amount of time you generally spend on _ 

a lesson (lecture and homework assignment) in a typical math, or science course? 

Much Somewhat About Somewhat Much- 
Longer Longer the Same Shorter Shorter 

5. Were any of the following parts of the unit confusing or distracting? (Check 

as many as apply.) , - 

Prerequisites 

Statement of skills and concepts (objectives) 

P aragraph headings 
E xamples 

Special Assistance Supplement (if present) 



Other, please explain_ 



6.' Were any of the following parts of the unit particularly helpful? (Check as many 
as apply.) 

Prerequisites x 



^Statement of skills and concepts (objectives) 
^Examples 
^Problems 

^Paragraph headings 



{Table of Contents 

Special Assistance Supplement (if present) 

Other, ^please explain _^ 

Please describe anything in the unit that you did not particularly like. 



Please describe anything that you found particularly helpful. (Please use the back of 
this sheet if you need more space.) \ 
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This table contains, the formulas which are 
ESSENTIAL for integration* You should know 
them, s6 well that/ you never have to rfefer 
to the -table when solving problems, ^ 



\ 



ESSENTIAL FORMULAS 



Trigonometry 
(a) tf sin 2 x n 

,(b) sin 2x s 2 sin x cos x 



• 2 2 
(a) sin x + cos x = 1 



^cos 2 x sin 2 x| 



(c) cos 2x 2 cos X - 1 

. 2 ' 
w l*- 2 sin x 



Integration 



(1) /u n du - \^ * C 

I 

(2) .JSH. = lnsu C 
• (3) /e u du ' e u + C 



(4) 


/sin 


u 


du 3 


(5) 


/cos 


u 


idu s 


(6) 


/sec 


2 u 


du» = 


(7); 


/esc 


2 u 


du ■ 


(8) 


/sec 


u 


tan 


(9) 


/asc 


u 


cot 



This tabl.e contains the formulas which are 
USEFUL for integration. For short-ternTuse 
(on tests, for.' example) memorizing , them will 
save you time. and trouble. For long-term or 
occasional us$, yofl can look them up or 
derive them when you nee4 them. 

*\ 




\ 



USEFUL FORMULAS 



Trigonometry 



2 2 

(d) tan x + 1 = sec x 

2 2 

(e) 1 + cot x = esc x 



(f) s*n 2 x = h(l - cos 2x) 

' 2 * 

(g) cos x = V(l + cos 2x) 



Integration 



(I0)r — aa— = sini(|) ♦ C 



(12) 



7?^ 



» sec CrJ + C 

ri ? a a 

uvu -a 



(13) /tan u^du ■ -In | cos u[ + C 

(14) /cot u du ln|sin u| + C 

(15) /-sec u du = .In |secu+ tanu|+ C 

(16) /esc u du =* -In |cscu+ cotu|*+C 



> 



umap 



Units 203, 204, 205 



M0DULE8 AND MONOGRAPHS IN UNDERGRADUATE 
MATHEMATICS AND ITS APPLICATIONS PROJECT 



^ m , 
- f * * i^- 



I 
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Solutions; Chapter 1 



T 



(Exercise 4) Part (a) can be solved easily . 



There are no easy algebraic Manipulations in either part of the 
problem, so we look for sii>stitutions. In both ta) and (b) , 
the "nasty" tern is tan" 1 x. If we try 



„ -1 
u * tan x, 



then du » -= — dx, 



and this term does 'appear in (a). Using this substitution in 
part (-a), we obtain 



* * ♦ 1 , xM 



du 



j u^Ac . » i (tan^x) 2 ♦ C. 



»• (Exercise 2) Part (b) can be solved easily , 

r - ~ 1 * , 

We begin by looking for algebraic simplifications. Both 
integrals (a) and (b) can be broken into sums, but that doesn't 
• look terribly promising at this pointy There are no identities 
♦which apply to either problem. .But we notice that part (b) 

4 • 

is an "improper fraction", so we should divide 'to reduce it to 

2 * 

a proper fraction < JThe* quotient is (x ) # and the remainder is 
(I). Now (b) is easy to finish: 

.2 A 



1 '3 .i 

j^x ♦ ln|x+l| C. 



Solutions. Chapter 1 



(Exercise 5) Part (a) can be solved easily. 
In ^his problem, a simple algebraic manipulation is all we 



need. In part (a), ln(e x ) ■ x, so 
fin (e x ) dx - fx dx = I x 2 ♦ C 



f 



A. 



(Exercise 6) Part (a) can be solved easily . 

Since both parts of this exercise involve a Sth power of a 
rather nasty term, algebraic simplifications are out of the 
question. >$oth because it is "nasty* 1 and an # "insi4e" function, 
the tent (1 ♦ /x ) commands our attentioiC^l^we try 

u = (1 ♦ Vx ) , theft du * dx . 

c * 2/x 
The term y/x appears in the denominator in part (a) of the 
exercise, so part (a) looks promising. He obtain 

/ *. t ■ /— «—,/*- *\ ■ ^ 

2,/u" S du 



^u- 4 + C 



2(1 ♦ 



♦ C 



RECEIV?? 
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^ • Solutions, Chapter 1 3 

r ; : : 

5#(Exercise 1) Part (b) can be solved easily . 

We might try exploring with trig identities in the hope of 
simplifying either part of this exercise. If we do, a short 
amount of exploration convinces us that this approach is 
unpromising. In both parts of this problem the "nasty" term 
is the denomintor, *(2+sin x). „ If we try 

- u = (2+sin'x), then dp = cos x dx. 

Since, (du) is' the numerator in part (b), (b) is the easier 
problem to solve. We get 

/cos x dx fda . . , * 
u J- = m |u| ♦ C 

= In. |2+sin xl ♦ C 



6 



0 (Exercise 7) Part (b) can be solved easily . 

In both parts of this example we have that the integrand 
is a rationa^function of e X . While we might be tempted to 
jump into the substitution u = e X , let's follow the procedure. 
The first of our algebraic manipulations calls for breaking 
an integral of a sum into a sum of integrals. If we examine 
(b), we see that this almost finishes the problem. We obtain 



dx 



.1 4x -x „ 
j e - e ♦ C. 
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. — —1 _L, Solutions. Chapter 1 <e 4 

(Exercise 8) Part (b) can be solved easily. V 

•~ \ ■• • 

As in Sample Problem 6, the moral here is: look before you leap! 

We can factor the denominator into (x-l)(x-3), whiUi means that 

both parts of Exercise 8 can be solved by the technique of 

Partial Fractions. In both -(a) and (b), how^r,* the "nasty" ' 

term is the denominator, (x 2 -4x+3). If we try 

2 % . 

u = x -4x+3", then du = (2x-4)dx, " i 

which is twice the numerator of part (b). Part (b) can then 

be solved almost immediately : m c 



J x 2 -4x + 3 2 J x 2 -4x + 3 , 2J - u 2 



+ C 



j ln|x 2 -4x+3| + C 



a 



|(Exerciie 3) Part (b) can be solved easily. 



2 

sec x 



We might try to exploit the relationship tan x + 1 

in either part of this exercise, but manipulations with this 

may get complicated. We should ho,ld o^f using this until we' 

have checked for anything easier. In part (a) we have tan x 

as the "inside" function, which suggests «» 

2 

u = tan x; du = sec x. 

2 

Unfortunately, we don't have sec x^in part (a), or any easy 
'way of getting it. So we go on to part (b). There the "inside" 
function is sec x, suggesting 



sec x; 



du - sec x tan x dx. 



At first this doesn't look helpful either, until^ce realize 



that we can "borrow" a Csec x) from, (sec x) 

3 



(sec (sec x) . 



Then C 4 . ■ 
J sec x tan x dx 



% 



r 3 a i 4 _ 1^4 



^/(sec^x] [sec x tan x dx] 
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7 sec x ♦ C 

4 



1 (Exercise V fj0^ 



4 V 



The SIMBJJFUng techniques of Chapter 1 don't seem to 

?lem is*the term ^ 
ae cial functions 

we studied in section 4,- v^ax+b, and suggestlf^te substitutions 

2. 



help here. Our clue to approaching thj 
/3x*l in the numerator. This is one 



u =V3x*l 



- U,2 



Zx+1 



9 dx 



12 2 
X-= -|{u -1) ; ,dx * j u du . 



2+Cos^x 

* The methods of Chapter I dori*t seem, to apply'. The integranc 

is a combination of trig functions, so we check for the 9 

. • * * * " \ • 

appropriate technique there* There doesn't seek to be e any way 

to exploit "twin pairs", and there are no powers -to reduce, 

so we are left with the '"last resor^'i substitutions based on 

I 



u » tan(f)T 



(Exercise 15) 



. 2 
sin x . 



cos x) dx 



We could use the techniques of the Trigonometric 

Functions section, but we should' check for easy alternatives 

first. If we remember tie trigonometric identity • ' 

2 2' 4 

^ cos 2x cbs x - sin x , , i 

the*problem can be' done easily by the methods of Chapter 1.. 



.4. 



(Exercise 3)* 



/ 4 dx *° 
• x • • 
e *1 o m 



There are no ;/ apparent simplifications, ,and the tera e ; 



substitutions u =» e X j. du » e x dx; dx « ^ 



in the denominator indicates that we should consider^the 
ns u = 

-85- 



J. 



J 



^,(Exercise.lS) 



/ tan" 1 x*dx 



The methods of Chapter 1 apply here. The "nasty" tera is 

tan x; and if we set u = tan _1 x, then du = -^- L . v From this 

' * • * +1 ' 
point on $he problem is easy. • 1 



O. (Exercise !) j^T.^ , 



„ There are no apparent simplifications 'fpr this problem. 
| Our cl ue for approaching, £t is the 
: term / x 2 *4 ] , which is one of the ' 

special forms^^e studied in section'. 

4, It suggests trig substitutions, * 

based an the triangle tb the right. 




"Z (Exercise J kL|2L3 



dx 



The integrand in this exercise* is a rational function, ;so 
-•we should follow^the procedure for rational functions. 



Q (Exercise 6) ^ J* tan~*x dx* 

Tflere are no apparent simplifications.; Here the jjitegrand 
is a product of d^similar. functions, so integration by parts 
• . * is a likely technique. The two choices we have are,. * ^ 
(a)': u = X ; .dv * tan* l x dx. * 



(b): 



-1 



U r : tan xf dv = x dx. 
Qipice (a) doesn't look promising, because we 



w«ald have 
-1 >' * . C"* . < 

to integrate oV * tan x dx.' In choice *(b) , we differentiate 

™1 dx ~~ ^ 

u » tan x to,obtaih. dtf •= — ^ , which is much simpler. So 

we' use integration by parts, 



x 2 -l 



."V 



" -l 
with u = tan x\ dv = x dx. 



mmmm^ 



V 
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Solutions. Chapter 2. P^RT I 



Solutions, Chapter2, PART I 



- 8 



9. 



(Exercise ^ 



J cos (In x). dx 



Since this integrand contains an "inside" function, 
(In x), our first approach should be to try the substitution 

u = In «• " 



IQh 



xercise 2) 



tan x dx 



There are no apparent simplifications. Since the problem 
involves trigonometric •sunctioifs, we should first try to 
1 exploit the relationship^ between tan x and its "twin", sec^x. 
* If that fails, we fright look for a reduction .rormuLa. . 



li 



* (Exercise 



» * */ /X^X 



As a preliminary simplification*, we might factor the 
term in the denominator to' obtain 



* J TooIxToT , 



b£t this doesn't* seem'to help muth. What. can we integrate? 
^ Te,rms of the forpj f du ; 

sol we should^ consider completing the 
square the denominator to- obtain * ^ 




/ == - With u = (x*3), th^s 

' is / j i . , and a trig substitution 
is suggested; with the help of th& diagram given above. 



•4 



9 



7 



la 



(Exercise 16) 



y x 3 .i 



Since the integrand here is a rational function, we should 
follow the procedure given in section 1 tor integrating^ 

. *. \ 
.v 



rational functions. 



13." 



xercise 5) 



/ 9 x 
u/v/x^ 



dx\ 



^ While the denominator suggests a trig substitution, we 

i should be careful and check for simplifications first. Since' 

the integrand contains an "inside" function, (x +4), we can 
*2 

try u = x +4 and see what happens; du = 2x dx, and we're 
in luck; The problem can be done by the means of Chapter }• 



14 



(Exercise 7) 



• fsx 3 dx 



The integrand is a rational function, but we shouldn't 

rush into the techniques af Chapter 2 until we've checked" for. 

simplifications. The "nasty" term is the denominator,' and if - 

4 3 
we try u = x*-l, then du=4x dx. Since our numerator is 

4 (Sx 3 dx), we can finish the problem easily with the. techniques 

of Chapter 1. 4 « . ' * 



15te 



xercise 14) 



f 2 ^ 



esc x cot x dx 



this problem can be done directly by the means of Chapter 
\. It* we sgt' u = cot x, then du = -csc 2 x dx, and the 
integral beco&es du. ' «: ^ *' 



Exercis* 



e 14) 



3 ' / 
x cot x dx 



Th4s problem can't be done immediately by the m^ans of 

Chapter 1. lie have to exploit "twin pairs", ^as in Sample 

Problem 10* . ; 

. r— * k - 



I A 



> S5 



Solutions, Chapter 2, PART II 



9 



17 



(Exercise 4) ' 



f 6x 2 dx 

J / 3x* 1 



See solution _£j J :f6i-our reasoning. With the substitutions 
.u = / 3x+ 1 u 2 = 3x*l ; xj= y(u 2 -l) ; dx = y u du , 
the integral becomes — ^ » ' 



2u *1) du 



9 l s U - 3 u * u l !r c 



= | [ i (3X+1)*'- - f (3x^1):^ + (3x+l) x/ * + C 



vS/2 2 



,3/2 



J/2 



la 



(Exercise 10) 



/ g dx 
2 t co 



See solution [2] for our reasoning. With the substitutions * 

2 



u = tan(^) ; , sin x = ; cos x ^ 



dx = 



1 du 



l*u 



1+u 



1+u 



the integral becomes 

H-3 ' 



f4) 

Utu 4 / 



.J u *3 . 



Now if we remeaber formula }l a from the table of useful 
integrals, this is . ' 



*? 




t ERLC . 



Solutions, Chapter 2 t PART II 



10 



19, 



(Exercise 15) 



sin x - cos x) dx 



See solution [3] -for our reasoning. We have 
y^sin^x - cos 2 x)*dx f - ^cos 2x dx ■ - j sin 2x ♦ C. 



• 2Q(Exercise 3) [jJ=L 
- • i/ e -1 



See solution [4] vfor our reasoning. With the substitutions 
u = e X ; du = e X dfck ; dx = — , 

the integral becomes 



this is 



\j— H , = - /(u)(«-4K * U l ing P artial factions, 

V* u-1 



= 4 



♦ C 



4 In 



e x -l 



21<* 



xercise t3) 



/tajj^x dx' 



See solution [5] for our reasoning. With the substitutions 
^ ' u = tan" 1 *; . du = m . 



x 



.the integral be cones 



- j (tan x] ♦ C. 



* RECEIVED 
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Solutions. Oiapter 2. PART M 



•J 



22 (Exercise 1) A 7 dx 



11 



Solutions, Chapter 2, PART II 




See solution [6] for our reasoning. Based on the triangle 

to the right, we obtain ^he 

substitutions x ■ 2 tan 0; 
2 

dx ■ 2 sec 0 dB; and 

-2. 



VX-+4 = 2 sec 0. the integral 

becomes S ec 2 fr dO ■■ 7 /sec gdg, 

</ (2 tan 0) (2 sec .9) " 2 ' tan 0 

V [sin $/cos 0] sTO ' 7^ y dtf * 



Using formula (1*6), we obtain 



In |csc © ♦ cot 0 \ ♦ C. 

Going back to the triangle to "translate" esc 0 and *cot 0 
in {eras of x, we obtain v**- 



♦ 7 1 ♦ C. 
x x 



0*(Exercise 12) / *. > 
- . */ x «-x-2 . 

Following the procedure f 



Fallowing the procedure .For rational functions, we'obtain 

2x 

T 
x *x- 



|.x 2 J-ln|x*2| V| lnjx-l| ♦ C 



&8 



24. 



(Exercise 6) 



tah~*x dx , 



See solution [8] for our reasoning. Using integration by . 
parts with * 1 



dv = x dx 

v= T x 



u = tan x 
du 3 



, we obtain 



( tan V1 x ) (x dx) = (tan^xHix 2 ) - .(I X 2 )<^L.) 

, 'X +1 



o U dv / 



du 



t i A 2 dx 



= j x 2 tan 



12-11 J -I 
*= j x tan x-j.x* y tan x ♦ C. 



J 



See solution [9] for our reasoning. With the substitutions 
u = In x ; du =» — dx , the integral becoaes ° 

^cosCln x ){(^) v dx] = yeos u du = sin u ♦ C 

~* * 9 = sin (In x) ♦ C. 



2 6jExe K ise 2) ~^/ 2 tan | 



x dx 



See solution [10] for our reasoning. Exploiting the relation- 
ships between tan xf and its "twin," sec x, we 'obtain 

2 J tan 4 x dx = 2 /(tan 2 *) (sec 2 x - 1) dx « 
* * * 

2/(tan 2 x)(s:et 2 x)dx - 2 ' tan 2 x dx = w 

2y*(tan 2 x) (sec 2 x dx) - 2/(sec 2 x -1) dx * # , *~ 

2 % /(tan 2 x) (sec 2 x dx) - 2 /sec 2 x dx ?/dx «° 



| tan 3 x,-. 2 tan x ♦. 2 x + c 
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Solutions. Chapter 2, PART tfl 



13 



Solutions. Chapter^ , , PART II 



1'4 



2 /^(exercise 8)' / '? dx " 



See solution [11°] for ouj reasoning. After completing the square 
in the denominator and Baking the substitution u = x+3, 
the above integral becomes 



From the triangle 



f S du' 

to the right, we obtain the 
substitutions 

u 3 3 sec 0; du = 3 sec 0 tan Q 
\jiis transforms the integral to % 




dQ; ,/u 2 ^ 



2 = 3 ian*0. 



. / 3 sec Q 
V' 3~T 



9 tan 0-dv 



tan 0 

S In j sec 0 ♦ tan Q | ♦ C =5 



S In 



x^3 
3 



S /sec 0 dO 

liLV 
|3 3 

*♦ « C. 




♦ c 



■' 3 



4* 



28. 



ercise 16) 



" /*x 4 ax 

y x s -i 



Following the procedure for "rational functions ,' we obtain 

./(,. _v_U 

l/ \ (x-l)(x%x+l)/ 

* 1 v' 

We now make ttje substitution u = (x+y) in the third 
integral; to obtain 



ERIC, 



-V. 



2-9 (Exercise 5) f*J*- 



x dx ♦ 



1 /*dx_ 
IJ x-1 



1 A"-3/2)du / 

3/ 2 
%J u ♦ 



3/4 / 
v u +3/4 " u ♦ 



= j x ♦ j ln|x-l| 



= }x 2 *± ln|x-l| - £ lnjx' + x+l|+ -^tan" 1 (^) ♦ C 



1 ,2x+l, 

J 1 



See solution [13] for our reasoning. With the substitution 
u = x 2 +4, we have 



- 9 u 1/2 * C 



• \ 



9/x^+4 + C. 



30.(Exercise f) ^ J $ 4f 



See solution {14] for our reasoning. With the substitution 

"4 



♦ C 



< u f (x the integral is 

/Sxfdx*5 / 4x 3 dx S fdu S . . *i 

r * ■ ., 

' - f ln(x 4 -l| ♦ C 



-ail- 



r 



Solutions, Chapter 2, PART II 



15 



Solutions, Chapter 3, PART I 



3 1j[£xercise 14) Jzszx cot 3 x dx. 0 ' 

See solution [IS] for* our reasoning. With the substitutions 

*• 2 " * • * 

u = cot x;- do = - esc x dx, the above becomes 

fi - ( / % (cot 3 x) , (-csc 2 x dx) = -Ju 3 du = "j- u 4 * C 



-1 4 
X cot x ♦ C 

4 



32.(Exercise 11) ' / CSC 3 X cot 3 x j, 

* • 1 ^ 

/' 3 3 r T 2 2 »» ^« * 

esc x cot x dx = -Jf (esc *)(cot x)(-cscvx eoTx (fx) 

*■ , -y*(csc^x)(cs"c 2 x - 1)(- csc x cot x dx). 

.At this point* the integrand has been expressed in terms of ' 
* ' csc x and. its derivative. With the substitutions u = csc x, % 
du 3 - csc x cot x dx, we obtain . . 

; -1 fS* I- 5 • • 

= — csc x ♦ — xsc x * C. ' , 

— ^ a U 
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xercise 



8) f d * 

y / 1 ♦ v t 



Like Sample Problem (9), this 4 problera can j)e approached a 
number of ways. With such a nasty expression, we might be 
tempted to make a "desperation" substitution with 

u = / 1 Sx % 



.2. 



(Exercise 9) 



/x 1/2 (l ♦ x 1 / 3 ) dx 



This is not a "common denominator" substitution problem. If 
we multiply the two terms in the integrand, the problem can* 
-b* handled easily by the methods of Chapter 1. . 



3. 



(Exercise 



/x 2/5 



dx 



This is a "common denominator" substitution problem, where 



— the terms in the integrand-are — x- 



2/3 



and x . — The common 



denominator is 3 so we should make the substitution 
V \ ' u=x 1/3 . 



C u x dx 



(Exercise 5) 
- v J /l*x ^ /1-x 

In this problem we should rationalize the denominator, and 

then see whatever else is called for. ~ * 

\ ' 

x dx 



5. 



. ( 



(Exercise 1) 




x 4 -3x +2 



The form of*this "problem is similar to national functions 



. with quadratic denominators » We could obtain a quadratic 
denominator b% setting u =..X 2 \ : 3*3 ^ 



2 



4 




Solutions, Chapter 3, PART I 



17 



6. 



dx 



sec x ♦ tan x 



(Exercise 10) 

The easiest way to handle this problem is to recall the 

2 2 2 2 

identity: tan x ♦ 1 = sec x, or sec x - tan x = 1. 

sec x - tan x. 



We can multiply the denominator by its conjugate, 



7. a 



\ 

xercise 6) 




V 



There might be any of a number of approaches to thi? problem. 
The key. Observation to'make is that the numerator, x 5 dx, ;can 
be written as i{x 3 ) (3x 2 dx) . This makes the substitution 
u = x look promising as a beginning; we can go on*from tljere. 



a 



(Exercise 7) 



dx 



(x*4)y/ x Z *8x 

As in Sample Problem 3, we need a way to get started on this 
problem. Perhaps completing the square in the denominator 
will give us a lead, 

( 

9 # (Exercise 4) f JiTf dx 

There doesn*t seem to be, any easy way to approach this 
problem. It might be worth trying a desperation substitution, 



1.0 # (Exercise 2) Jj 



an x dx 



ec x ♦ 2 



Since the integrand contains an expression involving sec x 
in 'the denominator, we can askVwhat*do we need to integrate 1 
such an expression? The derivative of sec*x, [sec x tan x dx]. 
We can obtain this by multiplying both numerator and denoari- 
nator by sec x. - 



er|c 
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Solutions, Chapter 5, PART II . ■ 13 * 



1 i.(E 



xercise 8) • \ I dx 

. • 'JfTT 



See solution [1]^ for our reasoning. With the substitution 

u = J \ ♦ v/x , we have u 2 = 1 ♦ y/x ; u 2 -l = v^X* = (u 2 -l)^; 
and dx = 4u(u 2 -l)du. Then, the integral becomes >^ 

Au(u 2 -l)du A f f 2 t . . 43 . - 

. J u — = A J( U -1) du- = 3 u - 4 u ♦ C. 

= i [1 ♦ VT] 3/2 - 4 [1 */T] 1/2 ♦ Q. 



1 2;Exercise 9) + x ^ * ' 



\ /(x 1/2 ♦ x 5/6 )dx ■ 2 x 3/2 l^x 11/6 *C 



13*(^rcise3) JlIL^L k 



See solution [3] for our reasoning. With the substitution f 
u « x 1 ^ , we have u 3 = x and (3u 2 du)\= dx. The integral 



becomes 



/(x 1/3 ) 2 dx _ /(u 2 )(3u 2 du) ^ fl u 4 du 
If we now* follow the procedure for rational functions, we 

*/ x u *i ' y_\ _ (u*ihu -u*i)/ 



du. 



For the third integral, we set w = (u - j) . This gives us 



3/2) dw 



\ 



(3/4) (continued*...) 

. -85 — J 



J Solutions, Chapter 3, PART II- 
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* Solutions, Chapter 3, PART II 



20 



3u du 



[du f w dw i f dw 

^ u*l " / 2 ~* 2 / 7 

Jw%(3/4) - J w%(3/4) 

f u 2 + ln|u*l| - iln|u^u t l|./T^^^^^C^ , 



3 2/3 

= r X 



ln|Ml|- i ln|x 2/3 -x 1/3 +l| . V Ttan- 1 (^i) 



/3 



j4 # (ExeVcise S) ' ' / x <** 

H * ' , ' «MT7 /l^ 



To rationalize the denomimator in this problem, we multiply 
both numerator and 'denominator by [Jl+x - /1-x ]. This yields 



[yl + x* '-/l-x ] t x dx , 



J (1*3 



/1-x] x dx 



iv/m - v^tt 1 [v^tt ^ yr^i j j (i* X ) - (i-x) 

, yivi77 1 ; dx : 1 -7rr] ^ 



15, 



(&2rcisel\. - f-^- 
< J x - v 3x +2 



r 



See solution [S] for our reasoning. ^ With the substitution 

* 2 ~ " 

u » * , du = 2x dx, this integral becomes 



i f 2x dir - 1 f du ' ,1 /* • jhj /r ' 

^ J(x 2 ) 2 .3Cx 2 ); 2 2 Ju 2 -3u+2 ' W (u-2)(u-l) 

* * ! • * 



ERJC 





= I 


In 


x 2 -2 


I9k 


2 


x 2 -l 









10 (Exercise 10> {■ 

* f ./ sec x » tan x 

See solution [6] for our reasoning. Multiplying numerator 
ana denominator of the above integral by (sec x - tan x], 
we obtain «. 

/ [sec x - tan x] dx 
2 2 ' 

.sec x - tan x 



/ [sec x - tan x] dx 

J [sec x - tan x][sec x ♦ tan x) 



/[sec x - tan x] dx /J 1 ' 

=y « = y [sec x - tan e xj dx 

= la|sec x ♦ tan x| ♦ In |cos x| ♦ C 

NOTE ; As^usual, there is more than one way to approach this 
problem, 'If we don't notice that we can multiply by the 

conjugate of the denominator, .or if we feel uncomfortable with 

s 

-sec x and tan x, -we can express the integrand in terms of 
sin\ and cos x. This^gives us f % 

dx _ / cos x dx 

J sin x ♦ 1 



V COS X 



sin x 



In (sin x ♦ ll ♦^C' 



cos x cos x 6 

We can shovjfeasily that these -are the same answer. In this 
case the second alternative gives us a faste^r solution than 
the use of conjugates. That can happen; the important thing 
to have is an organized, logical procedure for approaching 
integrals. . » 



Jvl+x ' 



^See solution [7] for our reasoning. With the substitutions 
u = x 3 , du =,3x dx, this integral is 

1 /(x 3 )(3x 2 dx) . l /u du 
The substitutions v = (l*u), dv = du, reduce this to 

^ '■ : %T r 



/ 



Solutions, Chapter 3, PART II 
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J fv J \ VT / 



Solutions,, Chapter 3, PART II 



22 



2 3/2 
3. V 



2v 1 >' 2 + C =4<i + u) 3/2 .2(l + u> 1/2 + C 



| (l-x 3 ) 3/2 - 2 (l + x 3 ) 1/2 * C 



*** y (x*4)/x z *8x 



See Solution [8] for our reasoning. Completing the square in 
the denominator, we obtain ' K 



k 



dx 



.du 



(x+4) /(x+4^-4 2 , and the substitution u = x+4 yields 

. i,«-'(y).c. 



19i 



(Exercise 4) 



7£v 



This is the hardest* problem in these 'materials; don»t get 
v dismayed if you ha<J a lot of trouble! With the desperation 

\ ,2 x 2. 

, ,.2 

Solving for^x, we 



/ r 



substitution--^ = j--— ,'we obtain u 2 = ~£ , so u 2 (x+l) = *x. 
S«ivi„. ft., v - obtain x JL!lL\ so = /_2u_du \ 

^-7' . l(lV) 2 / 

integral becomes 



J \ci-u 2 ) 2 / /(iV) 2 , 



The term in the denominator suggests ' 
the Substitutions / 1-u 2 = cos 0; 
u = sin du = cos 0 dO, which. we 
derived from the triangle to v the right. « 

98 ; - • ■ 




( 



These substitutions transform the integral to 

(sin Q)(dos 9 dQ) ' , // sin oW 1 \ dO 
• cos 4 9 , 3 VIcos.q/ \cos 9/ 

/• 2 r i ) ' 

* 2^ tan 9 sec 9 dO = 2 J (sec 9 - l)(sec 9) d9 

= 2 /sec 3 9 d9 - 2 /sec 9 d9. 

Finally, we can -see our way to jtfre end of the problem. The 
first integral can be done by parts, the second by formula IS 
We obtain * 

2^i[sec 9 tan 9 ♦ In (sec 0 ♦ tan 9|)- 2^ In /sec 9 ♦ tan C 
=(sec 9 tan 9^- In jsec 0 * tan o| ♦ C 

-/-L VU4- i„[_l_.. _^_| ♦ c 



1-U 



2 1-u 



where* u ^ 



♦ C, w^er 



^ (^(Exercise 2) /tan x dx 

sec x ♦ 2 



See solution [10] for our reasoning. Multiplying numerator and 
denominator by (sec x) and making the substitution u= sec x, 

jJX we obtain /» ^ 
^ I / sec x tan x dx _ 

4 J (sec ,x)(sec x ♦ 2) /u( 



du 
i(u*2) 



= l/(i : uT2) du = H ln,Ui - ln » u+2, ) + C ^ J ln |uTj| * C 



ln 



sec x 
sec x ♦ 2 



♦ C. 
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module. Physics, geology, and/or geography jdgp a ruueiifcs ■ 
often have such a globe and will lend it. 

References : See Section 7 of text. 

Prerequisite Skills : ~ 

Foe the basic application in Sections. 1, 2, 3:* 

Definition of the trigonometric relationships in a tr hang fee. 

The identity sm2x + cos^x =1. 

Recognition of integral sums and the Riemann integrals rtfeoy 
apprpach. . ' 

Definition of the natura.1 logar i thm fun ct ion, tbas ir Ocnow tedge oof 
latitude and longitude. * , 

For Section* 4 add: - * \ % 

Integration of x~l to In |x|. '* 
Partial fractions integration. * fc 

Change of variables in integration. 
Derivatives of the trigonometric functions. 
Trigonometric relations 1 ike ^sin -(£ - x ) = cos 
Double angle formulas from trigonometry, 
ln^feb) = In (a,) + In. (b). 

For Section 5 add: 
•Convergence and sum of geometric series. • 
Integration of /cos x sin4 x dx. * . 

♦For the exercises add: « 
Chajn rule* 

Diff icult ifri'gonometric identity work (you m igtrt. 5 i^ve infill. 

\ 

(^utput Skills : From Sections 1-3: 

Describe an application which \ <S 

a) caused/ /sec x dx to be calculated before ca l;cu Iais ^aas \ \ 

b) leads /to an. approxi mat ion sumVor /sec x dx. 
Sketch the basi^frame work of a Mercator map. 
Show a* rhumb line path between any two cities on a *t4eTXEttor rrraap\ 
Describe/ the mathematical principles that make the tleratcn- toj&p 
useful to sailors. 
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Discuss the advantages and shortcomings of the Mercator projection. 1 
DlIscuss the historical need for and development of the Mercator 
mapt and /sec x dx as interdependent problems. 
From Section 4: ' 

Three calculations of /sec x dx. • 

EapJain why /£T = [ x |, not x. 

Integrate 'using both radians and degrees, 

Confidently use the easier trigonometric identities. 

From Section 5: * I 

Approxinate /sec x dx, /tan x dx and aredto * nuner/cally/ 

Integrate a series term by term. ^» ' 

From Boxes: 

Briefly discuss the' achi evements of Gerhardus Mercator, Ja^es 
(iregory, and John Wall is. 

Suggested Uses: The unit can be done all at once or in several 
pieces- Section 1-3 plus 4.1 and exercises lb, 2, 5, 6 are ap- 
fjropriate as soon as /sec x dx is discussed. Section 4.2, 4.3 
ami exercises I, 3, 7, 8 call for more knowledge of integration. 
Section 5 and exercises 9-13 require knowledge of the series 
portion of calculus and might be done much later than Sections 1-4. 
The: unit is also appropriate for independent reading by honors 
students and for seminar presentation- by advanced undergraduates. 

OSher Related Units : 
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MERCATOR'S WORLD MAP AND THE CALCULUS 

4. 

Philip Tuchinsky 
Department of Mathematical Science 
Ohio Wesleyan University 
Delaware, Ohio 43015 

6/26#8 

^ 1. MERCATOR'S ACHIEVEMENT 

1.1 A Strategy for Navigation with Map and Compass 

• Imagine yojgpself piloting a ship .at sea«--how can you 
reliably get to your destination? Suppose you have brought 
the most basic of navigational aids.: a magnetic compass 
and good maps. The simplest way to use your compass 
would be to hold its needle still by keeping you^ship 
moving in a const-ant compass direct-ion. Thus," if you * 
travel steadily northeast, your compass needle {which 
points north) will make a steady '45? angle with your, 
direction of motion 7 and the needle will stfey still. ' 

\ Figures 1-5 show such a northeastward -journey (an 
airflight from the ( Galapagos Jslands in the Pacific Ocean ' 5 
to Franz Josef Land in the Artie) as it would appea.r on 
five tn>es of map. The airplane's course ' makes *a 45°' i 
angle with all the meridians (the north-south lines, great 

circles through the north- and south poles) on each i*ap. 
/ » . 

Whicrh map would-be the easiest one on which to lay out 
the course? Figure 1 may give the best overall ,view 'of v 
-the earth as sphere, but the Mercator projection in 
Figure* 5 is the best for navigation because vo.ur ship's 

./ 

> - 

In truth, the compass points to the north magnetic pole, not 
,*he North (geographic) pole. Discrepancies of this kind are 
/discussed later in the Special Assistance Supplement. [S-i] 

/ 
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Figqre 1. A f } ight with a. constant bearing of **5° E of N from the 
.Galapagos Islands in the v Paci f icto Franz Josef Land in 'the Arctic 
Ocean. * " 




'Figure 2. The flight of Figure 1 plotted orf one*form of conforma) 
map/ (The*angles to the meridians are constant but because the *' 
meridians converge the patb> is curved and would be difficult to pJot 
and rrieasure.) » 4 * 
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Figure 3» Plot of flight on "plane chart" £uch as was in use for 
charts of small areas in Mercator's time. Angles are not true and 
a straight line would not give a path of constant bearing. 




straight lin 



Figure *4. Fl/ight<>n a cylindrical projection, a ntep often confused 
withr MeVcatof *s. Again, the path of constant bearing is not a 



See* Exerci se 5. 
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Figure 5. Flight at constant bearing on a Mercator projection. 
Straight tine path is easily constructed, measured, and followed. 

course appears there as a straight line, not a curve. It's 
easy to construct the course with a protractor (compass 
•rose) and straight edge because it is a straight line course 
1.2 Rhumb Lines * 

Sailors .have used the compass and followed lines of 
« * 

Constant compass direction since at least the thirteenth 
2 

century. They called such paths on a map or chart, rhumb 
lines. Cartographers and mathematicians found that the 
sailors' rhumb lines became #J^ral-like curves on the globe 
and named them "loxodromic curves" Or loxodromes (from the 
Latin loxos- -slant and drome — running) because they , cut* all 
the meridians they cross at the same slant angle (See 
Figure 1) . You should trace a loxodrdme on a globe to see 
that it spirals.* As a rhumb line moves north 4nd the 
meridians get closer together/ the line must turn steadily 
towajrd the ^pole to. cut all the meridians at the -same angled 
It spirals toward the pole without ever reaching* it* 



Historians disagree as 'to the "origins of the magnetic 
compass. You will find an Interesting account of the compass 
and its history under ['compass" in the Encyclopedia Brittantca 
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1.3 Tiie Need for a. Map On Which Rhumb Lines Are Straight 

If you wish to follow a *rhumb line course, you must 
know what constant compass, direction to use from your 
starting poiht S to your destination D. If you had a map 
on which thejrhumb- line path between any points S and D was 
simply the straight line between those points, you could 
draw that lin^ with a ruler and read the compass direction 
by measuring, (wijth a protractor) the angle at which 
meridians anpciit. Before *Mercator's time^ sailors attempted 
to use pla/rf cHafJ&s (charts in which the lines of latitude 
were equally spaced) for this^purpose. Figures 6a and b 
and 7 $how the erlror that arises when a straight line on 
a plain chart is'rassumed to be a rhumb line course. V 

f /1.4 v Me'rcator^s Successful Map 

In the sixte^th* century, Gerhardus Mercator recognized 
, that such a map, cm which all rhumb lines would appear as 
straight lines, would- be very useful to sailors. He > 

if. 

succeeded in creating such a map- -his famous world map 
published in 1569.\This map was recognized as a gigantic 
achievment* the first significant improvement in map design 
in 1400 years. A standard reference on cartography calls 
the Mercator projection a "radical departure and improvement 
over methods existihg before his (Mercator 1 s) time. In ^ 
contemporary judgment he was styled as 1 In cosmographia 
. longe primus 1 , which, translated, means: In cosmography 
- by far the first." (Deetz and Adams, p. 104.) 

The Mercato.r world map has become such a fixture in 
- our culture that it is familiar to every school child. * I 
N V remember this map as a \rery unsatisfactory early view of 
our plariet , 'because my teacher convinced me more of its 
■ shortcomings than of its value. The ' shortcomings are sexious 
distances are hard to measure on the map because: northern 
regions appear grossly exaggerated in area (compare Greenland 
to Africa on ax globe and on a Mercator map- -or in Figure 1 

and Figure 5); the polar regions cannot be shown at all but 

> 

must be inset as separate maps; distances ar x e hard to 
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Figure 6a. A straight line bourse joining the Panama Canal to 
Land's End, England drawn on a plane chart. It advises* us to use 
a compass bearing of 50° as shown. * •> * 

''\ 
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Figure 6b* Tne comparable straight Unetcourse on a Mercator map. 
The correct compass direction to follow Is 5&° east of compass 
north* , 

* 6 
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Figure 7. The naviqational advice obtained from charts 6a and 
'6b leads to -different results. The solid line shows' the course 
from 6b, a" rhumb v 1ine that does join the Panama fcanal and Land '*s 
End. If we obeyed. the plane chart in 6a and followed a constant 
50° compass, bearing we would be far off course, as the dashed 
path shows. 

/ 



GERHARDUS MERCATOR is the Latinized name of Gerhard Kramer, 
born in Flanders in* 1512. He was the expert engraver of map- 
sections for a globe made by Gemma Frisius in 1536, a crafts- 
man of mathematical and astronomical instruments, and a land 
surveyor. His major achievements as a cartographer include 
a globe in \$k\ , a large (132 x 159 cm) map of Europe (155*0 
which made his reputation and was reprinted with corrections 
in 1572, a map of , the British Isles in 1564 and the great world 
map of 1569. His major" work was' done at Duisberg, Germany 
where hewas cosmographer to the Duke of Cleves. Mercator spent 
his final years creating a collection of maps of west and south 
- Europe, of high accuracy for the period. It was published in 
1595, a year after his death, as Atlas - or Co&mographic Medi- 
tations on the Structure of the World, Thus the word "atlas" 
was first 'applied to a collection of maps. He .should not be 
confused with Nicholas Mercator, 161M687, mathematician and 
astronomer, nor were they related. (Source: 'Dictionary of 
Scientific Biographu Vol. IX, Am. Council of Learned Socie- 
ties, 197ft, P. 309.) . , x 
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measure because the scale changes as we look along vertical 

♦ , lines * ,•*..* 

In the schoolroom where students*are learning about the 
relative .sizes and locations of countries the map i^ at its 
%worst. As a navigational^ aid, the map has been unsurpassed^ 
for* 400 years because loxodfcomes appear as straight lines 
and angles measured on the map are th<> same as thos'e 4 measured 
on the globe . 

# 1-5 Modem Navigators Use Mercator Charts , 

* > * «. 

The^ shortest. path between two points .on a sphere is the 
great circle route \ Modern air and sea navigators 

naturally prefer, to follow that shortest route. To do so,' 
they begfrn by plotting the course with a straightedge on a 
gnomonic map (Figure 8) on which all great circle routes 
appear as straight lines. However, the compass "direction 
changes continually along the great circle route (which, 
except* in special 'cases- is' not a rhumb line), and pilots 
still expect'^to be told to follow a fixed compass direc- 
tion. It is thus convenient and usual to replace the ^ 
, great circle route with a sequence of rhumb lines. 

Because angles cannot be measured readdly on a gnomonic 
; or great circle chart, the navigator selects convenient 
intersections with the meridians along his great fire* 
course and plots these points on a large scale Mercator map. 
Straight lines drawn between, these points on the Mercator 
projection give rhumb lines which are easy to follow as a 
course and which usefully approximate the great circle path. 
^ Figure 9 shows the resulting course on the Mercator \ap. The, 
extra distance involved in following the rhumb line pieces 
instead of the great circle itsePf is minor in comparison to 
V } he im Proved ease and certainty of navigation. 
1.6 The Integral f sec * d<b Is Invlolvedv 

* • In this paper- we'll explore the constYuction of the 
Mercator map in some detail. We will see why, a century 
before Newton and Leibnitz created, the calcllus, Mercator 
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Figure 8. A great circle route appears as a straight line on this 
gnomonic projection. (The path appears curved because of an optical 
illusion; sight along it to verify that .if Is a straight line.) \ 

found himself ifr need of the integraT 

/*sec 4 d<K 1 \ _ . 

We'll briefly cover the mathematical history of this integral 
as well. For- all practical purposes this integral was 
evaluated long before the invention of the calculus althou& 
no proof appeared until 1*68, when the calculus was newborn 
but known. 

t. «* 
9 
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•Figure 9. A series of rhumb line paths (straight Line segments on 
this Mercator map) approximating the great circle route of Figure 8. 



CALCULUS AND THE MERCAT0R MAP 



2.1 The Framework of the Mercator Map 

Let's begin to create Mercator' s map. The equator is - 
° a rhumb line in the east-west direction and wijl have to be 
a straight line on the map; let's place it horizon tally- 
across the middle. Tjhe meridians of longitude are the, 
northjr^outh rhumb lines and must also appear on the map as 
straight lines. Let r s place them vertically, and space* them 
% evenly. This gives us accurate right angles between the 
north-south antf east -west meridians and the equally divided 
equator on the map. The other east-west rhumb lines 
include the arctic and antarctic circles, "the t'ropics of 
Cancer and Capricorn and all the other parallels of latitude 
As we will see; our main problem is- to plaqe them as 
horizontal lines with such a spacing - that rhumb lines will 
turn out to be straight lines oir the map. 

• 10 
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Two of our aTsu^tioifs^sTiourdr be made - explicit*: • 

* Our map is in "one-to-one" scale: we will dup- 
licate distances along the equator'mile for mile 
(although other distances will be distorted) . 
That does not yield a pocket size map but scaling 
it down to printable size is an easy matter. Thus 
we'll soon talk of "stretching" earth distances to 
put them on the map! 

We take the earth as a sphere. "Cartographers , 
can include the planet's equatorial bulge, but we 
will not attempt to do that here. 



2.2 Horizontal Distances at Latitude <j> Get Stretched * 

So far we have placed a family of parallel meridians 
on the map at right angles to the horizontal equator* Our 
troubles begin when we try to place the parallels of 
latitude on the map. In Figure 10, distances along the 
parallels of latitude between specified meridi'ans are seen 
to shrink to zero as we move toward the poles, but those 
distances will Aave %p be equal on the map because, there, 
meridians are p3plllel lines. Thus horizontal distances on • 
the map will have to be longer than the true earth distances 
and the stretching will have to increase as we move toward 
the poles. The vertical placement of these stretched hori-* 
zontal lines will have to be skillfully done to keep the 
rhumb lines straight. 

North Pole 



Meridian 




Figure' 10. Corresponding points on meridians and map: EF on the < 
globe 'stretches to E'F 1 on the map. 
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To. see how to/ place; the parallels of lat±tu&e,, voce nmisstt 

* / * 

study* the horizontal stretching, A wedge nf :tte eeaitfh jaukl 
,its associated map are shown* in Figure 11. Segment AflB iiss 
a part of the emiator scanning 0 ^radians); Ixxngxtuae.. Off 
R (= approximately 4000 miles) is the earth's raxiiii^,* tttem 
Re is the actual length of AB and of the c orre5pTUii±rn$ W1 
on the map. 

3* xns y> 

H,jgtrth 




C, center 
of earth 




Figure if. * wedge of the earth and its x^rrespondmg =paxtotff ttte 
-map. \ 

Now consider Vq at <J> radians north lit±tu3eu 3$ iis aa * 
part of a circle centered at; T, where T is :fl±Bgaifr mm fc tt * 
of the earth's center C, inside the eartlu SbtEe (JJT aanil ' 
BC are parallel , the* angle <J> of 'latitude ajjpBas tin m-H-h^w 
QTC where sfcown. Since QC is an earth-radix^ m sses tftett - 
PQ is a part of a circle of radius QT « ll.xss aju TPfe <^m^ 
PTQ has the same central angle 0 as does sartor VffiL; tfiuss 
the actual lengtfh of *PQ is 



or 
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PQ = (QT) e 
PQ = (R cos *)& 
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The horizontal stretching , an now be understood, ^An , 
east-west} length^Q* ^(R eos (()) « >at latitude. $ must be 
stoatrdrek into P/Q' =' R 8 on the map, (Why does P'Q- * 
AffSP *ROT) We must stretch PQ Jby the factor ^21 to* 
cmrvert it into P'Q' for the map, because 

Soiree ' v • 

P'Q' = R g i , 1 ^ 
PQ (R cos * fe = EoTT * SCC * 

we! ger as the length of P'Q.' on the map^, 

. P'Q' ■ (PQ) sec* . 

Mericator^s Insight: Vertical Distan ces Must Also 
Ke Stretched * y 7 y " 

Mercator's gffea* insight was that each piece of vertical 
pridian ax latitude <f> must be stretched % when put on the map, 
bryv tire same factor sec #. As we shall see,. he thus succeeded 
ur jnie^ervingr^angles^ from the earth onto the map. That is,, 
any two lines meet at an angle on the earth, their images 
^ mjiiefL onto the map will meet at that same angle. This 
. wiflXhA true for all jangles ever^wRere on' globe and map. (A 
nnajr that: preserves angles is called >confopnal\ the study of c 
jtisft: which glohe-to-map* functions yield conformal maps is 
a^n iiiniartairt: part of advanced mathematics and cartography.) 

Why does malcing ,the map conforpil cause the rhumb lines 
trr anjxeax- as straight lines? On -the earth, recall, «a 

, rfrranV liire cuts all the meridilns at a constant angle. If 
tfenntrr isf-tonformal K the rhumb line on.the.'ma^ will cut' 
ail: thee vertical parallel meridian lines at that fixed angle 

fi aiddwaiLL thus be a straight line , for straight lines are 
eacaxct^y the curves that cut a family of parallel lines all 
astt thee same angle in plane geometry. Thus to have rhuab^ 
Iiiresf pior as straight lines, the. whole secret is to space 
outr tfefc harirontal lines correctly, placing them' at such 
distances aronr the equator line; pn the map that angles will 
fee {Reserved. (Of course, stretching the meridian lines and 
SBaarLng: the naralLels of^ latitude around, the equator are two * 
names? fen the Same task'.") x 
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2.4 The Vertical and Horizontal Stretching at Latitude <j> 



The 

Must Be Equal 

w . > / , 

'Let's explore the stretching-further. Figure 12 shows 

a K rhumb 1 ine~ cutting a meridian: atf angfle a. It cuts the* , 

horizontal ^parallel of latitude at the complementary angle 

x 6 = 7 - a. 

Suppose we raova a small distance Az along this rhumb line 
'away from the crossing point. This movement is the combined • 
effect of simultaneously moving A z cos 3 units horizontally 
(eastward) and Az sin 8 units vertically (northward). What 
will this movement$tlook Jike on our Mercator map? If an 
initiaf^paint was. at latitude <J>, the Az cos 6 horizontal 
.portion of the movement is stretched by a factor sec <J>. If 
• the angles a and 6 are going to be preserved on the map, 
tne vertical 'component of the motion must also be stretched 
by the same factor sec <J>, becoming fA£ sin 8) sec <J>. Then Az 
on the earth is mappeM as Az sec <J> pn the map. (See Fig'. 13)** 



» ' latitude' 




enlarged J 



A2*cps 8 



v Figure 12.. The local scene on a globe at^a'tltude 





- — 
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w! if need 
(AS sin 8) sec * 



latitude <J> 




(a£ cos 8) sec $ 



figure 13- Sime local" scene on the map. 



3 2 2 v x 

-'Recalling that cos 3 + s in 8 - 1 may help here. N 
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2.5 Summary: How We Get Straight Rhumb Lines 

/ A concise summary of our logic nqw reads as follows: 
V 1. To get rhumb lines^to appear as straight lines on 
the map, we jieed'fo p/reserve angles from the earth 
j onto the map. '* - 

2 . Hojizontal 'distances v at latitude $ are stretched^ 
by a factor sec <J> as th£y are shif ted-^ffonT globe 
to map. 

3. To-preserve angles, we must also stretch the 
vertical lengths along the meridians by the* same 
factor sec 4 at latitu4e <J>. A 

2.6 How To Place The Parallels of Latitude ♦ ' , 

As we move north, along a meridian, the latitude changes 
continually. What will it mean "to stretch the vertical r 
lengths along .the meridian by the same factor sec <J> at latitude 
<b M ? > c ■ 

Integral calculus provides a method. Let's* tTy to ; 

calculate D (<J>q) , the distance on the mop along the meridian 

from the equator to the parallel at latitude <J)q . (If we knew 

the number D (<J>q) we would know how to locate the parallel 

at latitude <fr 0 on the Mercator map.) v First, we cut the 

interval- from 0 to <fr 0 into many small pieces: let A<|> 

represent a bit of angle located near <fr , where 0 <_ <fr <_ $ • , 

This small bit of latitudinal Angle subtends a bit of 

meridian RA<|> on the globe (Figure 14) , a length of 

meridian locatedirouglily -at latitude <fr . As*this • ^ 

N, north 
pole 




parallel at 
latitude <J> 0 



C, center 
of earth 



On 'Earth 




latitude <fr 0 

i ^ude' <J> + A<J> 
latitude <J> 



RA<j> ■ sec $ 
after stretch! nq 



^-equator 



Figure 1*». Sejtting up the interval for D($J. 
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bit of meridian is shifted from globe "to map, it is stretched 
by^ the "factor sec «J> and has length sec <J> on the map. 

Thus DU ) is approximately the sum of such bits of 
length Rsec<J>A<J> as 4> moves from 0 to : 

(1) ' * D(<J> 0 ) * •£ R*sec $ A4> . 

If we let* all the A# lengths tend to zero and use more and 
njore^of them, we get better and better approximations of 
D(<J>q); in the lim^t we get ^ 

(2) . D(* Q ) = jj° R sec <J>d* = R jj° sec * d *. ^ 

To place all* the parallels of latitude ojV the Mercator 

map, we will need D(<J> n ) for all values o < 6 < - . Thus we 

* , - u i 0 " 2 

need cfsec <j> d <J> to construct the Mercator map ! 

^ 3. MORE HISTORY 4 ^ 

3.1 Mercator's Map:^ Cartography In His Time 

Mercator did not knojv that he needed the calculus to 
v make his map. He did loiow that he must place the equally- 
* \paced-on-earth parallels of latitude further and further 
apart., His map contained" minor errors in the placing of the 
parallels of latitude; it also contained misplaced mountain 
ranges ? rivers and continents, as the sketch (Figure 15) of 
the original 131 x 20? centimeter map shows" very clearl-y. 
Mercator's sources were the written "itineraries of travelers 
and the older maps of his day, botb notoriously inaccurate. 
Where modern, mapmakers spen<} their energy on the accurate 
Accumulation of data, Mercator •sSnain *ask was to reconcile, 
the inevitably contradictory reports that reached him. 

One m severe example will show the inaccuracies of 

mapping at that time. Mercator * s- map constituted the first k 

useful, dramatic improvement in mapping the known worlc^ ' 

since the time of Ptolemy (the great astronomer and 

geographer) iW years earlier.' An. important error' 

on those early maps resulted from talcing 1° as 56.5 miles 

i+ ~< ; , 

The cartographic history in this section is 'taken from Crone ( 1 966) 
The mathematical history is drawn from the notes of Professor V. F. Rickey 
and from Cajori (J9I5). 
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Figure 15. Sketch of Mercator's map of 1569- 

on £he earth's surface. An almost-correct value of 68. S 
miles per degree was known to Eratosthenes (200 B.C.) but not 
* accepted by Ptolemy. T^hus distances were stretched across 
too many degrees of latitude and longitude. Ptolemy took 
the east-west length of the Mediterranean s Sea as 62°. 
MercatQr f s value of S2° was a substantial improvement but a^ 
correct value of less'than 42° was not known until after 1 
170Q A.D. One result*bf this error is worth mention: 
geographers of the generation before Columbus -had ' st retched 
the Europe-Asia land mass. much too far around the globe; 
Columbus had reaso.n to believe that a journey of reasonable/'" 
length to the west would' bring him to the orient. Maps^of 
modern quality, did not appear until nineteenth century 
explorers began to carry sophisticated instruments, into the 
field. 

Mercator, facing t^ese complex problems,, spaced his * ' 
parallels of latitude as best he could , on the map of 1^69. 
His exact method is not known. And sailors, properly 
distrustful of mapmakers, did not aJopt the Mercator map at 

17 
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once. By 1600 ,or so, Mercator maps of portions of the earth 
began to appear. These were of larger scale and incorporated 
corrections i1f the placement" of the parallels of latitude due 
"to %he work rff Edward Wright. Acceptance* by sailors grew 
steadily. The first atlas of Mercator projectipns wds the 
Arcano del Mare of Sir Robert Dudley, published in 1646. By 

tfiat time Meritor maps were. the navigator's standard* 

t 

3.2 Edward Wright's Discovery ^ 

* s The mathematical history that arose from Mercator 's 
achievement is astonishing. As mentioned^e.arlier , we do 
not know whether Mercator really understood where to place 
the parallels 4 of fatitude to straighten the rhumb lines. 
By the time, Edward Wright* published Certaine Errors in Navigation 
in 1599, the secret was* out: 
"the parts of the meridian at every poynt of latitude 
must needs increase with the same proportion wherewith 
the Secantes or hypotenusae oi the ark?', intercepted 
betweene those pointes of latitude and the aequinoc- 
tiall (equator) do increase... by perpetuall addition 
of the Secantes answerabl^^o the latitudes of each 
point. ..we may make actable which shall, shew the sec- 
tions and points of latitude in the meridians ot the 
nautical planisphaere: by which sections, the parallels . 
are to be drawne." (From Wright (1599 > pp* 17-18). as 
quoted in Cajori (191$; pp./3f2-313) 7\ * * „ 

Wright recognized that a sum of secants was needed; by his 
"perpetuall addition" we assume he meant the continuous 
summation of integration. He couli not have known' of 
integration as an anti-differentiation' process , but the 
intuitive notion of a limit of integral sums- was afloat in 
the intellectual seas of -that time, provide the naviga- 
tional corrections, Wright published actable of summation- 
approximations of the integral (2) for 4> between 0 and 45° 
at intervals of 1 minute of latitude. ' , 
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3.3 Later Mathematical History 

^Geographers really needed an integration formula for 
the integral so that lengthy .summations could be avoided. 
The following fifty years saw a search for such a fQrmula 
through hon^calculus techniques. In 1614 Napier published « 
tables of sines and logarithnb of sines, although these, 
were not quite logarithms as we know them today. In 1620 
Edmund Giinter published a table of log(tan e) . By 1645, 
Henry Bond discovered by chance and published in Norwood's 
Epitome of Navigation , as Edmund Halley tells us half a century 
later, 

"that the Meridian Line was Analogous to a Scale of 
Logarithmick Tangents of hal/ the complements of the 

— Latitudes." [From Halley (1698, p. 202) as quoted in 
Cajori (1915, -p. 314).] 

Bond's discovery is that 

(3) > J* sec^f>d<(> - - In tanj| (£ - $)J 

a^correct formula not usually seen by calculus students. 
Bond did not prove the formula, but led a number of prominent 
mathematicians, including John Collins, M. Mercator, 
William Oughtred and John Wallis, to attempt the proof. 
Bond's conjectute came from comparison of tables and graphs. 

- During the 1660 's, Newton and Leibnitz produced a 
systematic calculus and by 1668, via a nastily complicated 
geometric argument* James Gregory proved the truth of (3). 5 
During the^ext decade or two, simple calculations of /sec <f> d<f> 
were found. Throughout this period, mathematicians were quite 
conscious s &vat^they were providing the theory necessary for 

an accurate Mercator projection and they consistently 
regarded the task as an important and worthy one. 

. tThus Jsec$d$ is one case where an integral was first 
treated bysummation long before the birth of the calculus 

. 5| cannot resist including a quote, ascribed to Edmund Halley quoted 

from Cajori 1 s article. Halley, In reviewing the research on our problem, 

says about Gregory's "proof that it Invoived "a long train of Consequences 

and Complication of Proportions, whereby the evidence of the Demonstration 

is In a great measure lost, and the Reader wearied before he attain It." 

19 
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and was eventually made part of ^the ^calculus mainstream. 
This integral is. one of the most esoteric that calculus*' 
stuienj£s are asked to handle because the* usual integration 
methods given seem unmbtivatecL and "magicalV * But the, 
integral's importance for applications makes its study 
worthwhile, and we will next examine several techniques for 
calculating it. (If Sections 4 and/or 5 are omitted, it is 
still appropriate t,o *read Section 6.)* 

Exercises x 

1. Differentiate to confirm that • * _ 

4 f x 1 
a). sec x dx - - In tan Wr - x)) 

'0 * z 

♦ f x % 
*b). I sec x dx * In (sec x"+ tan x) for 0 < x < it/2 

- -« r - ( 

c). j -sec x dx ■ In tan (j(y + xj) 

2. Starting with blank graph paper, make part of a Hercator'map, 
as follow^: put in the equator, the meridians at 0°, 30°, 60°, - • 
330° latitude; and parallels' of latitude at 10°, 20°, 30°, *»0°, 
50°, 60°', 70° and*80° north and south. (Arrange the scale so that 

A these parallels do Jit. Now, using a globe or non-Mercator world 
map as a source of data, sketch in Greenland and Africa. Do your 
results look about J Ike Figure 5? Do -Africa and Greenland have 
; roughly equal areas, as the map seems to say? (look up the actual 
area in the almanac or atlas.) t • 

3. The formulas fn&ercfse 1 are for x measured in radians. Convert 
any one* of them" so that It gives ' { 

Nk * | .sec y d/ ^ 

for y measured in degrees. 

h. 1 I s probable that Hercator constructed' hfs map grid by using a 
ta^le of secants -at one degree intervals. Adding up the secants 
from one degree to 30 degrees would give him the approximate 
spacing of the 30° line of latitude in terms of the size of one 
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degree at the equator* Without knowing it, he was using the 
approximation 



30 w " I»30 

* sec <f> d <f> s J sec<|>. A$. 

'o • i-i- 



Try this approximation yourself to find the distance in earth radii 
(radians) from the equator to 30° north latitude on the map. First 
use steRs of 5^ and then of 1° tRemember 1° ■ jjj^ radians). Compare 
your results to the exact value given by equation 3. Do you 
think Mercator's probable method was sufficiently accurate for a 
a small scale world map? When you have completed Section 5, compare 
your r.esult to the value given by the series approximation of 
Exercise 12. * 



t was taught, erroneously, that a 
Hercator map is obtained when' a p£per 
cylinder is wrapped around the earth, 
tangent at* the equator as In the 
sketch, and points on earth ere, 
projected onto the cyMTTder as though 
by a point-size light at the earth's 
center. What spacing of the 
longitude-circles does this 
projection involve (instead of the 



D((f>) 



f 4 
>0 



sec 4> d 4> 



placement of the circle at latitude 
on the Hercator. map)? Are the 
'longitude lines more spread out on 
this map A or on the Hercator map? 
Figure k shows a map. made with 
this cylindrical projection. 




CYLINDRICAL PROJECTION 
Point A is mapped to A 1 



(Hints for Exercises 3 and 5 may be found on page 33.) 
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6. Answer each quest Ion supporting your answer with specific t 
evidence from the unit: 

%)* Do we know enough about integration when we have V 
learned to calculate integrals by antldifferentiation? ■ 

b) Did Newton and Leibnitz create the calculus in response 
to scientific questions as part of the^intel lectual 
growth of^ their age or did they create it out of thin 
air because. of its internal logic and beauty? 

c) Can /sec (x) dx^be calculated between limits x » a and 

x » b without the use-of a "closed Integration formula?" 

d) What is the advantage of sailing a rhumb line course' as 
opposed to another course? Are there disadvantages in 
sailing the rhumb line and, if so, what are they? 

e) On an accurate Mercator map of the world, how or where 
is the north pole located? 

f) On an accurate Mercator world map, does an Inch of map 
distance along the parallel of latitude at **0° north 
represent the same, ea^th-d I stance as and inch of map 
distance along the parallel at 30° north? 

?K» Is the Mercator map an easy one to use to measure the 
* * distance between Chicago and New Orleans? \ 



* 4* ' SEVERAL CALCULATIONS OF /sec x dx 



4,1 The Usjual Integration 

A typical, sneaky calculation of this integral is 

. ' " J — MecxISx * . 

t 

\ " 

^(se,c x + tan x) ' 
dx 



sec x + tan x 
(4) « In | sec X + tan xJ +c 



*ThI& section may be 'omitted* See Suggested Uses on inside 
of title page. 



and no motivation other than "look, i* works" seems possible. 
We have used the well-known result 

f * m|y|* c 

4.2 A Partial Fractions Integration 

A littfe obvious trigonometry permits us to calculate 
the integral by partial fractions. Some equal signs have 
been marked for further comment: 



cos x dx 



|COS2 x 

(2) f cos'x dx _ f cos x dx * 
w Jl-sin* x " ] (1-sin x)(l + sin x ) * 

The multiplication by 1 * cos x/ cos x at* (3 is done so that 
the next 'step Q can be done, a mo4est example of planning 
ahead. Here are the partial fractions : v 



Thus 



* 1 J 1/2 + 1/2 

(1-sin xj t-I+sin x) ~ 1-sin x 1+sin x 

COS X . ^cos X 



| secxdx -I J l-sirix + 1+sin x dx 

■ \ [- In (1-sin x) * i n . (l + sin x)]+c m 



1 n n 1+sin x . 
1 ln l-sinx +c 

r 
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• * In |secx+ tanxl + c. 

Again, the decision at Q leads to" improvements at the 
following 0 steps. * 

The step marked A rests on the' fact tliat 

(5) /yP * | y | f t 
although you might think more immediately *of 

(6) /yrn , y ? * 

Both (5) and (6) are correct when y >* 0 but m is -still true 
when y is negative^: 

/Fsj? - | -s | - s • 

while (6) is not: * , / 

/T5P f -S. ; , / 

p Thu^* the absolute value bars arise very naturally ih the 
integration formula* 

The calculation involves no trigonometry mqre 
sophisticated than sin 2 x ♦ cos*g< 1 and d/cosx^secx , but 
. requires a little algebpi^JgaSlzation. It was apparently 
first done by Isaac BaifrowXn abojlt 1670 and may be the * 
earliest use of p^artialSisactJ^nr in. integration., 

4,3 Greg ory's Form Cm the Inte gral 

It is not difficult to derive (3), Gregory's' form of 
. ; the. integral . The needed trigonometry this time is that v 

v cos x - sin (7 - xj 

and the double angle formula 

sin (J - x) « 2 sin£(£ - x)) cos [\ (J -, x )). 
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Here it is : 

' P secxdx 



dx 



COS X 



dx 



sin^-x)* 



dx 



2 sinpO^-) cos m^-) 



3{^sTn 



dx 



cos y 



X cos* 



where y » (ir/2-x)/2 



s 1 f sec 2 y dx 
7 J * tan y f * 

Now change variables to y, using dy = -j dx, a^fd get 

- In I tan y|+c 



m f sec*y dy 
J tan y 



(7) 



f ' = -ml tan J(J-x)*|\ 

The algebra at 0 is sneaCkier^than one might like, t admit. 
The minus sign Jiere is not unreasonable. For our basic 
interval xe(0,£), sec x > 0 and the integral > 0. But (it/2-x)/2 
is .between 0 and n/4, its ta'ngent is between 0 qnd 1, and the. 
In would be negative. The minus sign straightens that out. 

Another form of the integral is" given in Problem 7. oew 

And it should be possible convert In (sec 8 + tan 6) into 

- lnfctan((7r/2-x)/2)) via trigonometry, should it not? You 

* - <* „ 

are asked to do so in Problem 8. 
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I * 

JAMES GREGORIE or Gregory,. 1638-1675, :createxl much nonce 
of importance In mathematics and optics* than "he *aas og imen cciae 
*dlt for in his own day. A great technological ^enlevement off 5 
that time was the design of efficient .low-jdlstort con tte feesxctpss - 
Gregory contributed experimental designs that nfflirencgd Mtew- 
ton's reflector telescopes; the Cassegraln design ml E672*was 
the ultimate successful result of this effort- 

Gregory put much effort Into finding the Lengths-, aareeas 
and volumes associated to the conic sections, * These -resalrts 
were needed for engineering work such as design xyf tijitceal 
instruments. Difficult Integrations were involved, aand^eeee 
done fcy geometric methods using classical Ereek <krrawfeerfgeaff 
' the conies, physical principles, etc. '/The xateulatlonafF 
' /sec x dx for use* irt^the MercatorTrojectiun is jone^exairaiee. 
His later mathematics centered on calculation trf nnoats off pp4^~ 
nomlals. He used approximation methods that >wene T^Esxovecrid 
by Newton, .Simpson/ Taylor and Cotes some .years latex., aaad 
credited to them. He was also a pioneer in the 4ise -oT t hrff in tee 
series; see Exercise 13. 

His work was not influential beca use Gregory., azeacfihggaat . 
isolated universities, was too much out of xomnuihiiaf lonv*#tt3h 
his proper peers. His generation saw its work absorbed aas 
small portions of the deeper, richer, systeraatlr oataiTais die- 
vet oped by Newton and Leibniz. (Source: VixxHormpyJsff^dir- 
entific Biography, Vol. V, pp 524-530 and U. Soyex, *A3i£stcrgy 
of Mathematics.} . • 



JOHN WALLIS U&16-1703) was the greatest English ratthe- 
matician of the generation that preceded Newton. **te*wasaan 
important leader of the transition from Ereek georaetrcc nroefctodds 
to modern algebraic jnet hods. Two books pub 1 ished cby hrfhn Pnn 
1655. one on analytic geometry, the other ^ baftnltesnnal 
methods, were bothMnf luenclal. He derived -many ^fcmdainejttal 
results of the* calculus, including 

f 3 v" a Mit^l\ 



7 rc . - 

by algebra-based methods that were a great *s rTqpTTF ixsaf ion off 
the geometric derivations used earlier ny tevalteri 3anti cattenss . 
Some of his "proofs" were incomplete or erroneous aandvwene 
critized during his life even Jhough the ~resulis ^*ei2e acoreectt; 
he thus helped mathematics. make enormous :prx 
the rigorous and most efficient derivations 
others latcr^ Jjej rfas > a jjoua^c 1 ergyroan , and 
Charges rH^ISource: C, B/^Sbyer, A "History - 
John Wiley, New York, 1968, ChapreQCVI 1 1/ 



rfeeavhng 
: ^fxxxrtd biyy 
aln Wo KK ring 
tw *lSa£henzz£txf$> 
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Scercisesr , * ^ 

77. Usee ideas close to those we used toderive Gregory's formula, 1 

2 vf 



[sec xdx * -In tan -5 -x) + c, 



\ 

irrsectiorr h- to derive this formula: 

|secxdx - In' tan y{j +x) + c» ^ 
8B. a£. Show via trigonometry that, if 0< x< ir/2 , " 

tan £jr(x + j)} = sec x + tan x ' ' c 

This may be done in many ways.' * My own method started from 
the= formulas for tan (A/2) and tan (A*6). 

bs. Kow- show- cot [j -x% - tan |^+x). (Hint: draw / 
graphs of the tangent and cotangent curves and give a 
geometric sort of proof.) ' Then explain why the two 
integrations listed^in problem 7 are equivalent.. . - * - 1 

* 

(hrinrt: for- Bcercise 7 may be found on paqe 32.) * 
57 A SpRrES^ FOR'/secxdx - * 



Recall, that Mercator's need was to calculate 

sec tfr d$ 



i 



fetrnranyt values df (fr, even every 1/60 of a degree. * While - 
QteggnTv*^ proof t3iat a ^logarithmick Tangent" formila was 
oanre ctr for- this integral was valuable, it helped the task 
off cj3tnigur^t±oji only to the extent th^t tables of log (tan i) 
weaoee aaraiTahle^ In 1685, ,Jphn Wall is published a series 
fennnccB the integral,' offering a wholly new and. fairly " 
cixmreiMjeitt do^putational method. 



*Trris£ section may be omitted. See Suggested Uses on inside of 
ti tee pane^ . * - 
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Derivation of Wallis* Series 

This series is very easy to derive. From section 4.2, 
in the- partial fractions derivation, we have 

. .• . C""* II 

* I cos x [1 + sin 2 x + sin^x 

+ sin 6 x + ,./]dx. 



All we have done here is 4 to use the geometric series formula 
\ 



I 7 ! 



1 + a + a 2 + a 3 + a* ... if |a| < 1 



with a »-sin 2 x, (khich does satisfy |a|< 1 for the xe"(0,7r/2) 
that concern us). m 

The next step is to convert this integral-of -an- infinite 
suJfi^into an infinite-sum-of-integrals , which we calculate 
term by term 6 . ^Continuing: % ^ 

[ seexdx = [ cos x • 1 dx + f**cos x • 0 sin 2 x dx + 
J 0 >0 , Jo 

• f x « /* ' / 

cos x • sin*x dx + cos x • sin 6 x dx +. 

7 i « sin x + + si * 5 * + ?in 7 x + 

( 8 ) my + i 7 + i T +J T*--- with y a sin x . 

/ This series is convergent for any xe[0,jr/2') as Exercise 
11 asks you to show. ' 1 

6 The reader should be warned f that, in general, it Is not true 
that the Integral of an infinite sum is equal to the term-by-term 
sum'of the integrals. However, as you will see proven in more 
advanced courses, the calculation here is legal because the series 
involved Is convergent, for* at I values in a closed interval [0,x] 
where 0< x< £ and the functions Involved, including the sum, are all 
continuous. • * 

A 



5.2 Numerical Approximation of the Integra,! 

We can use (8) to approximate 

f x ^ 

sec x dx 

'0 

by getting y = sin x from i table and taking partial sums 
of (8) until the desired level of convergence is obtained. 
You are asked to do so on the computer in Exercise 12. 
Tha series is not an exceptionally fast- converging one. 
For x = tt/6 some partial sums are: 

Highest powei* of 

sin x* included / Partial'sum 

1 ' 0.49999999 

3 0.54166666 

5 0.54791666 

7 0.54903273 

9 0.54924975. 
11 I 0.54929414 

13 0.54930352 

15 0.54930556 

17 0.54930601 

The correct value, f#r comparison, is 

fTT/6 

sec x dx = 0.54930614. 
0 * 



f 



Many integrations that lead to obnoxious formulas c&n 
be converted into series calculations leading to conver- 
gent, computable answers. Wallis published a series for 
jtan x dx 

in 1685, too, and we include this on« as Exercise 9, as one 
example. See also« Exercise 10. 

6. WHAT HAS CALCULUS CONTRfBUTED TO THE 
MERCATOR PROJECTION ?* 

The map that Mercater published in 1569 was revolu- 
tionary because it simplified the task of navigation at 
*sea sailors could plot rhumb line courses by the simple 
use of straight lines, By about 1600 corrected versions / 
^ of Mercator world map were accurate enough to satisfy the * 
' practical requirements of navigation at sea and the map 
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soon came into wide use. But all of this was accomplished 
before the invention of the calculus; what has calculus 
really added to the achievements, of Mercator? 

As .more and more detail e*d"\lercator charts of smaller 
an d^smaller parts of the earth's surface have been made 
over the centuries, a more and more accurate spacing of 
the parallels of latitude has been necessary. Once the 
precise mathematical calculation of /sec© d9 was known, 
this spacing could be immediately accomplished to any 
degree of accuracy. The only limitations in the produc- 
tion of Mercator maps were those imposed by the printing 
process, %ize and quality of paper, and so on. Nq^math- 

ematical barriers stood in the way of the cartographer, 

- • 

because methods had been provided to create the Mercator 
projection both in theory and to any level of accuracy 
in practice. 

The influence of Mercator on the course of mathema- 
tical development was important. Along with many other 
technological" problems of that age, the problem of re- 
fining the Mercator projection to'^ high ^vel of accuracy 
inspired the mathematicians and guided their* efforts in 
developing the calculus. They did not qu}t working on 
cartography- inspired problems once the Mercator problem 
had been solved, of course. Sin^l600 the Mercator 
projection* lias* keen further refined (to take intoiaccount 
the, equatorial bulge of the earth, for example) through 
use of jnj>re mathematics and many other projections have 
been developed on' a sound mathematical basis. 



Exercises " ^ 

9* Use this start to get a series-fojm, also given by Wall is in 
I685» for * ^ 



x dx 



cos X 



J tan x dx - J* ^3; 

x cos x dx 



I iin 
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I sin 



x cos x ( i-sL* > dx 



The answer wi 1 ]> be 

tan x dx * ^-(s 2 + V + V + 

at J 0 




pi 



V s +T + T + T+ ■ 

where s = sin (x) . 

For what x does this converge and why? 

10. What goes wrong when we try to carry out Exercise 9 for 

f X 

cot x dx? 

J o . 

11. Give a proof that Wallis' series 

y 3 y 5 Y 7 

with y = sin x for some xe [0,tt/2), is convergent 

a) "by a comparison test 

b) by another test 

c) For what y (and then what x) does this series converge? 

12. A computing project: use Wal l is' series 

( x 35 

secxdx»s + Y + T + where s = sin (x) 
Jq 5 > 

to calculate on the computer successive partial sum approxima- 
tions^ the integral. Your instructor wi,1 1 *tel 1 you what 
interval [0,x] to use. Continue until you have,-the integral 
approximated within .5x10 . How will you decide when you have 
calculated enough terms £0 the series and are ready to get off 
the machine? 

13* a) Derive Gregory's' series : j 



\ 



arctan x = f * ■ ■ d * ■ - x - 4 + — - — + 
J 0 3 a 5 ,7 



Hint: Replace l/(l+x 2 ) by a geometric series before 
integrating term by term. 

/t m A 

b) for what x does this alternating series'convertfe? 

c) Use the computer and this series to get a tableWf arctan 
x for x- values that j^our instructor assigns. (How can you 
easily decide when to get off the machine, for xe[0,1]? 
What is an estimate of the error if yodfstop after so^ny 
terms?) * 31 
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d). What doe's the series tell you about a relationship between 
* arctan y and arctan (-x)? ' - } 

Hints for Exercises 5 

3. Change variables using y - ~ x. The result w'ilf be* an Integral 
in x, where x Is- measured In radians. 

5. In Figure 13/. angle $ Is the latitude of points A, A 1 , and D 2 ($) 
gives the spacing of the parallel df latitude just as D($) did 
fo^ the Mercator map. >ry to find D 9 ($) and then show 

D 2 U) > D($). 

1. Start with fsecxdx - f -2*— -e f ^ • 

J C0SX Jsin(x + f) 

9: Reread the beginning of Section 5.1. 

10. The lower limit of integration, 0, causes the integral to be 
Improper.- Is it -finite? * * 
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Wright, Edward, 1599: Certaine Errors in Navigation 1 . 
Arising, either of .the ordinarie erroneous making or 
f ftsing of the sea dhart , Compass , Cross Staffe and 
^T&bles. of declination of the Sunne , and fixed Starres 
detected and corrected , London, printed by Valentine 

AT . Sims, 1599* */ 

A * 

Note; Historical material in this paper has been drawn 

r A ^ almost totally from" (Cajori, 1915) and (Crone, 1966)' 

only* Other references are given to allow L the reader 

quick access to the literature for 'further research. 
♦ 

In this brief paper, complex historical ideas have 
-naturally been compressed more than they deserve. Any 
inaccurate impressions that may be conveyed as a result 
are the sole responsibility of the author of this paper. 
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8. ANSWERS TO 'EXERCISES 



a) fx 



rn tan (iff-*)] 



tan 



1 1/ cos y 4 

2 sin y/cos y 



where, y = f [|"" x ] 



2 cosy slny " sin^y) " CSC ^K 



CSC 



(H 



sec x. 



b) ( In* (secx + tan x )) 



1 



sec x + tan x 

* sec x + tan x 
sec x • 



• (secx tan x + sec x) 
(sdc x + tan x ) sec x 



c) 



for z ■ j |j +x j just as in (a) above. 



2 s I n 2 cos z 

IhTTii) ■ csc . 



* sec x . 



The area of Greenland is approximately'840,000 square miles, 
and the area of Africa is 11,706,727 square miles. 
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• m — <m ln | sec [~ x J + tan |— X J| 



+ c 



■ In J secy + tany | + c. 



Change of variables: 

180 
y » — - x 
it 



With 5°, steps, J 30 sea * d$ * 0.5564789339- 



With 1° steps, - [ 30 sec* d$ * 0. 5506730838. 
'0 



Equation (3) gives J 3 °°sec <fr d<* - - in tan |~|~ ? 

" 0 /5493061 M3. 

From Figure 15, 

D 2 (*), ♦ . 

— ^- - tan * 

so, D 2 U) - R tan* 

must be compared to 

the easiest way to show 0M) > D(*) Is to notice that the 
derivatives are easy to compare: 

jj D 2 (*)- R sec 2 *> Rsec * D(*). 

Since 0^(0) - DfO) - 0, we can conclude that D 2 (*) > D(*) fqr 
^1 *c (0,f). t 
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6. (Sample answers) 

, a) The construction of the Hercator map leads us to discover 
Jsecx dx as a limit of Integral sums,; derivatives do not 
enter the ^problem. The Integral was adequately approximated 
decades before an antldlfferentiation formula was discovered. 

b) Ideas that are now part of the calculus and problems calljng 
for the calculus were "in the alr n long before Leibnitz and 
Newton. For example: Cavalier i's Integration of x n ; 
Mercator's need for /sec x dxr Gregory's geometric calculatloi 
of Integrals. 

c) Yes, as a finite Integral sum E(secx;)Ax or by use of 
finitely many terms of Wall Is' series. 

d) A rhumb line Is easy to sail because the pilot simply keeps 
an eye on his compass* He wants to keep the compass needle 
reasonably still. One disadvantage^*^ the rhumb line^path 

is its greater length In comparison to the great circle pdthl 
Extra distance costs time, fuel, and money. 

e) The north pole needs to be located a distance 

f L °M aR fo /2 se ^ ede 

away from the equator. It is off the map! 

. f) If an Inch of map distance at' 40° N represents A earth- 
miles and an Inch at 50°N represents B miles, then 

A m sec 40° 
B sec 50° 

because of the "stretching" of earth distances as jfehey 
are placed on the Mercator map.* Thus A j B. 

g) The scale changes continually along north-south Tines 
° f 3 Me /f ator "^P* Thus a mostly north-to-south distance 
like that from Chicago «to New Orleans Is quite hard to' 
calculate from the map. 

* « 1 

7 * ' {secx dx - f -4*- « [ r iT 

J * J cos x J sin fx + j\ 

• " I 2 sin y cosy 1 y " I ( x + f) 
dx f sec^ y dy 

2 isr? c °* 2 ' " J tany 



In tany + c.^done. . 
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8. a) Easier ^solution due to Ronald Shubert, Chairman, Department 
of Hathetttics, Elfzabethtown College, Ellzabethtown* Pa*: 

♦ . s!n£ 2 stn 2 ^ 

cos£ 2 sin f co$ f 



esc A- cot A,, 



and thus, 



My a 

(**) 
and 



• CSC (x + |] - COt [x + 

* sec x + tan x • ^ 
utlon Is longer: Recall that 

A » tan B 




tan (A + B) 



T^a 



tan A tanB 




tan 



cos A 



cos A , 



then 



cos X 



cos x. 



1 +, 



1 - cos x 

>* 1 + COS X 



COS X 



COS X 



■m 



COS X 



COS X 



>! 1 + 



COS X 



cosx 



1 



' 1 - cos X 
I + COSX 



\ 



, 2 2/(1 - cos x ) (1 + cosxT 

1+cosx' 1'+ cosx 



t ERJC : 



. 2 ♦ 2 cos x 

2 cos x ' 
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2 cosx 
1 + cosx 



secx + tanx.. 



b) Thlsjs easy^to see In the form 

cot [j- y) - tan fe + y) , y - f , 



when the graphs are drawn. A proof will drag you Into 
straight-forward use of formulas like (**) above In 8a. 




- J \ ^>W!th y -;cos-x 

t Jf<i + y + y * y? +....)dy ; 

9 * 
• • 4 • • e 

The left is + » and the Vight sflde. looks negative! 

11. a) A term by term comparison with * 

* y + y^ + y 3 + y' + ....^ , . ^ 

(a convergent geometric series with y »-sinx<'1) shows" 
0 the convergence .of Wallis 1 series. 

" * ■ 39 
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b) The ratio test tells us to calculate, *for oonr sserttes 



* 1 v 2 "* 1 

>n-0 2n + i • 



R ■ 1 Im 



y2n+3 
2n+l 



/(2rH5) 
1 7(211+1) 



•2 



Since R < f f the series convergent, jOtther ttes^ nway 
also be used. 

The ratio-te^PiJpne in (b) tells 4is tthat tthesser fees 
converges when y* < 1 (I.e., -1 < y ^ "1) 3andddl/*weges*toien 
y z > 1 (i.V., y > 1 or y < -1). Tor <y~» *1 *waggetaa 
divergent series. For y * -1 we get 3a aconvei^geitt aa* tter- 
nating series. Thus we have convergence ^tar -tl v< yy « ri ' 
exactly. Now, what x gives -1 jslmc< *T? AA!! reealxx, 
except ....? 



Computer results for x - 5°, 15°, 30°, 45°, >£6°, 72^ aai*d 
80° are below* 



HIGHEST "POWER 
OF S1N(X) I NC4.UDED 
IMPARTIAL SUM 



FPAHTfALSSBH 



x-5° 


* 

1 




The correct integral 


3 




Is .08737743 


5 








y 




1 




x- 15? 


3 
5 




J - .2648422* 


'7' 






G02£^B6221 









x - 30° * 
J - .54930614 



1 


004^993999 


3 


. 0034*66666 


5 


303*29*666 


7 




3 


JQ0S594S9J5 


11 


G03492W14 


.13 


qosmswr 


15 


003*93856 


17 


00Sft3£6O1 




-A 



*• • r 



44)0 



c 



RlGHEVr POVtR \ 
.OF SIN(X) INCLUDED 

IN PARTIAL SUM PARTIAL SjjH 

A 1 0.7071 0678 - 

3 0.82*55791 

5 0U86O3132S 

1 '7 7 0.8729*315 

• * 9 ' 0.87795062 - 

x>~A5? 11 0.8798SSW 

13 . 0.88070933 

/ -88,37358 jf > 

'9 0,88131278 

21 0.88134566 



23 0.83136067 

25 0.88136753 

27. . 0:88137078 

29 0.88137226 

31 0.83137236 

33 Q.88137329 



1 0.86602540 
1.28128220 

* rt 21 1.31169008 

x*~6Q? 31 1.3160*511 

f . *I * 1.31678696 

-1^11695789 , 51 ^ 1.316924,35 

J 61 ^ 1-31695109 

71 1.316S56ST- 

79 1-316957*7 



1 0.96592582 

_ 51 1.99537299 

^=7^ loi 2.02425779 

fT B , 151 2.Q27I7Q58 

f »= 2;Q275894? 201 2.0275318] 

251 2.02758099 

301 2.QZ7588Q§ 

335 2.02758893 
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HIGHEST POWER 
OF SIN(X) INCLUDED 





1 N> PARTIAL SUM 


' PARTIAL SUM 




* 1 


- 0.984807Z5 




51 ' 


2.27986109 


J 


401 


2.39058930 




2.42057205 




201 


,2.43044352 




251 


2.43400011 




301 


2.43535054 




351 


2.43588126 


80° 


401 


2.43609499 




. 451 


2.43618263 




501 


2.43621907 




CC 1 


.2.43623439 




601 


2.43624088 




651 


2.43624365 




701 


2.43624482 




751 


2.43624532 




801 


2.43624552 




811 


2.43624554 



For x nearing 90°, sin * near 1, we need quite a few terms in 
a p?rtia1 sum to get good accuracy!, 

x 1 
1 + x2 



13. a) arc tan x«» J - j — dx 



0 

o ♦ 

(1 - x 2 + x k - x 6 + x 8 - + •••) dx 



r 

J 0 



+ 41- *L + 



3 ' 5 7* 

b) use thS ratio test: * ^ 



Hm 



x 2n + 


V 


(2n 




X 2n + 


»/ 


(2n 





Thus the series converges when-x 2 < 1, diverges when 
x 2 > 1. For x 2 ■ I (x * + 1) we get a convergent alter- 
nating series. Thus the series converges for - 1 < x* < 1. 
d) PJug in -x for x and $how arc tan (-x) » - arc tan (x) .' 
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9. SPECIAL ASSISTANCE SUPPLEMENT 



lS-U - ; : > 

The system of latitudeand longitude is based 
on the geographic north, and south poles, but com- 1 * 
pass needles do not usually , point to the geograbftic^ 
north pole. Instead they point to the north mable-\ 
tic pole at'75° N. latitude, 101° W. longitude i£ 
far northern Canada, north of the Dakotas. Naviga-) 
tors are used to correcting compass readings for j 
that discrepancy. Thus we will .speak conveniently 
of compass north aS the north pole, 90° N. when 
that is not true. 

Compasses, in fact, must also be corrected for 
deviations due to the magnetic iron, in a ships h\\\l#*> 
or cargo hold^s and even for iron ores in neajby""l^ind 
masses. The fencyclopedia Brittanica artielVunder 
"compass" discusses this in more detail. 



{s-21 

A great circle on a sphere is a circle of the 
largest possible circumference, like the Equator. All 
the -meridians (north-.south lines of constant longi- 
tude) are* also great circles. The circles of constant 
latitude are (except for the equator, latitude 0°J 
not great circles because these east-west directed 
circles get smaller in size as we progress from, the 
equator toward either pole*. 

Notice that there is a full set of meridian' 
g*eat circles reaching from the North Pole to al'l the 
other points on the spherS, that all of the/m also 
pass ^hrough the South Pole, opposite the Nortn Pole 
•on the Sphere. Thus there are infinitely man/ great 
circles routes\between the two poles. If wefyneed to 

' - ■ / ' 
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• : J 

♦ 

connect the North Pole Ifrwitli any other point P ex- 
cept the South Pole, there is a unique great ^circle 
passing fhrGugh N and P. . The shorter arc between N 
and F along that unique great circle is the shortest" 
path on the globe connecting N and P, the great circle 
route between them. f 

Similarly, there is a full set of great circles 
through any point Q on the globe. Between Q and its 
opposite poijit R the re are infinitely many great 
circle route^r^Connecting Q and anv other point R 
{not opposite to Q) on the sphere, ^here is a unique 
great circle and along that circle lies the great 
circle roufre, again the shortest between Q and R. 



The Project would like to thank Harjorie A. Fitting of 
San Jose State University, 1 Barbara Juister of Elgin Community 
College, Roland Smith of Russell Sage College, and L.M. Larsen 

\, — * of Kearney State College for their reviews, and all others who 
assisted in the production of this unit. 
This unit was field-tested and/or student reviewed in 
prelimary form by Alan Shuchat, Wellesley College, Wellesley, 
4 Massachusetts Peter Nicholls, Northern Illinois University, 

DeKalb, Illinois; Richard G. Montgomery, Southern Oregon 
State College, Ashland, Oregon; Kurt Kreith, University of 
California at Davis; Robert L. Baker, Jr., U.S. Naval Academy, 
Annapolis, Maryland; James Bradley, Roberts Wesleyan College, 
Rochester, New York; and Jonathan Choate, The Groton School, 
Groton, Massachusetts > and has been revised on the basis of 
( data received from these sites. 
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tiAMAGmBHT OF, A BUFFALO HEFtti 




1 



>YM 



XW« number; of adult males ^ %: / ; - 
YF » numbe*\of ,^alt;femaies^ v *^ . r \ 
,YF ■ number^ off ^ ^Jejyeirlings^female yearlings 
UCF * ; numbej$ <bf: m)e calves, femal> calves 
QH 1 , -^number of atful t myies.harvested/'ne^ year" 
QF*l* number of -adu)^ females harvested "next; year 1 
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This -module is suitable for a first linear algebra course » 
or a Rost-.l inear-algebra course In mathematical modeling. 
It is suitable for presentation by advanced students In a 
seminar. 

The matrix is not diaggnalizable : To pursue the calculations ? 
In Section 4.5 further, the natural path Is to seek the 
eigenvalues of matrix M. But the more general 
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where a,b,c,d,e are all 6(0, l), and the elgenyalues are zero 
(twice), parameter a, real x>a, and a complex conjugate pair 
u, u. The characteristic equation that yields these roots is: 

det(M ] - XI) - X 2 (a - X) (-X 3 + aX 2 + bee). - 0 * • * 

The elgenspace of zero is unfortunately one-dimensional; thus 
the Jordan form above.* The. square, cube, and higher power's of 
this Jordan form are diagonal. 
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. 1*. INTRODUCTION 

1.1 What Harvest, Should You Take? 

Imagine yourself, as the. operator of a buffalo ranch.. 1 
You have a certain herd on^ hand'* and each year you "har- 
vest" 'a number of mature buffalo for their meat. Yx>u 
permit the remaining herd, for the next yea/r, to replenish 
itself through its own natural breeding. The herd has 
a certain known structure: it is made up of known pro- 
portions of adult vs. ^immature animals, *of ^females vs. 
males. Here are some questions you v might ask while 
simultaneously trying to gain a good" harvest and maTnTaTiT~* 

» the herd for good future harvests: 

• *> 
What harvest policy will lead to a herd next 

year that has the* same size and structure as 

r this year's herd? ' ^> • 

What annual harvest will permit the herd to 

grow steadily. so that in ten years it will 

have doubled in size while keeping^the same 

proportional structure? 

- - Do substantially different future herds result 

^ if more, the Sarne^ number, or less females are 

harvested than males? * * 

1.2 What Herd Should You Start With? 

Nex%," v imagine yourself «s planning to enter the 
buffalo-ranching industry. You set goals (based on your 
costs, capital, desired income, etc.) for 'a ~desi red ' 
harvest. That is, you select, as a basic parameter of 
your business, a number of mature animals that you 
intend to. harvest each year. You might ask: 

\ — i— • 

Although buffalo management is not a major industry, "this paper is 
developed in terms of it because a widely available computer pro- 
gram named BUFLO Is based on the same model. The methods discussed 
here arethe subject of research in human population dynamics; cat- 
tle, sheep, and other ranching industries; forest, fishing, and 
wildlife management. See the references. 
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--'What initial size and structure of herd will 
provide the desired harvest? 
How should the quota be distributed among male 
and female animals to achieve a herd ^>f smallest 
size that will continue to yield the quota? 

1.3 Wildlife Management 

Finally, imagine yourself as the manager of a game 
preserve > Conditions here are quite unlike those on a 
ranch because, the buffalo herd lives among its natural* 
predators, such as thd*wolf. You have a limited amount 
of land, and its vegetation must support the herd. What 
quotas of male and female buffalo should you license 



hunters to kill each year to maintain the herd at an 
appropriate size? , to - * 

1.4 The Task" Ahead 

In this paper we will consider a mathematical model 
based on linear algebra — of a buffalo* herd. It will be 
possible to answer the questions above using the model, 
but the model is a much simplified version .of the situa- 
tion in nature* We will consider "the underlying assump- 
tions of the model and their limitations to some extent. 

V 

While we. will look at the model mostly as a management 
tool, we will also be in a position (in the exercises in 
Sectfion* 2.6).~,to study historical issues concerning the 
.destruction of the vast U.S. buffalo population that 
thrived on the Great Plains in the early 1800's. 

; *, 

2. THE MODEL 

1 ' ^ 

2.X Herd Components apd Their Survival Rates 



We consider 2 six £*t££a*i«s of buffalo within the 



^*t£gO*i^s 

herd: calves are in their first year of "-life", yearlings 
in their second, and all older buffalo are adults. Each 
age group is broken down in male and female categories. 

2 * * 1 

The modej has been taken' from computer program BUFLO. See the 
references for fu/11 acknowledgement. 

9 '4 I ■ < 



Each 100 adult cows will bear approximately 48 male ( * 
calves and 42 female calves each year in* late spring B 
This 90* reproduction rate is almost unrelated to the ' • 
number of adult males in the herd because male buffalo 
are polygamous. * 

Buffalo naturally suffer different death rates a^t 
different ages.^ Because of deaths at birth and sxicb 
natural enemies as the wolf and coyote, only ab6ut 60% K 
of the calves survive to become next year's yearlings 
and about 75% of the yearlin'gs become adults . * Once th>ey 
reach maturity, buffalo are quite safe from their enemies' 
until they weaken from illness, injury, or old age: 9'5% 
of the adults survive from each year to the next. We will 
take these numbers to be the same for males an& females 
and the same year after year. , i 

2.2 Basic Model Equations ' ^v, h 

It is easy to organize this data into a mathematical 
model. Let > . * - * * ^ 

AH ■ number of adult males • ^ * 

* * - . ** i 

AF* number of adult^ females jt>^ 

YH,YF ■ numbers of male' yearlings, female yearlings 

£M,CF * numbers of male calves, female calved. 

or more specifically, let these Jje. the numbers o.f 
buff&lo.at the* en*d of, "this year" juft after* the .haryest. 
Let 'AM 1 ', AF 1 ,.,., CF* be the comparable counts* for next 
year's herd t also. at the completion pf (next* year % s) 
harvest. * Let . m ■ ^ ' 

QM* " number of adult males harvested "next year* 
QF» • numbe* of adult females harvested "next year M i 
(It is our poliey to harvest only adult buffalo.) 

i- Then, the breeding-process, followed by harvest, is 

contained in these equations: * . 

j> * * • f ^ 

~5 ' L ' 9 J— 1 

This will be true in ^ the wUd\ On a. ranch, survival to adulthood 
^would be more likely. D/ataTTn^this paragraph appliesfto wildlife. 
See Sections 2.5 and 3.1. The references offer similar data due 
to Fuller. , 
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AM* - .95 AH ^ ,.75 YM — Uf* 1 
* / AF» - .95 AF + .75 YF - W 
% >~ YH* - .60 CH * # 

(2) 'YF* •SCO CF\ . ^ * " 
CM 1 • .48 AF • ' 

CF' «\42 AF 

Let's tead these equations in detail, ^sraasse odEf 
natural deaths, .95 AM represents tthe asuinawrs iweott 
year among this year's ajiult males -and ,T3 V Y<M lis tfte nruam- 
ber of this year's yearlings who survive rto bfcesxroe aafcUlEt 
males. Thus .95 AM + .75 YM represents rtfee email off adtttet 
males just before harvest next year. tha^sins tftet ttfee 
harvest takes place at one specific moment sscch yyaaznv, 

-^>erha^>s-op-a-da y rn the fall J Thus tte ^^gT-^to^t 

total', AM\ is correctly given ±n :rift> W^t^ ^ 
(2). The second equation "treats :the iadiitt ££&m&& saimri- 
larlv. • The third and fourth equations =say tttot 66)HI od5F 
this yeafs calves survive to become qgpct ossrfr-s vys&rr- 
lings. The last two equations say ttfoOL, 3Eur eearfr hhua&tedd 
adult cows after harvest this yeaT, ^letea^^w 
by 48^ male calves and 42 female calves tto ^djbiBi iweott 
year. ■ # ' 

2.S The After-Harve st Model in Vrectxrr iarai ^M^mioc 
flotation 1 1 

/Now label "this year" as "year 0"., - ''nwet^jeaatV aas 
1 ajfd so on.. Define the vectors: 

G. - herd structure after harvest hi tthe if^ywsaT 

In our earlier notation, the first :of tthese siot^inmr- » 
sional vectors aTe: " . v 



G o" 



AM 
AF 
YH 
YF 
CH 
CFJ 



•AF 1 
<YF* 



We mist gather the harvest quotas ±rcto vtota^ ttwx* 
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as? ait example of 



<L - harvest in j th year (fast four entries' are ailiwaws 
zero). 

With this notation -established, it is time to ire- 



Ul as 








» 






AH* 




f-95' 


0 


.75 


0 


o 




AF 1 




0 


.95 


0 


-75 


a 




YfV 




a 


Q 


Q 


a 




© 


YF* 




0 


0 


0 


Q 


a 




W 




0 


.48 


0 


Q 


o 


0) 


CF* 




fc o 


\kZ 


0 J 


a 


0 


0) 













jAJr 












! ® j 








; ® 














1 •' 


i © j 
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whtem M is the 6 x 6 matrix just above*, 
year- process is given more generally as' 



The year- to- 



j = o, r.„ 2. j. 



J • 

This* is the after &arv«*t model m hecaose it innralves'&einS 
county g: taken just after the haikest is completed. " 

We may call',M\tJie trans fovmatzam mature ©ff <mar 
litodei,. for- it transforms its inpu-Cthe fcefrd stsrattmre" 
just: after harvest, i'nts the herd stnru>ctnna» that Mrt, 
aging; and death All -produce' just hefere haimest 5m tte 
fi3i2Lbi*iitg: ye&r, v 

\* 

£144 The Bef ore-Harvest Model . ' 

" j • » i 

The model just discussed is usefel if we Bawe m^" 
herrid and. want to examine what n^xt yeaf-s hainres't wifl 
g^ee'us as, a new herd. But suppose we are toying tto 
S£djeGtr ^ y ear ' s harvest so that next year's iemfl ■ ^| 
oaamhe studied. Then we want fiefora-fcainresty^nfl 
emmte tor which-we can apply the hamrest. They dese^e 
aa notation of their own * 



H\ - herd before harvest- in the J th year, 
J J - 0, 1, 2, ... 

Thus ft. * $\ - $ and the last paragraph of Section 2.3 

says that H«. +1 = MG^ j = 0, 1 f 2, 

The before-harvest-model relates H- to H-.,*. 
Clearly, H. is diminished by Qj at harvest and the new 
herd Hj - undergoes the ^reeding transformation. Thus 

(5) H j+1 - M(H. - d.) t j « 0, 1, 2, 3, ... 

s 

2.5 Survival Rates Would. Be Larger on a Ranch f 

One more comment. The birth and death rates were 
given for a herd living in the wild, subject to its 
natural predators. (The effects of man as a predator are 
reflected in QM and QF , not the given percentages.) Most 
of our effort, however, will be with questions that 
relate to ranching, where herds are fenced and natural 
predators almost absent. We would expect much larger 
fractions of «each category to survive the year. However, 
there are no accepted numbers to use in'M, and, rather 
than arbitrarily pick ^some, we will use the same matrix 
'M- for both wilderness and k ranch application's. The 
results will be qualitatively the same for "higher sur- 
vival rates (as the author has checked in some detail). 

2.6 Exercises and Computer Projects 

1 . Iin the week before harvest last year your ra]|ph had a buffalo 
herd with this struoture: 

AM « 200 YM - 300 CH *»520 

AP » 1000 YF « 300 CF » 500 

Your harvesting policy each year ^Ctb- take 100 adul/males 
and 200 adult females. Calculate the structure of the herd 

a. after last year's* harvest 
. b.. before this year's harvest ' ' 

c. after this year's harvest 

d. before next year's harvest , 
* e. after next yearjs harvest 
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f.. Is the herd likely tcf grower shrink if you continue 

this policy into the future, or jcan't you $e11? Justify 
your answer. / ^ s \ - (jf 

Use equation (4) repeatedly to show that,^pver several years 
involving different harvests, an initial herd G Q will 'transform 
into 

' S ' H \ ' *2 " M *l 

G 3 * M 3 G Q - Q 3 - - MQ^ etc. 

Now, provide a biological meaning for each term in the equations. 
For example, M 2 G^ is the herd that results after two years if 
no harvests are taken. The other terms in the second* equation 
correct this to account for the harvests. What does the MQj 
term mean? 



The remaining 'problems to this section call for the u.se of 
a computer* 

3, Write a computer program that will calculate next year's 

herd size from this.year's, using the af ter-harvelst model. ^ 
^% It should receive as inputs: (I) the initial herd structure 
t Q ; (2) .the constant harvest; (3) the number of years the 
herd is to be studied. The program should loop tp calculate 
the herd size year by ye^r for the number of years requested. 
It should print out the successive years and the herd structure 
that would result -for that year, using our model. 

0 , 

k. The U.S. Buffalo Herd in 1830. The authors of the.BUFLO 
computer „ program (from which^^r^model is taken; see the 
references) state that the total buffalo herd in the Unjte'd 
States in 1 830 consisted of 60 million animals distributed 
as follows: 

tJeware of this trap as *pu work your program: if you compute the 
components v of next year's herd in their usual order, a 'new value of 
AF will be -computed, before the old value can be used to calculate 
CM and CF. the old value of AF must be saved before it 19 
replaced with the new one. 
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30* male aduTts 3 27% female. adults 
3% male yearlings 8% female yearlings 

\k% male calves 12* female calves i 

(These figures should be taken as good historic guesses; 
estimates of the total herd size vary widely above and below 
6Q mill ion J Let this data give your Initial herd. Take a 
constant harvest of k million animals annually for a period of 
ten years. Distribute that harvest in various ways among 
males and females, trying to find a, harvest that leaves the 
herd approximately unchanged after ten years. That is, j^piit 
the harvest among male and female adults in a specific way 
and trace the herd for ten years using your computer program 
for Exercise 3- Then try other splittings of the harvest in 
the same way. Several computer Yuns can be ysed or you can 
loop. A convenient way to get the number 60 million into the 
machine is 60.E6 in FortraYf^or Basic. 

Start with you computer program from txercise 3 and the initial 
herd given in Exercise h. Take a k million animal harvest 
annually for twenty years, using these strategies: 

a. hafv#st 100* adult males 

b* harvest 75* adult males, 25* females. 4 - * 

c. harvest 50* adult males, £0* females 

d. harvest 25* adult males, 75* females 

e. harvest 100* aduTt females. 

The results are strikingly different. Discuss the biological 
reasons. 

Repeat Exercise 5 ^taking 1 a much larger harvest (say 12 million 
animals) annually. Compare to other results you have. 

Let's examine the effects of a natural catastrophe (flood, 
range fire, etc.) on a herd. Take the initial herd from 
Exercise k again; *hd set the constant annual harvest to 
zero. Drastically, redcrce the birth and survival rates in 
the matrix H and transform the herd forward -for one ye/ar, to 
simulate a catastrophe.' Now put our usual numbers back in M 
and trace the herd forward for nine more years, St i 1 1 * taking no 
harvest- [ Uhat are the long-term effects of the catastrophe?,^ 

8 
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8. Repeat Exercise 7, but this time take constant annual 
harvests (in the catastrophic year and the^others) of 1 
million or k million animals, splitting the harvest among 
males and females in the ways listed in Exercise 5* Comment 
on the combined effects of catastrophe and harvest. Which 
harvests worsen the effects of the^atastrophe? Which 
overcome it? 



ASSUMPTIONS, STRENGTHS, A»ND WEAKNESSES 
~ OF THE MODEL : 



3.1 The Model's Basic Strengths 

The examples in Sections 4 and 5 will show that wc 
can really calculate with this model ; it is a workable 
management tool. It does reflect the basic processes 
of birth, aging, and death among buffalo. The equations 
in Sections 2, 4 and 5 all have Reasonable biological 
or^economic mterpretat ions/. ' , 

The actual numbers used as birth^and survival rates 
are reasonably, close to correct figures. One 4 piece of 
evidence foi^this is that, among adult buffalo? a life i 
span of approximately 2S years was the rule 5 at the * * 
time when great wild herds * roamed the plains. Our model 
predicts an axerage life span of 21.5 years (where we 
count buffalo that*die between their 2nd and 3rd birthdays 
as age 2\ , etc . ) % 

In Example 3, Section 4.6, we will show that no more 
than about 141 of a herd may be harvested annually without 
eventually depleting the herd". This va^ue would vary in 
nature., but t'he model is quali tatively. correct enough 
to convince me that a steady harvest of (s V ay) 20% of 
the herd would destroy the herd in time* Exercises 5 and 
6 provide strong evidence of -this. y 

*See E.D. Branch, The Hunting of the Buffalo , University of Nebraska 
.Press, 1962, p. 11. Branch's figure of 25 is presumably drawn 
from journals of the 1800's and may well be <high. 
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3,2 Limitations of the Model 

m Whether one should blindly accept advice from the 
, model is another^ toatter . The model is built on a number* - - 

* of assumptions that do not correspond to* nature. The 
most important of these is that the birth and survival 
rates used in M are assumed to be con'stant year after 
year; this would not be true in nature. We can regard 
the survival rates in M as averages for "normal" years 

„ that provide generally r favorable weather and feeding • 
conditions. Abnormal conditions like severe storms, 
range fire^g. drought , floods, «^nd disease might temporarily 
cause much-J^wer birth and survival rates. Our model * 
does not provide for such catastrophes,^ although they 
might not be r^re in""£he .wild or on a 'ranch. c » 

The constant birth and survival rates <io not permit 
the study of overcrowding or overpopulation.^ Instead, 
the model assumes that unlimited land, food and water 
•are available for. the herd. In the wild, an overpopulated 
herd would eat poorly an£ its birth and survival rates 
Would decrease, ft wouicl be more Subject to disease. w % 
oQn a well-run rajjch we would not expect overpopulation. 
We Wjill see in Sections 4 and 5 ^tbat the herd size ^" 
cam be related to the f harvest in ways that make over- 
population manageable. In any case, the^ model is one of 
^ .'unlimited exponential growth for the herd, tempered by* 
\ £he harvesting process, 

- Another we*akness of the model is that harvesting* 
t is done only once *a year, rather than steadfly or several 

ti'mes yearly. Fteality was different: Plains Indian 
* trites held lengthy summer and winter buffalo hunts. 

* Whits men slaughtered the buffalo "continually in the, lBOO's. 

On a ranch today, the herd Would be thinned as meat 

^ ^ C * 

pticfes and the availability of rangeland and water 

dictate* \ 

■ z — — " ' ' 1 — » 

We have 4 considered an ob~viou$ way to simulate a ^catastrophe with 
* the-rnodel fn Exercises 7 "and 8, Section 2.6. 1 • ' * 
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Yet another weakness is thSt no economics \s in- 
cluded in the model. The actual 'quotas harvested wou^d 
surely be related to the price of meat and^the cost J 
of feeding the herd f on any ranch/ The managS* : 6*f a game, 
preserve might not be troubled by such questions (if 
Jus grazing lands are* sufficient for the herd so that 
no feed i^s to be purchased)* there is no single obvious* 
way. to extend the model so that economics is effectively 
included. I * 

The breeding machanisms of the model are not ideal. 

In fact buffalo begin to reproduce at ages^ two pr^three; 

:we hav.e .as^ume^ that all two-year-olds are full adults. 

And the, number of calves born has been made a simple 

fraction of the number of adult females. This is J 

roughly true in a polygamous ly mating herd if reasonable 

numbers of adult bulls are in the herd, In.6ur model, „ 

a value AM - 0 would not interrupT^the mating process, 

as it wottfd in nature. In fact, the actual* herd would 

be in danger of extinction if any of the six categories 

grew too smail. 'This can not be included -in a linear 

model.* In using the model, one could .declare the herd 

• * « • ^ 

"extinct 1 * if any category *were to grow too small.. * 

-Finally, we have lumped all adult buffalo into 
two cate|6ries and declared them all equal in their 
ability to survive and breed, ignoring the 'obvious 
variations* with age., * , 

Despite all these defects", and othef^thO't I've un- 
doubtedly missed,- the model as presented offers a useful 
simplification. of the herd. Let f ^ put it -to' use. 
1 ^ c < ' ' X / 

4. APPLICATIONS: ESTABLISHING A HERD 
* . \ " ^ ~ 

4.1 A Herd^and Harvest That Continue Year Aft'er Year , 

. Example 1 . What size- and structure of herd G Q < 
must we have (or put together) this 'year so that next 
year we may take a pre-£hosen harVest "§j and then have a 
herd such that (tj - G Q ? * " . v 

/- - • 164 : : ; ^ 
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» £ Q ) and yield product ^ . Since we end 
- the process of harvesting lt q and 



A businessman planning to create a ranch rtighit 
asjc this Question*. He choos'es'his annual "product" 
^ and wants to Know what '•qapitaT investment" lt Q he 
should make so that it will ipaintalit itself from year 
,t\> year* (£ 

U j) Wlth^tfT^ = WQ > mv va, UBl T«3 14U]J 

Maintaining a herd of the ^afne size and structure can 
continue year after year: v^fcall the herd, and harvest 
vectors steady^ state.' 

AS" the chosen notation indicates-, it is natural, 
to use the after-harvest-count £j T for the herd, 
because the, year-long study-period for the herd progresses 
from initial herd through the breeding process fco the 



^pre-set harvest at the end of the period. 

Thus we know ajid want to solve* for tt Q in 



\ 



0 



We can replace t>, with, 
j * i 

getting* 



[compare (3)] . 
* * 

2 * 

I?q in the second e'quation of (6)»- 



g o- hg o-«i . , 

and rearrange^ to rea<i (I is the 6x6 identity matrix) 

(7) <H-I>VV ^ 

This is a. set of; six linear equation^for the unknowns 
? 0 ; lg-I and ? x are known. In fact we are as^ed to solve 

-.05 0 .75 0 0 0 



(M-Ijt 0 - 



0 
0 
0 
0 



V05 
b 
o 

.48 

.ft 



o 
-1 

0 
0 
0 



.75 
0 

-1 

0 

, 0 



0 
.6 
0 

-1 

0 



0 
0 
.6 
0 

-1 



% There is a unique so2>utfcon -because M-I^is non- 
singular.' We will calculate /(M-Vy in .SectioifM, 2, 
below. .In terms of it we can write'our SolutioriMo 
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*to theUproblem posed in Example 1 as 
(9) V t Q * (M-lf 1 t } 

Notice that we've completely solved the problem at 
matrix 1evel:^,we can write the solution in (9) * without 
actually looking at any of the specific numerical entries 
of M; we i/se M as a single iteto, not a collection of • 
36 ^numbers./ Howevej, we do have to use the entries 
of.M to establish that (M-I)" 1 exists and to actually 
calculate the solution in. (9) : that work is at entry 
level, not matrix level. 

4.2 Calculation of (M-I) ' l 

1 

We wpuld need (M-I) 1 to proceed 'further with (9), v 
so we have the opportunity to carry through an ^unpleasant 
matrix pivoting Gaussian-elimination ca.l<;i|lation by hand 4 
in detail . • ' * 

The reader who would benefit from such an example 
is invited to follow along, electronic calculator in 
hand, verifying each step.' The readet who prefers to 
see how the answer is used in the rest of this section is 
welcome to do so: skip to the paragraph containing equa- 
tion' (10) at the end of this section. 





IQcail 


that, 


to find 


the 


7 

inverse , we list 


M 


-I 




and adjioin 


to it 


a six-by 


-six 


identity matrix to 


create 


a 


6 x L2)matrix: 


















-.05 0 


.75 


0 0 


0 


1 


0 0~ 0 


0 


o' 






0 --05. 


0 


.75 1 0 . 


0 


0 


.10 0 


0 


0 






0 y 0 


-1 


0 .6 


0 


0 


0 1 0 


0- 


0 






0 0 


0 


-1 . 0 


.6 


0 


-o, ,0 >*1 


0 


0 






o 


0 


0 - '1 


J 


0 


0 0 0 


1 


0 






o M 


0 


0 0 


-1 


0 


0 0 0 


0, 


1 


* 



; Now we reduce the left side to a six-by-six 
identity matrix using only elementary row operations : % 
we may (1) multiply a row (all 12 columns) by a non-zero 



scalar, or (2)' add a scalar multiple of one row to 
another -row, or (3) interchange any two rows,. To work 
now: multiply the top two rows by -'20 each (to convert 



the, - 


•OS's into 1 


♦s 


for 


the 


6 x 


6 I). 


Get 






check 


1. 


o . 


-15 




0 


0 




-20 


0 


0 


o o ' 


these 


0 


1 






-15 


0 


0 


0 


-20 


0 


0 0 


rows 










.6 














0 


0 


-1 




0 


0 


0 


0 


l 


0 0 




0 


0 


0 




-1 


0 


7e 


0 


0 


0 


1 0 




0 


.48 


0 




Of 




6 


0 


0 


0 


,0 \ 




0 


.42 

. «, 


, 0 




0 


0 


-i 


0 


0 


0 


0 0 


* The first 


column 


on 


the 


left is 


fine. 


Make the second 



column fi*t the goal of a 6- x 6 I by subtracting .48 
times row 2 from row 5, and .42 of row 2 from, row 6. 
Theste two elementary row operations give us 



check, 
these* 

\ 







0 


-15 


' 0 


0 "0*** 

o \ o' 


-20 


0 


0 


0 




0 


1 


0 


-15 


0 


-20 


0 


0 




0 


0 


-1 


*0 


.6 0 


. 0 " 


0 


1 


0 




o . 


0 


\o 


-1 


0 .6 


o . 


0 


0 


1 


i 


0' 


0 • 


0 


7-2 


-T 0 


• 

0 


9.6 


o ^ 


0 


+ 


0 


0 


0* 


6.3 


* 0 -1 - 


0. 


8,4 


0 


0 



0 
0 
0 
0 

1 

b • 



Multiply row 3 by -1 and use<that new row 3 to kill the 
-IS (in the 1,3 slot) £y adding 15 of the new. row 3 
to tow 1: * *, v . 



check 
-these 
rows . 



i\ 
0 

0 < 
0 

0 



0 


0 


0 . 


-9- 


0 


•-20 


0 


-15 


0 


0 


1 ^ 


0 




0 


0 


0 


-20 


0 


0 


0 


0 


A 


0 




.p 


0 


0 


-I 


0 


0 


0 


0 


-1 , 


• 0 


.6 


0 


0 


0 


* 1 


0 


0 r 


0 

Jk 


7.2 


-V 


,0 4 


0 




0 


0 


1 


0 


"0 


6.3 




-1 


0 


8.4 


> o 


0 


0 



0 
0 
0 
0 
0 

1 



Please 



" The £irst~three columns now match'a 6x61. 

notic.e that what we are abouj?*tfe do in column 4 does hot 
. disturb/ the first three columns; * We gain this because 

we woVk from left to right, Reaving friendly zeros 



Add 



^ ;: .^behind v . Multiply tow 4 by ^1 to get a new row 4. 

s ^appropriate rayljiples of this new row. 4 to rows 2, 5, an 
$C V tf g so^thap the rfest of .column 4 is ?eroed. Reach - ^ 



new 
row 4 
gotten^ 
first 



0 
* 

I 
0 
0 
0 
0 



0 
0 

1 

0 

cr 
o 



0 


-9 


0 


-20 


0 


-15 


0 


0 


0 


0 


0 


-9 


0 


-20 


0 


-15 


0 


O 


0 


-.6 


6 * 


0 


0 


-1 


0 


0 


0 


r 


0 


-.6 


0 


■0 


0 


-1 


0 


0 


0 


-1 


4.32 


0 


9.6 


0 


7.2 


1 


0 




0 


2.78 


0 


8.4 


0 


6.3 


0 


1 



You should be able to decide how we get to the next 
matrix. The* result is: 



— * 


y o 


0 


0 


0 -38.88 


-20 -86.4 -15-64.8 -9 


0 




0 1 


0 


0 


0 -9 


0 -20 0 -15 d 


0 




• 0 0 


1 


0 


0 -2.592 


0 -5.76 -1 -4.32 -.6 


0 




0 0 


0 


1 


0 -.6 


0 0 0 -1 0 


0 


■V 


.0 0 


0 


0 


.1 -4.32 


0 -§.6 0 -7.2 -1 


0 




0 * 0 


0 


0 


* 0 2.78 


0 8.4 0 6.3 0 


1 


Firfally we multiply the 6th row by y^g- and clear 


the 



sixth column to reach *\ . 

13.986 
3.2374 
.93237 
.21583 
1 .5539 
.35971 

The matrix that has appear ed» on .the right is CM-I) 1 . 
The first, thiiai* and fifth columns are eXact.and.the 
others are correctly rounded to- five significant digits 
which is more than we can make "good use of below. 
Keeping four significant digits, our final result for 
the inverse is: 



20 


31.080 * 


-15 


23.310 


-9 


0 


7.1944 


0 


5.3958 


0 


0 


2.0720* 


-1 


K5540 


-.6 


0 


1.81 30 




.35972 


0 


0 


• 3.4533 


0 


% .2.5900 


-1 


*0 


3. 0216 


0 


• 2.2662 


0 



<10) (M-I) 



-1 



-20 • 


31.08 


-15 


23.31 * 


-9* 


13.99 


0 


7.194 


0 


5.39& ' 


0 


3.237- 


0 


^.072 


-I 


1.554 


J-.6 


.932«i 


.0. 


1.813 


0 


• .3*97 


6 . 


• 215ft 


0 


3.453 


0 


2.596 


,-1 


1.55* 


0 • 


3.P22 


0 


2I266 


0 


' .3597 
I 



It 
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4,3 A Steady Harvest Plus Controlled Growth of 
the Herd 

-5 ) 

Exaaple 2 . Our ranch-planning businessman now wants 
a herd that yields harvest* $ next year . (and every year* 
thereafter) while it grovs by 401 during the first two 
years. The larger herd is to have exactly the same* 
proportional structure as the original one. 

Again we regard $ as known and use thje after- 
harvest model. After a year's growth and next year's 
harvest, initial herd ? 0 (which we will calculate) -will 
become ^ 

o .(lla) G, -MG 0 - Q. 

The next year's growth and eventual harvest yields 

6 2 ■ MGj - Q (same Q each year), * 

(lib) ^ 

- M(MG Q • $) - Q 

- h\ - MQ r Q 

and we waat 40% growth (plus the harvests) after two years: 
(He) ^«(Kt)G 0 . 
Fro* (11 b t c) we conclude 
. M G Q - HQ - Q - 1.4 G Q 

and we rearrange this to 

(12) (H*- \M) 6 Q « (M * I) Q 

knorn 6x6 \ a Jen own ' A * 

matrix unknown vector 

In (12) we have a set of 6 linear equations that have a 
unique solution. (We won't prpve that M 2 - 1.41 has an 
inverse, but it's, true.) Our* problem has this solution, 
written at matrix level: 

< f 3) 6 0 - (n T - (M+ I) Q 

4,4 Exercises ♦ 

• * 

3. Write equations comparable to (6) or (lla,b,c) for this 
situation: We are given an annual harvest Q. We want to 
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choose the herd G Q so that, after growth and a harvest 
next year, we will have a herd that is \2% larger. It 
is to have the same structure as G Q (I.e.* be 1.12 6 Q ). 

b. Solve your equations from (a) at matrix level for 

A buffalo herd G q will be allowed to grow until next year, when 
. harvest Q wi 1 1 be taken. The resulting herd will be 

aHowed to grow another year, when a larger harvest 1.1$ will 
be taken. Calculate G Q so that tjiis process leads to a final 
resulting herd G 2 such that g" 2 = G q . 0 \^ 

11. From this year's herd t Q a harvest $ will be taken next year. 
After another year f s growth, a harvest 1.2 $ will be taken. 
The final resulting" herd ? 2 is to be 25% larger than t Q 
(I.e. G 2 - 1.25 t 0 ). 

a. Write equations for this situation comparable to (lla.b.c). 

b. Solve for Gq. 

12. A herd G Q grows for five years with no harvest being taken. 

In the ffrfth year, harvest Q is subtracted. The* resulting 

herd g" is exactly ddb&le G. . Find £„. 
5 0 0 

13: Hnd G Q if, after 5 years during-whiph the same known harvest ' 
Q fs taken at the end of each year, the herd Is to double: 
V" 2 V 

14. Find G^ if the- herd Is to' double In six years flt - 2 6 ). 

Assume that the same, known harvest Q Is taken Ifter the^econd,, 
fourth, and sixth years of growth. 4 

4.5 Mathematical Insights ' , • * 

The example of Section 4M and 4.3 and the exercises 
of 4.4 should have provided you with experience that makes 
these comments believable: * 

a. When calculating with matrices, we find that algebra 
arises that is much like the algebra we learned long 
ago for numbers. Most of -what we can do*with numbers 
is als6 correct for matrices. (Key exception:, matrix 
multiplication is not commutative.) We can even sum 
geometric series -- see Section 5.2 below. It pays 

• 17 o" * 




x 

\ m 

to think of a matrix as the analog of a sir^gVB vmmbccv . 

b. We may naturally need to calculate high rpwe^Fs ((Liitee 
M 10 ) of matrices. An easier, way to fto tthis *woxIlM >*ee 
very welcome. There is one: when you -team aaisoitt 
"eigenvalues and eigenvectors" you -will ?&&e ^ifr£t 
technique. ^ 

c. Expressions like M 2 • 1.41, M + I, -+ -+ ^M 7 I J. 

2 

♦ M + M ♦ I (see Section 5.2), called ^olynoroiia>s 
in the (square) matrix M, enteT out *rork ni ia nrsatumil 
way and are worth study. They aTe polynomiJa^s ttn *M 

7 

In the same sense that 4x~ - 3x * 5 is ia ^Til-yrocnuMl 
in x, i.e., they are sums o* integer "povtei^s xff K l\, car., 
equivalently , linear combinations of I — -W^JMJW",^^, 
^tc. 

d. All our calculations in the example were *ar. mairaioc. 
level and at that level we got a lot -done. 3fttt 
further progress with expressions lilce (9) zyr ££3) 
requires that we go to entry level (eauaxiem I^vcdD).. 
Matrix algebra is a powerful tool, but 1>y -^eakftsg 
with the matrix as a whole we aTe out -or* • "touch ^Aoi±h 
the individual entries, and their iTifarma^tixni fnoay 

. * bje> critical • , , ' 

4.6 An Efficiently Small tieTd 

Example 3 . For any specified harvest ^uxtt3a?s 
and QF', we have found an appropriate -STeady-p£Ct£ee htekrid 

(which wil l yield those quotas) in ^xam&e 51, 9btt 

perhdps our real goal is simply to harvest !T aartiraifcs , 
with T = QM + QF. Naturally, we wish to Jio ^tfriss Hoi*h 
the smallest possible herd '(w^ich wduld rrequir* tfctee tfcg££t 
land, feed, fencing, handling by employees^ ^papeerwrftk, 
etc.) Is there some way to split up T* iirco rjMaaflBQJF 
so that the herd is smallest? 

We set up the algebra in this way: TJM *wJ£l fctee ssrmre 
fraction of T, say QM » p^T where 0 <y <_1. SimillianHoi , 
QF q-T with 0*<qil-' Since T * QM •+ OTL, » U. 

' • • ' * U8 
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(pern eacamprle, if we Aid up selecting: a haiinrestt aA 7$t 
ntadteSf and. IS* females^ p = .75* q * We wisi ps> 

c&o&see R and q. 

TJtus, in (9), using new scalars p>„ q amcfi TT n irfte? 

h&ryesit* is * * 



T and Tf Q - (H - 



ft 
0) 

r 
11© 



71. 



Th-ee herd Gg is now a multiple of the tataH tonrestt IF- 
We* can: think of 

fPl 



(15* 



(Mr- I) 



-1 



as > the* "herd structure per animal har^este^* 1 oar trfos nnnnm-feeirxfl 
''rcesdbedUto produce one harvested animal ftecaaise whan mml- • 
tuprliestby T, it becomes^-the total hem£ S^- 

The. «rrf-rtS«*(the total number of aanimaJls im tt&e 
hfenD ^fcr'a- herd G Q will' be 



bfe^aai5ieemul.tdp-lying: by this vector tl.l»l.l.l.l) simply 
ad&fc upr the entries in £ Q . Since this is a multiple oS 
TR, w,ee simplify by studying 

HS * "herd size per arwnall ftamiesttfidf" 
= "herd size M /T 
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Again: our goal is to select p and q to make HS as 
small as possible. 

To this point, we have dealt at matrix level, 
aside from setting up $j with scalars p, q, and T. 
From here we must work at entry level, calculating the 
individual equations. We plug in CM-I)" 1 from fl 0 ") , 
Section 4.2, and calculate 

(17) HS - (1,1,1,1,1,1) 



-20 p + i 1 . 08q 
7- 19^q 
• F 2.072q 
1.8l3q 
3-453q 
3.022q 



-20 p + A8.63q. 



Here we have rounded to two^ecimal places. 

The goal was to select jjj and q such that 
°iPl 1 v ^iQ < 1» p + q = 1\ anjl HS is minimal. That's 
easy: as p increases, q must decrease and HS grows 
steadily smaller; thus, p,= 1 , cf = 0 is the "ri^ht - 
ansfcr," and. the correct herd size per animal harvested 
is HS - -20! Clearly'nonsense! 

4 1 

- We have ignored two biological restraints tjiat will 
.correct this nonsense. -First, the herd size per animal 
harvested .^t be positive: HS>0. This imposes another 
condition 0]j p,q: * 

HS, - -20p + 48.63 q > 0 • 
~ P<^7T 1 q - 2.431J5 qi 

Since p + q » 1 we have 1 - q < 2.4315 q<-*q *> 1/3.4315 = 
.2914 and p < .7086.' T?ms our nonsense value p = 1 
is ruled out. 

4 Secondly, all'six component* of the mini-herd that 
produces one animal for harvest [see (15)] must be 
positive. Oncjj we -plug in p ;and q, these components are 
given by the column vector sho k wn in ( L7) . (Trace the 
y~s calculations until you*see this.'jb Ml -six will.be posi- 
tive if we insist that ) 



* [ k . 20 

0 



o 



•20 p + 31.08q > 0 
P < ^q * 1.554 q 

*\ - q < 1.554 q' 
<j > 1/2.554 = .39154 
P < .60846 . 



Conclusions: by takiiig p < .60846 bujfc close to that value, 
and q =1 - p, the herd size may be taken close to minimal 

In Table I, various values of p and q are used. 
The resulting values of HS and the resulting herds are 
shown. The percentage breakdown of the herd into its 
six components is given (or equivalent ly, an actual break- 
down for a herd of 100 animals is given). Recall that. 
HS is the size of the mini-herd that yields one animal 
for harvest; thus V/HS is tlje fraction of the initial 
herd G Q (investment) that is harvested after a year. 
Example: in the first column, each 6.90 animals breed 
to become 7.90 animals and yields 176.90 or 14.51 
"output." These figures are given as M % harvest./' 



Table 1. Structures of Severt Herds 
* of Various Efficiencies 



P 
q 

HS 

% harvest 



Sri 

-C O 
— 

— 4) 
*j l_ 

— -O 
C 



AM 
AF 
YM 
YF 
CM 
CF 



© 
.608 
.392 

6.90 
14.5% 

~ .34% 

40.9 

11.8 

10.3 

19.6 

17.2 



■ © 

' .606 
.394 

7.04 
14.2% 



40.3 
11.6 
10.1 
19.3 
16.9 





© 


© 


© 


© 


.605 


.JSOO 


.580 


.550 


.500 


.395 


.400 


.420 


.450 


.500 


7.11 


7.45 


8.82 


" 10.88 


14.3 




13.4% 


11.3% , 


*9.2% 


7.0% - 


2.5% 


5*. 8% 


16.5% 


27.4% 


38.7% 


39.9 


38.6 


34.2 


-29.7 


25.1 A 


1K5 


11.1 


9.9 X 


8.6 


7.2 


10.1 


9.7 


8.6 


7.5 


6.3 


19.2 


18.5 


16.4 


14.3' 


12.1 * 


16£ 


16.2 

4 


14.4 


12.5 


10.5' 



1 - " p ■ fraction 



Here p - fraction of adults that are males; q - , - „ = rracC)C 

olr '^, t K at If 81 "- HerdS ° f Sma " e ' si2e (animals 
per animal harvested) result as p is taken closer to .60846, 
wnich it cannot equal or exceed. i 



The structure and size of a herd that will yield a 
harvest of T animals' annually varies considerably as -we 
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apportion the harvest differently among adult male and 
female animals. In a polygamous herd, there., is no need 
to have anywhere near one bull per cow to achieve the 
birth rates for calves we have assumed. In this regard, 
it is common in cattle ranching to run 1 bull with" 20-30 
cows. The first three herds in the table above have cow- 
to-bull ratios of 120 ( * 40. 9/. 34), 22, and 16; the 
ather herds have much lower ratios. Thus herd@ appears 
to be practical and is fairly close to minimal size. 

'4.1 Exercises . _ - 

15. a. In Example 3, show that a 25:1 ratio of adult cows to 
bulls "arises when p * .6062** is used. 

b. What value of p leads to a 30:1 ratio^? 

16. Check our work in Example 3 as follows: take a herd of one 
million animals structured I ike -herd (2) in Table 1. (Thus thfere 
are 18,000 adult males, etc.) Use the after-harvest model as 
programmed in Exercise 3, and take a \k.Z% harvest, using the 
values of p and q given in the table for herd 2 to calculate 
the constant annual harvest. On the computer, trace this 
initial herd for 20 years. It should remain roughly constant 
in size and structure. 

« 

5. APPLICATIONS: CALCULATING THE HARVEST 

We will now ask what harvest should be taken from a 
herd already in our possession, if it is to.be preserved 
in size for the future. We also will discuss harvests 
that provide for controlled growth of the herd.^ This is 
in contrast to Section 4, where we "designed" herds to, 
provide specified harvests. Entirely different difficul- 
ties will appear. ^ 
■S.l Steady Annfial Harvests and Herd 

Example 4 . Given "this year's" herd ft Q> what harvest, 
Q Q should be taken from it so that next year's herd Hj 
will have the same size and structure as th'is year's 
O 1 • 2 
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herd, i.e. * (The process can then go on for 

m£ny ye&rs, yielding steady- state harvests and herds.) 

. This question arises before we harvest, of course; 
thus ,ve use the count-be fore-harvest model. Then we^must 
solve , ; 

g H - H 
1 0 

* "l ■ M ^0 [compare (5)] 

for $q, when it^ is known. Simplify the notation to 
(J = $ 0 and = rt Q = fi 1 and use algebra to reach 

(18) HQ, ■ (M - I) H. 

(Here I is the' 6x6 identity-matrix.) 4 * The, "obvious" 
next step is* to multiply through by M 1 and get ttie 
"righV answer" $ = M" * (M - *I)ft. Unfortunately, M* 1 does 
not exist! . 

« 

So far we have wojjced at matrix level, i.e., we have 
used matrix algebra to calculate with the matrices as a * 
whole, not their individual entries* To make ; more pro- 
gress we must go down to entry level and look at the in- 
dividual equations that make up the matrix level full ♦ 
system. - 

Let's examine (18) in detail. We appear to have six 
linear equations for the six unknowns inl $.* ( Tne right 
side is known.) However, four of the, six^entries in $ 
were set as zero from the beginning. (Wo harvest only « % 
adult buffalo.) Thus, in (18) we have si?c equations in , 
two unknowns, QM and QF . The equations are over determined. 
Usuallv, two conditions (equations) suffice to determine 
two unknowns. Only if we are lucky, by 'having the extra* 
fouV conditions here add no contradictory requirements ^ 
for QM and QF, will we have any solutions at all. \ T 

* - *8 

When are we lucky? The six equations say in Setailf 

* » ■ »' 

8 Up to now we have used AM, AF, etc., as components of the hyd , 

after harvest, QK and QF as the number of buffalo just harvested.* 
. In Section 5 these variables are components qf the herd before 
*harvest and' quotas of buffalo about to be harvested. 

% * * 23 




I ^ 1 QH.- -.05. AM + lis YMl fAfff- .95 (AM-QM) + .75 t YMl 4 

U3aJ | 95 QF * ^.05 AF ♦ .75 YF/ , \AF » .95^ (AR-QF) + .75 YFJ 

V < * 

* ' * Jo « -ytf + .6 cm\ /ym cm) 

(19c) . ^1,2 QF « ^2'AF - CFJ \CF » .*»2\(AF-QF) J 
Now, the' values* (Si AM, AF/YM, YF, CM,^cjjf 
to be known, so we could solve for our unknowns, 
QF, using equations (19a) alone. Then equations (19 p7< 
lead to a ^contradiction unless the values of AM, AF, * 
YM, YF, CM, CF, QM and QF*already . known happen t;o satis- 
fy (19b,<). a Any he'rd for> which these four equations 
(19b, c) axe rfot sati-sfred cdnnot* duplicate itself from • \ 
this % year fo^next no matter \)Hdt ^harvest "is taken: 
(Recall that -we are requiring HJt' = H Q jvith the strict; 
"mathematical meaning pf equajity for vectors.) * 

This makes sense if we read equations (I9b,c) bio- 
* logically. Consider (I9b) : to have = FT^'/ this- year • s 
yearlings (which, if tHey sur.vive* are adult>? in must 
be -exactly replaced iif H x by the surVivors of this year's 
calves. Equations (19b) say that 'YM and CM, YF and CF 
in our }±etd ft = ft Q = ft^must be in the natural balance . 
of six yearlings per ten calves for each sex sv that ' 
the .survival rate of .6 will cause this year 's « calves to 
exactly, replace tfhe yearling -population as * the year 
passes. * 

Now interpret' (19c): This, yearns calves must also be' 
precisely replaced by newborn calves if ftj = ft Q is to c t>e 
true. After the, harvest, there will be AF - QF ~adult 
females, and **hey \hll give^birth to .48(AF, -<QF) new'calf 
males and .42(*F - QF) new calf females by jiext. year. 
Equations (19cJ simply say that these berths, forming 
the calf populations of ff Jf mlist exactly'replace CM and 
CF in $' Q . 

Thus, the four extra conditions in l£e overdetermined 

system (19) simply require* that the^herd have a natural ag 

balance so.* that, considering the survival rates, it will 

replenish itself despite the harvest, 

1- ' 24 
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5.2 "Constant Harvests From a Growing Herd 

Example 5 . We/want * to Select a harvest Q so fljat, 

taking trhe same harvest every year, the herd will double 

in ten years while retaining the same, proportional struc- " 

^ture. That is, if fl^ is our initial herd be'fore harvest 

ttfis yeafr, then at the end of ten years ^ve want, to have * 

2FTq a§ the herd structure., 

• * , 

We use the before -harvest -count because, again, that < 

•is when the Question of selecting a quota arises*. - Let 

Uj be the herd before harvest in, the,j th year, j = 0/1, j 

2, 10. Then ' . • ^ /' 

. ' f : # 2 = M (H j - Q)' - MH | - MQ , ' f 

1 - 1 * u . , / 

= M^H 0 - H Q - MQ \ 

' H 3 = M(H 2 - Q) . v w 

; # • i . - M^Hq - M^Q - HQ - MQ, etc. /• 



"Thus: 



^ .V ' ' =. " ID H 0 " (I + M + M 2 + ... + M 9 )MQ ./' '< 

In this equation, we- know ^ Q and want TiierefoTe, » , 
write it as. the set t *of 'linear equations * '•' 

(20) (I + M + + \ M 9 )M, Q = (M I0 .- 2l)H ft ' 

. knowrr 6x6 -hvatrix \ aiLknown /. * 
» » unknown 

All of this has been at matrix level. We push ahead 
in tha-t spirit . ■ * * 

Have you noticed tfcfct I + M + M 2 + . . . + M 9 . looks, 
like' a geometric, series? When numbers are involved, we ' 
know how to add up suc}> expressions : y / 

H + q + a 2 + . . a""' lfM f lm 

r, • i *a 1 

. • „ ■ ♦ • 



Can we do something similar here, when M and I are square 
matrices? * 

Indeed we can? Put S - M ♦ M 2 * ♦ . .. ♦ M 9 . 
Thus S is a 6 x 6 matrix, and MS makes sense: MS = 
M ♦ k ♦ ... M 10 , -Subtraction leads to the familiar . 
massive cancellation: I 

(I - M)S - S'- MS » I M 10 . 

In fact, (I - M)" 1 does exist for our 6x6 matrix M. 
We calculated (M -.I)* 1 in Section 4.2; of course 
(I - M)' 1 = - (M - I)" 1 . ThGs 



, (21) S* + ... + ( I - H)" (I - M ) .' 

The analogy* to the numerical geometric series formula 1 is 
striking.* It might tempt 4s tcMfelieve the infinite 
g^ometri^ series ' formula ; . ^ 

'* JJ + M + M 2 + M 3 .+ ... « (I - M)' 1 analogous to "j \ H * 

Indeed, £his * formula* is t valid for certain families of * 
ma,t riper M* and infinite series, of >at*fices is a fascinat- 
ing subject -in. its owajight: We will not explore in 
that ^direction now^. but *pjie .thing is clear: a sensible 
def/n^tn on of ■^convergence" .for such series would be 
oi/r first task/ 4 . , . 

* /• ~ ' ^ * 

We c nere interested in solving the linear equations 

(20) for"^. *We have made: progress : using (21) in (20) 
we obtain: s ^ 

(I -H)-Ll -'VV- (H ,0 ~-2I)t 0 . • , 

We can multiply nTrough by I - M, and by (I - M ) , 
^wfiich'does exist (proof omitted) : 1 

(£2) _ H$ « (I. - Ik 10 )-" 1 (I - M)(M 10 - 2I)# 0 -, 

Tbat^ is as far as we can go at matrix lev^l in thi$ • 
example* because ^T' 1 does nop exist. The fight side of * 
(22) is kn,own (although unpidasant to caudUlate) . The. 
♦ system^ i£ overdetermitted. Scfine^ her^^an be dpub'ied in 
ten years in the way Ve suggested, but most "carmot., 



Of course, we can approximately double the, herd, and 
(22) will help us see how. We 4 have _ex,amin.ed whether we 
can precisely double it.. * 

S. 3 Exercises 

17. a. Is the Initial hprd given In Exercise 1 a "natural 11 one 

which, iif a proper harvest QM and QF were taken, could 
exactly reproduce itself next year? Explain your answer. 

b. Repeat a. for the Initial h^d of Exercise k. 

18. a. Show that H ' does not exist. In how many ways can you 

dtf this? 

b. If we replace the £*0 entries In M with arbitrary numbers 
a,b,"c,d,e,*f ,g,h, we get 



a 0 b 0 0 0 

0 c 0 0 0 

0 0 0 0 e 0 

0 0 0 0 0 f 

0 g 0 0 0 0 

<0 • h 0 0 0 0 



A -1 ■ ' * 

Show that (M) doe? not exist, either. Thus the over- 
determined* nature 'of Examples k and 5 does not depend on . 
specific birth and survival rates* (The reader who knows, 
- about determinants will haVe an advantage in this problem. 

19. a. Revise Example 5 so that the herd.will grow by ^50$ in 

ten years. 'That is, set Hj Q » 1.5 H Q and carry through . 
the algebr^ of Example 5 for this hew case\ . Reach e<Jua- 
{ tions analogous to (22).* • 

b. Repeat a. with 50% growth over eight years. , 

20. Check our geometric series result in (21) by carefully « 

„ multiplying out#he left side of "(I : M) (I+M+M 2 +. . .+M 9 ) - I-H*° f 
to g%t theVight side. (Why does thi S^con firm equation (21)?) 
Identify all the algebraic! propert ies of matrix multiplication 
* and^STddtttorr that- you use, such as the associative law of * 
♦ miltipticatf^n", left dlstrrbutiye law, etc. 
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I first met this model when Karl Zinn of the Center 
for Research on Learning and Teaching at the University 
of Michigan introduced me to a computer program named 
BtJFLO; written. by L. Braun and R. L. Siegel of the 
Polytechnic Institute of Brooklyn and distributed national- 
ly by the Program Library, Digital Equipment Corporation, 
Maynard, Massachusetts 01745. The program and-its .docu- 
mentation are part of project EXTEND and the Huntingtort 
Two Computer Project. Program "BOFLO Interactively ' 
permits one 'to follow a buffalo herd through many years 
while applying a var^fety of management policies. •> 

While* equations' (2) aire takeft directly -from BUFL0,,'. , - 
.1 am solely 'responsible for the mathematics that follows' ' 
in this paper. * • « 

An alternative discussion of exactly €he same model ' * 
with different survival rates bas«d on an actual modern 
buffalo herd may be found in: *> 

• Watt Kenneth E. F., Ecology and Reso nrr.*' 

. Management'. McGraw Hill, 196$, p. 3S8 'ff t 
This is an excellent bdok for all reader* 
in applications of undergraduate-level math " 
to biology. 

The buffalo model discussed there is drawn from:. 

' FU11 ^'w!!;A'« B n i0l S 8y . and Management 'of .the Sison 
of Wood Buffalo National Park," Canadian 

'ST lu lSpI Management bul ^tin . SeTTZTT- 

As. I read Watt, the survival coefficients matVix used- 
by Fuller and Watt is: 

<T 
0 
0 
0 

and^ their "guesshmated" ^30 herd oV 40 millioffb^f falo 
is structured as: - * ** 

• • • . .:■ is! .' '•' ' 



0 


<75 . 


0 


0» 


. 0 


•9 • 


0 


.75 


0 


•0 


0 


0 


0 




* 0 




0 


'0 


0 


A 




« 0 


0 


0 


0 




\ o 


0 


0 


0 



AM * 16.8 mmion. YM = 1.2 CM * 2.0 
AF = 16.8 YF « K2 CF = 2.0 

it > *• * 

*)ur model is a simplified variant of the more 
important Leslie models for populations with age struc- 
ture, The original paper% are? 

Leslie, P.H. , M The uses of matrices in certain 

population m&thematjLcs ,"* Biometrika '33 (194S) , 
pp. 183-212. 

Leslie, P.M., "Some further j notes on t^e use of 
matrices in population mathematics 
Biometrika 35 (1948), ppv 213-24S. 

Much research by LesfTie and others has followed, with the 
goal of overcoming *the limitations of Leslie • s original 
models. These ,ll*rfitations are ^ftuch the same as the 
ones we have discussed *fo"r our simpler* model : use of 
constant coefficients from year to year and linearity of 
the. model. In addiMon, the Leslie approach has been 
applied to much more than buffalo herds. The interested 
/eader might start with: . 0 

Pielou, E.G., An Introduction .to Mart h end tieal 
4 Ecology, Wiley- Intersciencer New York, 
1969. Chapter III covers the Leslie model. \ 
Pielou is a leading mathematical biologist; ^ 
her books are among the basic advanced 
Work^ in the field. 

Usher, M.B., n A matrix approach to the management 
9f renewable resources , .with special ' reference 
to selection forests," Jour nal of Applied 
Ecology 3 (1966); pp. 355-367. , — " 

Usher, M\B.,"A matrix appioach to the management 
of renewable resources', with special reference 
to selection forests -- two extensions/' 

* ' Journal of Applied Ecology 6' f 1969), pp. 347-8. 

UsherJ^PT.B. matrix model for forest management," 
Biometrics 25 (1969), pp. 309-315. 

Fowler, Charles W. and .Smith, Trm, "A matrix * 

method for determining stable densities and age 
4 4 distributions and its application to African 

elephant populations.". University of Washington 
• Quantitative Science Paper N6\ 31, Steattle * 
January 1972. (Write Fowlei; or Sipith at 
U. Washington, Seattle, 98195 for anore 

* information.) 
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A Well-written discussion of the Leslie mpdql witlv- 
application to harvesting of herds (^eluding da/a foj— 
sheep ranching) i£ * 

Anton, Howard, and Chris Rorres, Applications 
^ of Linear Algebra , John Wiley 5 Sons*, 1977-, 

^ Chapters 9 and 10. 
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8. ANSWERS TO EXERCfSES 

1*11 write vectors horizontally to save space. We are gfven 
H 0 -.(200, 1000, 300, 300, 52O/50O) and 41- (TOO, 200, 
J 0/0. 0, 0). • ^ts^> 

Xa. V H o-*~ y , . 

- (100; 800, 300, 30|,^o; 500) / * 



* '30 

9 $ 



ERJC 



b. H, - MG Q - (320, 985^312, 300, 384/336) 
c t } - Hj - Q- (220, 785, 312, 300, 384, 336) 

d. H 2 » Ht | - (443, 971, 230, 202 t 377, 330) 
(Decimal results have been rounded.) 

e. G 2 - H 2 - Q - 043, 771 , 230^2, 377, 330) € 

f. The herd is shrinking slowly in" the key category of 
adult females. This will continue for a while, causing 
the whore herd to shrink slowly.' 

* * 2 

2. Over two years G Q , If , left unharvested, would become H G Q , The 

harvest (L is subtracted, of course. Wejlso subtract, not 
Q. , but the descendants of the harvested sub-herd Q. at the end 
of the two year period, MQ^ . The linearity of the nxxfel assures 
that these sub-herds can all be • super imposed. 

3. A FORTRAN, program is -listed in Table 2, pages 34 and 35. 

4. This may have been a frustrating problem — it has no solution. 
The herd rs inherently unstable because, in 1830, it was 
growing exponential I y (or would have beert, had not white man 
interfered). A harvest of 1.4 million males, 2.6 mMlioq, fe- 
males will convert the initial herd 6f 60 million into a herd- 
of 59*984 million in ten years, but the herd structure, is * 
drastically changed. The new herd. has many, fewer calves than 
the ~or iginal , and the'herd is in fact headed for extinction. 
Other harvests' of 4 million lead to Jierds that grow rapidly 

or decl ine .rapidly , but this herd is inherently unstable, 
And that's the wholejpoint. 

5,6. Computer printouts are displayed in Tables 3 and 4 (pp. 36-42). 
The point is that, by slaughtering females we .also slaughter 
their potential progeny. jThe effect of harvesting a lot of 
females is to destroy the herd. Also, all of the herds that 
involve 20% harvest (Exercise -6) meet a fast extinction. 

■ * * v i- V 

7. One example'!* shewn In Table 5 (page 43), with commentary. 
You should try others. # > 

9:« a. G 1 - MG Q - Q . 



184 



b. *C 0 - (M - I.UD'Iq 
10. Equations 6, - MG^ - Q 



G 2- G 0 



•lead to .solution ' * 

t 0 i(H 2 '- iT\(h'+ i.u 



U. Equations* G. - MG - Q 

6, - mg; - 1 -2Q 

lead to solution 

*G 0 - M 2 - 1 _(M -+ 1 ;2I£q . 

12. Equations ^ ■ MG Q ' (harvest is 3}=* 33) 

a «■» « 

■ S 2" Me i . 



S 4 " ^3 



*5j « MG^ - Q (final iiarvest) 

V 2G o 



< 



have solution 



G 0 - 0?-.2lT%^ 



^ 13- Equations G^ « MG^ t *Q 



a ^ 

S ■ 1*1 ~ Q 



AAA T 



G, 



, condense to 

f Thus/ / * 

• * ^1 . 

G Q - (M 5 «-.2ir 1 (M 4 ^1?^^ 2 * + «M + «^.. v 

1 



322 



rV. E&uajdon*. * . 7 

AAA ' 



» mg^ - a 

V A 

G^-HG 5 '-a 



condense to 



J2^ 



TTiee solution i s 

I6i A^cotoputer printout appears as Tafelle 6 W)- tesmllts 

are? rt gbt on- target. 

177. a^* Nor/ toe give just one reasam amcprg msmf/„ &#ia*i\<m&> ((HSb)) 
are* not: satisfied: by Of = YhH ^ 3GQL 

bb. k Not; again, equations (T3kJ are neat sa&nsfriierfl % as hemfl 
with- I2& female carves and 8% female yeairtl finq^.. 

1 95 . Change the equations to. > 

Thenr 4 {22} is replaced by/ the Qvetrdtetemmtnedi system 

J - m^" -= (l - i^V'ci - »);o* r ' ai - n-ai))%- 

^bis No**. 



lead; toe thts re^racemeiTt fir ({22)): 
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TABLE 2 



A listing of my FORTRAN program, used to create all the } 
printouts that follow, is given below.: It does more than Problem 6 
asks, because it gives the results^ In' percentages an<f in actual 
millions of buffalo. The program was %run on an IBM -11)0 computer 
but should easily adapt to any standard FORTRAR. 



c 

-. 8 

- C 

c 

X 

c 
• c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 



THIS PftOGRAH ACCOMPANIES THE *A0PL ICA T It3N PAPER 
•MANAGEMENT OF A BUFFALO HERD' 

ANO DOES THE CALCULATIONS REQUESUO IN PROBLEM 3 OF THAT PAPER. 
IT RECEIVES PAIRS OF DATA CARDS AS INPUT . THE FIRST CARO SHOVLO . 
LIST THE SIZE OF THE INITIAL HERO IN THE UStAL SIX CA TEGOR I E St IN 
6 F 10.1 FORMAT. IN MILLIONS THIS TELLS THE PROGRAM THE 1NTTIAL 
NUHBER OF AM;aF,VM,VF,CM CF. THE -SECOND DATA CARD LISTS THE CONSTANT 
HaSvIIt OF MALES, THEN FEMALE S, ' N 2 F fO. * 'FORMA T IGIVETHESE IN 
MRLtONSr^OOl ANO THE NUMBER 6f .YEARS THAT THE HERO I.S TO BE 
TRACE 0, IN 12 FORMAT IN COLUMNS 2'1.22. 

"PtAfE PAIRS OF OAT A CARDS BEHIND ONE ANOTHER • PROGRAM TERMINATES * 
NHEN A FAKE OAT A-CAR0-Pc4IR IS "oi&O WITH A NEGATIVE ENTRY IN THE AP SPOT. 
THUS MANY HERDS. MAY BE STUDIED WITH ONE COMPLTER RUN. 



OUTPUT IS GIVEN IN MULIONS OF ANIMALS ANO ALSO IN A PERCENTAGE 
BREAKOOMN OF THE HERO. YEAR W V E AR ' v | 



0IMENSION rtI6ftQJ6l,SAVEl50.7) o 
1 REAO<2.1DD> H.Q iU?i ? i^?^ G ' 

100 'FORMAT! bf 10.^/2F10.J,I2I 

IFIHl 1) .LT .0) CALL EX! T 

101 FORNAU °1h1.?«,:M!LLIOMS OF BUFFALO') 

102 j^^^ 

NYEAR-0 * 4 

TOTAL *0 ^ " t 

SavEII.UjO. A *m- 

00 10 L«2.T * 
SAVE»lrL*»»H(tL )/T0TAL»100 * 

- io |AvEuav^ivEimrrtA^bL^ 

£ MAI/4 LOOP * m • 

* ,00 25 K* 1 , LONG • 

NV6AR-K / * 

T6MP0-HI2I - __ 
H(l) » .9S»Hlf> ♦ .75*H 3 
rt(2> • .95»HC2I ♦ .75»HC4) 
Hll) * ,6»HI5) ' ! 
Hf4)"-*.6»H16) . 
Mt5) » >8«TBMFP0 
H(6) * .*2»T£MP0^ o 
TOTAL »0 



AF 



0(1) 
0(2) 



Note All of ih* 
code simply sets 
op the t n i t i al 
herd properly 



Mote TEHPO is used to avoid a key 
trap in- the program 'if I fail to save^ 
the old value of h(2). » wi 1 1 not have 
, it to use in the correct calculation 
of H(S) and H(6) 
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00 15 L» 1.6 
TOTAL»TOTAL*HlL) • * wm _ , . . 
WRITi(5aO^) NYEAR • TOJT AL • H 
KX»K*1 - * 

SAVE IKK, 1) ; »P 
DO 20 L»2.T 

kilklKK.L) •*UL>/T0TAL?100 
UvlcKK.I) -•SAV6IKK,n*SA¥E(KK,LV 



20 SAVE UK. 1 
K CONTINUE 



.cootlxra*d ntxt jAgt. 



1ST _ 



9 

ERIC 



C PR I NT TABLE OF PERCENTS 

10* FORMATiMhoIiBX, 'PERCENTAGE DISTRIBUTION OP HERO ' I 
WRITE15. 1021 
L L»LONG* I 
00 30 K-l.LL 
NYEAR* K-i 

WRITE(5,195) NYEAR.ISAVECK, J ) . J-l • 71 

105 FORMAT I 2X , 1 2 • 5X , P5. 1 , 6X , 6 ( . 1 , 6X ) ) 
30 CONTINUE 

106 F ORMAT ? |h0^' CONSTANT ANNUAL HARVEST IS 'F6.2' HUES. ' F6.2' FENAt, 
IBS (MILLIONS)* ) * 

GO TO 1 
ENO 

*• 4 

The data cards that produce the printout of Table 3, page 36, 
are these, given as samples. Many pairs of data cards can 
precede the fake pair. 

18, 16.2 5.** **.8 8.1* 7-2 (initial herd) 

lj. ■ o. 20 (harvest of males, females; years traced) 
-100. (fake data-card-pair to terminate program) 

blank car'd 
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Case a) 



TABLE 3. 

Twcnty»-ycar' printouts for the five cases 
called for in Exercise 5 follow. 



TABLE 3 (Continued) 



MILLIONS OF BUFFALO 



YEAR 


TOTAL 


0 


50.999 


1 


60.079 


. 2 


>63.191 


3 


67.453 


4 


72.276 


5 


73.165 


6 


85.242 


7 


93.52K 


8 


.103.11S 


9 


114.141 


' 10 


126. 736 


11 


141/039 


12 


157.210 


U 


175^26 


,14 


195.884 


15 


218.803 


16 


244.425 * 


17 < 


fc 273.0l8 


18\ 


304.879 


19 


^340. 338 


20 


376.759 



AH AF 

18.000 16.200 

17.150 18.990 

16.072 21.280 

14.768 23.278 

14.131 25-703* 

14.021 28. 

14.348 31.417 

15.183 34.704 

16.567 38.344 

18.524 42.365 

21.094 - 46.806" 

24.322 51.713 

28.257 ^.134 4 

3Z.954 ,63.124 

,38.477 69.742 

44 A .89V 77.653 

52.284 85 ..131 

60.734 94.056 

70.341 103.916 
81^212*^4/810 

93.468 126.846 



v YM 
5.400 
5.040 
4.665' 
5.469 
6.128 
6.704 
7.402 
8.190 
* 9.048 
9.995 
Ml'. 043 
1^.201 
13-480 
I4t893 
'16.454 
18.179 
20.085 
22. 191 
24.51> 
27.088 



YF 

4.800 
4.320 
4.082 
. 4.785 
5.362 
5.866 
6.477 
7.166 
7,917 
8.745 
9.662 
10.676 • 
11:795 
13.031 
14.397 
15.907* 
17-575 
19.417 
21.453 
23-702 



29.927* 26.1$6 



YEAR 


TOTAL 


Art. 


0 


100.0 


"30.0 


1 


100.0 


28.5 




10O.0 


25.4 


3 


100.0 


21.8 


4 


100.0 


19.5 


5 


iod. 0 


17.9 


6 


100.0 


16.8 


7 


100.0' 


16.2 




1O0.0 


46.0 


9 


100.0 


16.2 


10 


100.0 


16.6 


11 


99.9 


17.2 


12 


100.0 


17.9 


13 


100.0 


18.7 


14 


100.0 


19.6 


15 v 


100.0 . 


20.5 


16 > 


100.0 


• 21.3 


17 


99.9 


22.2 


18 


100.0 


23.0 


19 


100.0 


23.8 


20 


100.0 


,24.6 



PERCENTAGE DISTRIBUTION* 



>AF 
'2J.0 
31.6 
/tt.6 

35.5 
36.3' 
36.8 
37.1 
37.1 
37.1 
36.9 
J6.6 
. 36.3 
35.9 
35.6 
35.2- 
34.8 
34. Jf 
34.0* 
33.7 
33.4 



YM 

9.0 
8.3 
7.3 
8.1 
8.4 

8.5 
8.6 
8.7 
8.7. 
8.7 
8.7 
8.6 
8.5 
' 8.4 
8.4 
8.3' 
'8.2 
8.1 
8,0- 

7-9 

718 



OF HERD 
YF 

8.0 
7.1 
j6.4- 
» 7.0 
*7.4 
* 7.5 
7.5 

7,.6. ; 

7.6 
7.6 
7.6 
7.5 
7.5 

\* 

7.3 
7-2 
7.1 
7.1 
7.0 
6.9 

6.8. : 



CM 

, 8.400 
7.775 
9.115 
10.214 
11.173 
12.337 
13.651 
15.08\ 
16.658 
18.405 
20:335 
22.467 
24.822 
27.424 
30.299 

'33.476 
36.985 
40.863 
45.146 
49.879 
55.109 



14.0 
12.9 
14.4 
15.1 
15.4 

15.7 
16.0 
T6.1 
16.1 
16.1 
16.0 
15.9 
15.7 
15.6 
,15.4 
15.2 
15.1 
14.9 
14.8 
14.* 
14.5 ■> 



CF 
7.200 
6.803 
7.975 
8\ 937 
9.776 
10.795 
11.944 
13. 195 
14.576 
16. 104 

17.793 

19.658, 

2U719 

23-996 

26.512 

29.291 

32.362 

35.755 
39- ,503 
43.644 
48.220 



CF 

12.0 
11.3 

. 12.6 
13.2 
13.5 
13.8 
14.0 
14.1 
14.1 
14.,, 
f4.0 
13.9 
13.8 
13.6 
33.5 
13.3 . 
13.2 

.13.0 
12.9' 
12.8* 
12.6 



CONSTAMT ANNUAL HARVEST IS 4.00 MALES, 
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0.00 FEMALES (MILLIONS) 



Case b) 4 • % ' 

* MILLIONS OF BUFFALO 

YEAR TOTAL AM AF. v YM 

0 59.999 18.000.* 16.200 * 5.400 

1 60.079 18.150 * 1 7 - 990 5.040 

2 62.291 48.022 19.330 fc 4.665 

3 65.158 17.620 20.425 ' 5.181 

4 68.251 17.625 31 .804 5.567 
• 5 71-941 '17. 919 23.367 5.882 

6 '76.300 18.435 25.059 6.279 

7 81.324 T9.223 ?6.927 6.729 ' 

8 87.075 20.309 28.998 7.217 

9 93.63*1 21.707 31.284 7.755 

10 IOI.O63 23.438 33.809 8.351 

11 109.452 25.529 36.599 9.009 
- 12 118.890 28.0K) 39.682 9.737 

. " 13 129.480 30.913 43.088 10.540 

X 14 141.332 34-273 46.851 I1.42ff 

15 154.574 38.130 51.008 12.409 

16 169.341 42.531 55-602 13.493 
n 17 185.788 47-524 60.677 14.690 

18 204.084 .53.-166 66.283 16.013 

19 224.417 "59.518 72.478 17.474 
, ' 20 246.995 66.648 79-322 I9.O89 



Yr 

4.800 

'W20 
^.082 

4.533 

. 4.871 

'5.147 

5 ^94 

5.888 

6.315. 
6.785 
7.307 
7,883 
8.520 
9.223 
10.000 
10.858 
11 .806 
12.854 
14.01 1 
15.290 
16.703 



CM 
* 8.400 
.7.7)5 
8.635 
9-278 
9 80^4 
10.466 
11.216 
12.028 
12.925 
13.919 
15.016 
16.228 
17-567 
19-047 
20.682 
22.488 
24.484 
26.689 
29-124 
< 31-816 
34.-789 



YEAR TOTAL AM 

0 100.0 30.0 

* 1 wo.o 30.2 

2 100.0 28.9 

3 100.0 <* 27.0 

4 ,99.9 25.8 

5 100.0 \24.9 
6* - 100.0 24.1 

7 99.9 23.6 

8 100.0 23.3 
•9 * 100.0 23.1 
l6 100.0 £3.1 

11 .100.0 23.3 

12 100.0 -23.5^ 

13 100.0 23.8 

14 --100.0 24.2 

15 100.0 24.6 

16 100.0 25.1 

17 100.0 25*5 

18 100.0 26.0 

19 100.0 26.5 

20 100.0 26.9 



PERCENTAGE* D I STRI BUT I ON 



AF 

• 27.0 
29-9 
31.0 
31.3 

32.4 
32.8 
33.1 

• 33.3 
33 14- 
33.4 
33.4 
33.3 

"33.2 
33.1 
32.9 
32.8 
32.6 
32.4 

: 32.2 
"32,1 



YM 

9.0 

8.3 

7.4 

7.9 



' 8.2 
8.2 

a. 2 

8*. 2 
8.2 
8.2 
8.1 
8.1 
8.0 
8.0 
7.9 
7.9 
7.8 
7.7 

ir 



.OF HERO 
YF CM 
.8.0 14.0 1 



. CF * 
7.200 

6.803 
7.555 
8.P18 
8.578 
9.157 
9.814 
10.525 
309 

11? 

i3.rft 
1*4.200 
15.371 

16.666 
18.097 
19.677 
21 .423 
23-352 
25.484 
27.839 
30.440 



CF 
12.0 



I 1, 
12. 



CONSTANT ANtiUAL HARVEST IS 3.00 MALES, 1 



7.1 ,12,9 H.3 

6 4 .5 '13.8 12.1 

6.9 14.2 12.4 

7.1 14.3 12.5 

7.1 • / 14.5 - 12.7 " 

7.2 14.7 \ 12.8 
7.2 l«.7 12.9 
7.2 < 14.8 .12.9 
7.2 3 14.8 . 13.0 
7-2 14.8 13.0 
7.2- . 14. 9 12.9 
7.1 14.7 12*.9 
7.1^ 14.7' 12.8 
7.0 14.6 12.8 
7.0 - '14*5 12.7 

6.9 .14.4 12:6 

6.9 14.3.<. 12.5 

6.8 14.2^ 12.4 

6.8 14.1 12.4 

6.7 14.0 12.3 

\ 

.00 FEMALES (MILLIONS) 
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TABLE 3 (Continued) 



TABLE 3 (Continued) 



Case c) 



Case d) ^> 



YEAR 
0 
I 

2 1 

3 

4 

5 

6 

7 

8 

9 

10 
) ! 
12 
13 
14 
15 
16 
17 
18 

19 
20 



TOTAL 
55.999 
60.079 
61,391 
62.863 
64.226 
65-717 
' 67.359 
69:126' 
?K038 
73.120 
. 75.389 
77.864 
80.571 
£3-533 
86.781 
90.J44 
94.257 
,98.559 
103.290 
180.496 
1 14.J30 



AM 

•18.000 
19.150 
19.972 
20.473 
21. U9 
21.817 
22.522 
y.263 

•24.052 
24.889 
25.781 
26.737 
27.764' 
2d. 87K 
30.069 
3F.367 
32.778 

,34.314 
35.991 

-37-823' 
39.823- 



MILlhONS 
• AF 
'l 6.200 
16. 990 
17.380 
17.573 
17.905 
18. #5 
.18.701 

f 9. 1 51 
19.651 
20.203 
20.812 
.21.486^ 
22.230 
23.052 
2}.*960 
24.964 
26j072 
27.297 
28.651 
30. 146 
31.798 



OF BUFFALO 



YM 
5.400 
5.040 
4.665 
4.893 ' 
5-005 
5.061 , 
5.156 - 
5.269 
5.386 
5-515 
5.659 
5.818 
5.994 
6.18&> 
6.402 
6.639 
6.900 
7.189 
7. 508 
> .861 
8.251 



YF J 
4.800 
4.320 
4.082 
4.281 
4-379 
4.428 

4. 512 
4.610 
4.712 
4.826 
4.952 
5.091 
5.244 
5.414 
5.602 

5. ao9 

6.038 
6.290 
6.570 
6.879 
7.220 



CM 
8.400 
7.775 
8.155 
8.342 
8.435 
8.59** 
8.781 
8.976 
9.192 
9.432 
9.697 
9.990 

I. 0.313 
10.670 
U.065 

II. 501 
11 1982 
12.514 
13. 102 
13-752 
14.470 



CF 
7.200 
6.803 
7.135 
7.299 
7.380 
7.520 
7.684 
7.854 
8.043 
' 8.253 
8.485 
8.741 
9.024 
9.336 
9.682 
IO.O63 
10.484 
10.950 
1 1.465 
12.033 
12.661 



YEAR 
6 
1 

• 2 

3 
4 
5 
6 
7 
8 
9 
10 

n 
12 
13 

14 
15 
16 

17 " 
18 

19 ' 

20 • 



TOtAL 
53^999 
60.079 
60.491; 
60.568 
60.201 
59.493 
58.417 
56.928 
55.002 
52.610 
45-715 
46.277 
42.251 
37.587 
32.229 
26. 115 
19.174 
11.329 
2.495 
-7-423 
18.533 



AM 
18.000 
20.150 
21 .922 
25.325 
24.613 
25.715 
76.609 
27-304 
27.795 
28.071 
25. 125 
27.944 
27.517 
26/830 
25.865 
24.603 
23.025 
21.105 
18.816 
16.129 
13.008 



MILLIONS 
AF 
16.200 
15:989 
15.430 
14.720 
14.006 
13.222 
12.343 
11.374 
10.304 
9.12S 
7.815 
6.372 
4.778 
3.016* 
I. O69 
-1.080 
-3.456 
-6.081 
-8.981 1 
-12.185 
-15.725 n 



OF BUFFALO 
YM 

5.400 

5.040 

4.665 

4.605 

4.443 

4-239 
" 4.033 

.3.808 

3-555 

3.275 

2. 9*7 

2.627 

2.250 

1.835 

1-376 

0.868 
^0.308 
-0.311 
-0.995 
-1.751 
-2,586 



YF 


CM 


\ CF 


4.800 


8 .400 


1 7 ?nn 

j / . 4UU 


4.320 


7 .775 


A fin 7 


4.082 


7.675 


6 71 ^ 


4.029 


, 7.406 


D • *f OU 


3.888 


7.065 


6. 182 


3.709 


^723 


j • 00 L 


3.529 


6.346 


■ 5 ^\ 

j - 


3.332 


5 ■ 925 


5. 184 


3.110 


5.459 


4 777 


2.866 


4.946 


4 127 


2.596 


4.378 


\ 8^1 


'2.29$ 


3.751 


3 .282 


1.969 


3.058 


2.676 


1.605 


2.293 


2.006 


1.204 


. 1.447 


1.266 


0.7S0 


0.513 


0.449 


0.269 


-0.518 


-0.453 


-0.272 


-1.659 


-1.451 


-0.871 


-2.919 


-2.55* 


-1.532 


-4.311 


-3.772 


-2.263, 


.-5.849 


-5.117 



YEAR 
0 
1 

2 
3 
4 
5 

1 
8 
9 
10* 

11 

13 
14 
15 
16 
17 
18 

19 * 

20 , 
k 



TOTAL 

J00VO. 
\100.6nv 
100.0 ^ 
100.0 
*99.9 

a§.9 

100.0 
100.0 
s 99-9 
100.0 * 

ioo:o 1 
99.9 « 

loir.o 
, 100.0V 

100. 

100. 
j 00. 
'100. 

100. 

100. 



PERCENTAGE DISTRIBUTION OF HERD 



1Q0.0 



AM 
30.0 
31.8 
32.5 
32.5 
32.8 
33.1 
33. * 
33.6 
33-8 

*$4.0 

^.1 
34.4* 

,34.4* 

34; 5 ' 

34.6 

34.7 

34.7 

34.8 

34.8 

34/8 

34.8 



- i 



AF 

2>.0 
28.2 
28.3 
27.9 
27.8 
27.Q 
27.7 

27.6 
27,6 
27.6 
2/. 5 
27.5 
27.5 
27.6 
27.6 
27.6 
27.6 
27.7 
27.7 
27.8 



YM 

9.0 
8.3 
7.5 
7-7 
7.7 
7.7 
7.6 
7.6 
7.5 
7.5 
7.5 
7.& 
7. 

4 
7-3 
7.3 
7-3 
7.2 
7.2 
7.2 
7.2 



YF 

8.0 

7-1 

6.6 

6.8 

6.8 

6.7 

6.6 

6.6 

6.6 

6.6 

6.5 

6.5 

6.5 

6.4 

6.4 

6.4 

6.4 

6.> 



CM 
Ht.O 
12.9 
13.2 
13.2 

13. r 
13.0 
13.0 
12.9 
12.9 
12.9 
12.8 

12^,8 
12.8 

I2$7 
11.7" 
12.7 
L2.6 



'•3\12.£. 
£.3 12:6 
6>3 12.6 



CF 
12.0 

11-3 
11.6 
11.6 

.11 .4 
11.4 
11.4 
11.3 
11.3 
11.2 

■ 11.2 
11.2 
11/2 
II. I" 
ll!l 
11. J 
11.1 

Ml. I 
11.0 

-/i 1 .<? 
11.0 



CONSTANT ANNUAL HARVEST IS 2.00 WALES, 2.00- FEMALES (MILLIONS) 
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V 



4 



3$- 



PERCENTAGE DISTR FBUTION OF HERD 

YEAR TOTAL AM * 

0 100. 0 30.0 

1 100.0 33.5 

2 100.0 36.2 

3 100.0 38.5 

4 40.8 

5 10D. 0 41.2 
'6 100.0 45. J 

7 100:o 47.9 

8 100.0 50.5 

9 . 100.0 53.3 

10 100.0 56.5 

11 lOO^Qv 60.3 

12 100.0 65.1 

13 100.0 71.3 

14 100.0 80.2 

^CONSTANT ANNUAL HARVEST* I S 1.00 MALES, 3-00 FEMALES (MILUONS) 
The date for years 15*20 is nonsensical, and means that u\e 
herd is extinct: after the 14th year r the required harvest of 
adult females is not available. 



AF 


YM 


YF 0 


CM 


CF 


27.0 


9.0 


8.p 


14.0 


12.0 


26.6 


8.3 


7.1 


1 279- 


*11-3 


25.5 


7.7 


6.7 


12.6 


11.1 


24.3 


7.6 


.6.6 


12.2 


10.$. 




7.3 


6.4 


M.7 


10.2 


22.2 


7.1 


6.2- 


ir.3 


9.8 


21/1 


6.9 


k 6.0 


10.8 


9.5 


19.9 


6.6 


5T8 


10.4 


9.1 


18.7 


6.4 


5,6 


9.9 " 


8.6 


17.3 


6.2 . 


5.4 


• 9.4 


8.2 


15.7 


<5.9 


5.2 


8.8 


7 ' 7 > 


13.7 


5.6 


4.9 


8.1 


7.0 > 


11.3 


5.3 


4.6 , 


7.2 


6.3 


8.0 


4.8 


4.2 


6.1 


5.3 


3.3 


4.2 


3.7 


4.4 


3.9 



19:? 



TABLE 3 (Continued) 



Case e) 



'YEAR 
0 
• *1 
2 
3 
4 
5 
6 
7 
8 
9 



YEAR 
0 
1 

2 . 

3 

4 

5 

6 

7 

8 




TOTAL 

59-999 

60.079 

59.591 

58.273 

56.175 

53*269 

49.475 

44.730 

38.965 

32.099 



TOTAL 
100.0 
100.0 
100.0 
100.0 
1Q0.0 
100.0 
100.0 
100.0 
100.0 



AM 
18.000 
21.150 
23.872 
26. 178 
28. 107 
29.613 
30.696 
31.344 
31.538 
31.254 



MILLIONS 
AF 
16.200 
14.989 
13-480 
11.868 
10. 107 
8. 150 
5.985 
3-597 
0.957 
•1.958 



OF BUFFALO 



YM 
5.400 
5.040 
4.665 
4.317 
3-882 
3.4K8 
2.9M 
2.347 
1.723 
1.035 



YF 

4,800 

4.320' 

4.082 

3-777 

3.397 

2.990 

2.547 

2.053 

1 .508 

0.906 



CM 
8.400 
7.775 
7.195 
6.470 
5.696 
4.851 
3.912 
2.873 
1.726 
0.459 



PERCENTAGE DISTRIBUTION OF HERD ^ 



AM 
30.0 
35.2 
40.0 
44.9 
50.0 
55.5 
62. p 
70. 0 
80.9 



AF 
27.0 
24.9 
22.6 
20.3 
17-9 
15.3 
12.0 
8.0 
2.4 



YM 
9-0 
8.3 
7-8 
7-4 
6.9. 
6.4 
5.8 
5.2 

M 



YF 
8.0 
7.1 
6.8" 
6.4 
6\0 
5.6 
5.1 
4.5 
3.8 



CM 
14.0 
12.9 
• 12.0 
^11.1 
10.1 
9-1 
7-9 
6.4 
4.4 



CF 
7 . 200 
6.803 
6.295 
5.661 
4.98*4 
4.2.45 
3-423 
2.514 
1.510 
0.402 



CF 

12.0 
11.3 
10.5 

9-7 

8.8 

7.9 

6.9 

5.6 . 

3.8 



CONSTANT ANNUAL HARVEST IS 0.00 MALES, 4.00 FEMALES (MILLIONS) 
Extinction occurs as a result of the harvest , foj lowing the. 
eighthyear. 
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"TABLE 4 

Twenty percent harvests lead to early extinction in all 
cases requested iYv. Exercise 6: 

* Case a) * > 



A 



. 40 









MILLIONS 


QF BUFFALO 






vr AD 
T C.AK 


TATA 1 

1 U 1 AL 


AM 


AF 


YM YF 




re' 


U 


CQ Q Q Q 


18.000 


16.200 


5.400 4.800 


ft Lnn 
0 . HUU 




1 


52 079 


9-149 


18.990 


5.040 4.3?0, 


7-775 


,^O03 


2 


47.591 


0\472 


21 .280 


4.665 '^4.082 


9.115 


7-975 


3 


44.633 


-8*051 


23.278 


5.469 4.785 


10.214 


8.937 






PERCENTAGE DISTRIBUTION OF HERD 






YEAR 


TOTAL 


AM 


AF 


-YM YF 


CM 


CF 


0 


100.0 


30.0 


27.0 


„ 9.0 8.0 


14.0 


12.0 


1 


100..0 


17.5 


v 36.4 


9.6 8.2 


14.9 


13.0 


2 


100.0 


0.9 


' 44.7 


9.8 ■ 8.5 


19.1 


16.7 



CONSTANT ANNUAL HARVEST IS 12.00 MALEt , 0.00 FEMALES (MILLIONS) 

^BUffAiO 



Case b) 



YEAR 
0 
1 
2 

3 
4 



TOTAL 

59.999 

52.079 

44.891 

37.748 

30.522 



AM 
18.000 
12.149 
6.322 
0.505 
.-5.065 



frt-U- LONS QF 
AF 
16.200 
15.989 
15.430 
14l720 
14. OC^ 



YM 
5.400 
5.040 
4.665 
4.605 
4.443 



YF 
4.800 
4.320 
4.082 
4.029 
3.888 



CM 
8.400 
7-77^ 
7.675 
7.406 
7.065 



PERCENTAGE DISTRIBUTION OF HERD 



YEAR 


TOTAL 


AM 


AF 


YM 


YF 


CM 


0 


100.0 


30.0 


27.0 


, 9-0^ 


8.0 


14.0 


I 


100.0 


23.3 


30. 7* 


9.6 


8.2 


14.9 


■ 2 


100.0 


14.0 


34,3 


10,3 


9.0 


V7.0 


- * I 


100.0 


1-3 


38.9 


12. 'l 


10.6 


19.6 



CF 
7.200 
6.803 
6.715 
6.480 
6.182 



CF 
12.0 
" 13.0, 
14.9 
17.1 



CONSTANT- ANNUAL HARVEST IS 9-00'MALES, 3-00 FEMALES (MILLIONS) 



Case 


c > i 


















4 


MILLIONS 


OF BUFFALO 






YEAR 


TOTAL- 


AM 


AF 


cYM 


YF 


CM 


CF 


0 


59.999 


18.000 


16.200 


5.400 


4.800 


*8.400 


7.200 


1 


52.079 


15.149 


12.989 


5.040 


4.3ZO 


7.775 


6.803 


2 


42.191 


12. 172 


9.580 


■ 4.665 


4.082 


6.235 


5.455 


3 


30.863 


9:063 


6. 163 


3.74,1 ' 


3.273 


4.598 


4.023 r 


4 • 


18.446 


5.415 


• 2.310 


2.759 


,2.414 


2.958 


2.588 


5 


4.627 


1.214 


-1.994 


1.775 


1.553 


1.108 


0.970 






PERCENTAGE DISTRIBUTION 


OF HERD 






YEAR 


JOTAL 


AM 


AF 


YM 


YF 


CM 


CF 


0 


100.00 


30.0 


27.0 


9.0 ' 


8.0 


14.0 . 


12.0 


1 


100.00 


29.0 


24.9 


9.6 


8.2 


14.9 


13.0 


2" 


100 *)0 


28.8 


* 22.7 


11.0 


9.6 


14.7 


12.9 


3 


100.1)0 


29.3 


19.9 


12.1 


10.6 


14.8 


13.0 


4 


100.1 00 


29.3 


12.5 


,14.9 


13.0 


16.0 


14.0 


CONSTANT ANNUAL HARVEST IS 6. 


DO MALES, 


6.00 FEMALE-S. (MILLIONS) 
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Table* k (continued) 
Case d) 



MILLIONS OF BUFFALO 



YEAR 


TOTAL 


AM 


AF 


YM 


YF 


CM 


CF 


0 


59.999 


18:000 


16.200 


5.1*00 


A. 800 


8.1*00 


7.200 


1 


52.079 


18.150 


. 9-989 


5.0^C\ 


l».320 


7.775 


6.803 


2 


39.1*91 


18.022 


3.730 


i*.665 


1*.082 


l*.795 


l*.195 


3 


23.978 


17.620 


-2.39** 


2.877 


2.517 


1.790 


l y .566 






PERCENTAGE DISTRIBUTION #0F HERD 






YEAR 


TOTAL 


AM 


AF 


YM ' 


YF 


CM 


CF 


0 


100.00 


30.0 


27.0 


• 9.0 


8.0 


I**. 0 


12.0 


1 


100..00 


3**. 8 


19.1 


9.6 


8.2 


11*. 9 


13.0 


2 


100.00 


l*$.6 s 


. 9.** 


11.8 


10.3 


12.1 


10.6 



CONSTANT ANNUAL HARVEST IS 3-00 MALES, 9.00 FEMALES {MILLIONS) 

t S 



Case e) 



MILLIONS OF BUFFALO 



Nf&AI 



CONSTANT ANNUAL HARDEST IS 0.00 MALES. 12.00 FEMALES (MILLIONS) 

; 
\ 




Y£AR 


TOTAU 


• AM * a AF YM 


YF 


CM 


CF 




• 0 


59.999 


18.000 ,16.200 5.1*00 


A. 800 


8,1*00 


7.200 




1 


52.079 


21.150 6,989 5.01*0 




7.775 


6.503* 




2 


36.791 


23.872 ' -2.119 'l*.665 
1 

V • 


1*,082 


3.355 


2.935 


•> 


4 - 


♦ 


Percentage distribution 


OF HERO 








YJEAR 


TOTAL 


AM AF YM 


YF 


CM 


CF 




0 


100.00 


30.0 27.0 9.0 


8.0 


11*. 0 


12.0 




1 


100.00 


1*0.6 13.1** 9-6 


8.2 


ll*.9 


13.0 
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ERIC 



TABLE 



Data for Exercise 7- As one 
transformed for one year 



In this 


ca 


.60 


0 


0 . 


.60 


0 


0 


0 


o v 


0 * 


.25 


l 0 


.20 




mole, the initial herd was 
strophic way : 



.1*0 
0 



0 

.1*0 
0 
0 
0 

0 ' 



0 
0 

.15 
0 
0 
0 



0 
0 
0 

.15 
0 
0 



( 



matrix M. The 



results: 

MILLIONS OF BUFFALO 



Y 



YEAR 
0 
1 
2 
3 
1* 
5 

. I 
1 
8 

-9 

10 

11 

12 

13 

11* 

15 

16 
\ 17 
xl8 
- 19 

,20 

YEAR 

0 
► 1 

2 - 

3 

l* 

" 5 
6 

* 7 - 
8 

9 • 
10 
11 
12 
13 
11* 
15 
16 
17 
18 
19' 
20 



TOTAL 

•59.999 
31*. 229. 
39.973 
1*1*. 113 
1*8.371 
53.-526 
59.212 
65.M8 
72.'286 
79.885 
88.275 
?7.5i*3 
1P7.783 
119.095 
131 .593* 
11*5.1*00 
160.655 
177.507 
196.126 
216.697 
239.1*23 

TOTAL 
100.0 
99.9 
100.0 % 
99.9 
100.0 . 
100.0 
100.0 
•400.0 
100.0 

99.9 

100.0 
100.0 
100.0 
100.0 
100.0 
100.0 
100.0 
1Q0.0 
100.0 
100.0 
100.0 



AM 

18.000 
12.960 
13.257 



AF 
16.200 
11.639 
11.867 



11*. 1*16^^.731 
16.20# 1l*.29l* 
17.962 



191.811* 
21.911 
21*. 233 
26.788 
29.611 
32.730 
36,175 
39.980 
1*1*. 181* 
1*8.828 
53.958 
59.625 
65.886 
^72.803 
80.1*1*5 



15.823 
17.1*38 
19.267 
21.295 
23.526 
25.991 
fc8. 716 
31.727 
35.053 
38.728 
1*2.788 
1*7.273 
52.229 
57.7Q5 
63.751* 
70.1*38 



YM 
5.1*00 
1.260 
2. -1*29 
3.352 
3.1*17 
, 3.666 
1*. 116 
i*.557 
x 5.022 
5.5*9- 
, 6M32 
6.775 
7.1*85 
8.270 
9.137 
10.095/ 
.11.153 
12.323 
13.611*' 
15.01*2 
16.619 



/YF ( 
!*.800 
1.080 
1.91*3 
2.933 
2.990 
3.208 
3.602 
3.987 
i*.39i* 
i*.855 
5.366 
5.928 
6.5*9 
7.236 
7.995 
8.833 
9.759 
10.782 
11.913 
13.161 
11*. 5*1 



\ CM 
\ 8.1*00 
4:050 
. 5*586 
5.^96 
6.111 

• 6.86\ 
7.595^ 
8.370 
9.2>8 

10.221 

• 11.292 
12.A75 
13. 781* 
15.229 
16.825 
18.589 
20'. 538 
22.691 
25.070 
27k698 
30.602 



CF 

7.200 

3.21*0 

i*.888 

i*.98i* 

5.31*7 , 

6.003 I 

6.61*5 

8.092 T 
8.91*3 

9.880 
10.916 
12.061 ' 
13.325 
11*. 722 
16.265 
17.971 
19.855 
2T.936 
2*1.236 
26.777 



PERCENTAGE DISTRIBUTION OF HERD 
AM 

30. 0* 
37.8 
33.1 
32.6 
33.5 
33.5 
33.1* 
33.1* 
.33.5 
33.5 
33.5 
33.5 
3:. 5 
33.5 
33.5 
33. .5 
33.5 
•33.5 
33.5 
53.5 
33.5 



AF 


— YM 


» YF 


. CM 


CF 


27.0 • 


9.0 


8.0 


11*. 0 


12.0 


31*. 0 


3.6 


3.1 


11.8 


9.1* 


29.6* 


6.0 


4.8 


13.9 


12.2 


28.8 


7.5 


6.6 


12.9 




29.5 


-7.0 


6.1 


12.6 


11.0 


29,5 


6.8 


5-9 


12.8^ 


11.2 


29.1* 


6.9 


6.0 


12.8^ 


11.2 


29.1* 


6.9 


6.0 


12.7 


11.1 


29.1* 


6.9. 


6.0 


12.7 


11.1 


29.1* 


6.9 


6.0 


. 12*7 


11.1 


29.1* 


6.9 


*.o 


12.7 


11.1 


29.1* 


6.9 


6.6 


12.7 


11.1 


29.1* 
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ANNUAL HARVEST IS 0.00 MALES, 0.00 FEMALES^ (MILLIONS) 
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TABLE 6 



Data for Exercise 16. The herd does indeed Remain very stable. 
There is some roundoff error: the harvests taken were .086 and .056 
annually (males, females, in millions), rather than the .086052 and 
,£55948 that the table's data for herd 2 indicates. 
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STUDENT FORM 1 
Request for Help 



Return *ta: ' * N 
EDC/UMAP - ' 
55 Chapel St. 
Newton, *1A 02160 



Student: If you have trouble with a specific part of^this unit, please fill 
out this, form and take it to you* instructor for assistance. The information 
you give will help the author to revise the unit. 



Your Name 



> 

Page 

0 Upper 

• N 0 Mlddle 




Section 




OR 


♦ Paragraph 


OR 


Lower 









Unit No, 



Model Exam 
Problem No._ 

Text 
Problem No. 



V 



.Instructor : Please indicate your resolution of the difficulty in this box. 



o 



Corrected* error s./in materials. List corrections here: 



7 



o 




Gavp student better explanation, example*, op procedure than ffi unit, 
Give brief outline of your addition -here: 



o 



Assisted student in acquiring' general learning .and problem-solving, 
skills (not using examples from this unit.) 



r 
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Instructor's Signature_ 



Please use reverse, if necessary. 



t % Return to*: ' V 

STUDENT FORM 2 ' EDC/UMiVP * * 

' Unit Questionnaire ' ' " , A 

Newton, MA 02160 

Name { Unit No, ' t D ate 

Institution* ' Course No. ■ 



Check the choice" for each question that comes closest to your personal opinion. 

1. How useful was the amount of Retail ii» the unit ? 

^ Not enough detail to understand the unit 

aU nit would have been clearer with more detail S J 
t \ - A ppropriate amount "of detail 

• m Unit was occasionally* too detailed, but this was not distracting 



Too much detail; I was often distracted * 

/ 

t 2. f How helpful were the problem answers ? ^ 

Sample solutions were too brief; I couljd not do the intermediate step's 

Sufficient information was given to 4 solve the* problems 

Sample solutions were too detailed; I didn't need them 



Except for fulfilling the prerequisites, how much did you use other sources (for 
exam ple , instructor" friends, or other "T>ook&) in order to understand the unit? 

A Lot Somewhat 'A Little ^ Not at all 



How long was this unit'in comparison to the amount of time you generally spend on 
a lesson (lecture and homework assignment) in a typical math or science course?* 

Much * 'Somewhat About Somewhat Much 
, v L onger Longer the Same * Shorter ' Shorter 



5. Were any of the following parts of the unit confusing or distracting ? (Check 
as many as apply.) ' p 

P rerequisites ' • 
Statement of skills and concepts (objectives) » 



^Paragraph headings" 
^Examples . * 
Special Assistance Supplement (if present) 



jOther, please explain_ 



5w 



6, Were any of the following parts this unit particularly helpful? (Check as many 
as apply.) * ] 

Prerequisites > , \ 

Statement of skills and c&ncepts (objectives) N , 

Examples 



v- 



_Pfoblems . 
Paragraph headings, 
JTable of Contents . 

^Special Assistance Supplement (if present) 
jOther,, please explain ' 



Please describe anything in the unit that you did not particularly like. 



Please describe anything that you found particularly helpful. (Please use the back of 
Jhis sheet if you need more space.) * * 
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; ECONOMIC EQUILIBRIUM: SIMPLE LINEAR MODELS • * 

• PART* I: SUPSLY AND DEMAND FOR A ^SINGLE PRODUCT 

1 1> Price Equilibrium ' ^ 

A product is "in equilibrium" or "at its equilibrium " 

price" when supply equals demand for it. This means the 

amount of th&'product available f rom .se^l lei»s equals the 

amount that purchasers want to* buy.* (We include any 

commodity, service or 'manufactured product under the 

general umbrella of "products" here.) * ' 

<■ 

t Of course, supply and demand are seldom exactly equal 
for any product and even 4f%achieved\ equilibrium is 
momentary. If supply exceeds demand*, sellers lower their 
prices to at trac fb'uyers ; i.e., prices tend to decrease. 
•If demand exceeds supply, the buyers who 9 most want the 
product bid up its price, and prices rise in response. 
It is exactly when supply equals" demand that these >two' 
opposite economic forces art- balanced, leaving 'the price 
at a standstill. That balanced, star^ of opposing forces 
is exactly the usual meaning of "ecjuil ibrtujn. " 

2. The Purpose of This Paper 

We will study Several versions of a t Very elementary 
~ mathematical model of price equilibrium in this paper. 
Hopefully, the econo^mip content is clear and interesting, 
but our main'goal ismS*U«fttical. We will discover that** 
mathematical economists inevitably find themselves using 
linear algebra to express,. :heir ideas. , If we went beyond 
our simple model to some o\ the multitude of economic 
models proposed in recent decades We would find more 
advanced mathematical tools in use^ queueing theory, 
differential/difference equations, time series forecasting, 
linear programming, etc. All oU. these use linear algebra 
and linearising methods to achieve^ practical results — so 

i 
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a very simple linear algebraic introduction to mathematical 
economics is appropriate. 

Our work here can serve as one instance of an * 
important phenomenon: linear algebra is a basic tool 
uled in virtually all areas of applied mathematics. . 

/ 

3. Assumptions about the Economy 

We will assume an economy that is grossly simplified, 
from reality, a classic, competitive, capitalistic 
economy oi thetAdam Smith variety. Prices are not 
controlled by government, buyers or sellers' in this - 
economy-- they fluctuaje freely in response to supply and 
cfemand. There are no monopolies, no cartels, no collusion 
among buyers and sellers.. Inflation is not modeled; the 
entire discussion is in terms. of "1967 dollars" or some 
other standard monetary unit of purchasing power. 

Suyers and seller^ in ,our economy have "perfect 
sin-formation." This means that they all know the current 
supply, demand and price, as if all buying and selling 
were done in one large auction room with all potential 
buyers and seller^ participating. r „ 

4. Supply and Demand depend on Price 

Let's analyze supply and demand for one product, ^et 

. D = current demand for the product (in dollars) 
t 1 ) t S = current supply of' the product (in dollars) 
P = current price of the product (dollars/item) 

We^might have* expressed D and S as the amounts demanded 
and supplied in productiory-uni ts (boxcar-loads, dozens of 
eggs, etc.). H6wever, we will want to compare onei product 
to, another later, so we'll express D and S in doll*ar3 
from the start. Once the current price P is known we 
convert the amounts demanded and supplied into dollars to 
calculate D and S. (If 4 million dozen eggs are demanded 
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at a .wholesale* price of J). 5 dollars^ozen, we. have a 

$2 mi U-i on-demand D for eggs.) 
* • * • 

In fact, it is natural t^ regard. D 'and S as functions 
of the price P. > This goes bari 5 d-in-*h.and with our assump- 
tion o£ a purely, capitalistic economy of. vafue-conscLous 
buyers and prof it*-c^onscious sellers. (In reality supply 
and demand depend on price as well^s- such ^motional 
elements as style, fads, and'tfre effects of fantasy- 
oriented advertising.) • . 

1 > » » 

5. The One-Product Model 

The simplest way to make D and S functions of {? 
# is to us^ straight lines. .That is, let's- take as dur 
Mathematical model * 

» 

D = a + bP- 

(2) . 

S « c + dP ' 

where a, b, c, and d are real constants. What can we 
say ajbout a, b, c, and d on qualitative groundsVv As the 
price *P grows, we expect demand to drop (at a higheV 
price there are fewer buyers), so slope b < 0. STince 
D >/0, we know a > 0. J\nd as P grows, the supply S will, 
grow because more companies find it profitable to make 
the product, hence slope d > 0. ^Figure 1 sketches this 
situation and shows c < 0; let f s see why.' there will be 
some price-.of-first-supply P g (namely, the cost of manu- 
facturing) such that no supplier will make the product 
if P < P g \ Thus our s'traigh'f line must cross the price 
axis at positive ? s and c r its intercept on the vertical 
axis, must be aegative. ^ ' V 

> ' % - 

Figure 1 also shows-the ptice-of- last-demand P, at 
v » 1 * ^ 
which the demand line* reaches zero: at prices<-P > P^ ? no " 

one is interested in buying the product. Only non- 
negative yaluqs of D and S make economic sense,, of course. 
fThus we'll' consider P only in the domain fP s ,P d l, as 
shown in Figures 1 and 2. 
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Figure 1. Supply and demand lines for one product. 
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Figure 2. Khe one- products model. 
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t Equilibrium in the One-Product Model 
. The price equilibrium occurs when S = D (supply 
equals demand). As the*sketch shows (Figure 2), there 
* is one price P* for which our model predicts equilibrium 
(see Exercise 1). The corresponding dollar amounts S* 
and D* are also sketched. We can calculate P* by setting 
S = D in (2) >and solving to get 

(3a) p * =J— §• . 

By plugging P* >back in for P in either equation of (2) 
we also find the e"qiiiUjffium demand/supply level: 

(3b) S* = D* = d * " % j> c . "v^. 

What have we achieved with this bi^t^o^i gh : school 
algebra? Under the crude assumption that simple equations 
like (2) hold, we can predict the price P* a product 
should sell at and the amounts S* = D* that people should 
make and will buy!, Our next goal is to extend this model 
to more complicated cases of general equilibrium where 
many competing .products are in equilibrium simultaneously. 

5 ! 

Exercise 1, Find P*, D*, S* if the formulas for cupply and demand 

are * 

D » 22 - 1.5P 

S X~5 + 5.25P. 

yse these three methods: ' % 

a. algebraically solve for P*, D*, S*. 

b. identify a, b, c, and (J'and substitute them in (3a, b) 

c. • graph the lines and read the equilibrium point off 

the graph. 

. 7 . 

Exercise 2 . Repeat' Exercise 1 for 



V 



D « 30 - 4P 
S « 6P -» 2 . 
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Exercise 3. Equations (2) with a > 0, b < O^.c <*0,Vd > 0 give 
linear functions of real P. * 

^ a. How do you know that these lines meet T exactly once' 

somewhere in the plane? T 

b. How do you.know that the point of intersection 

(P*,S*) = (P*,D*) satisfies P < P* <. p j and S* > 0 \ " 

s — — d — 9 

D* > 0? (This requires an economic argument. Show that 

it is ifot true based on the mathematical facts alone.) • 



PART II: THE ANALOGOUS TWO-PRODUCT MODEL 

7. Modeling Two. Interrelated Products ' 

In a real economy, the supply and demand for a 
product depends' on its price and on the prices of other / 
related products (and on other factors). When products 
can substitute/ for each other, this is especially*clear . 
For exaade, $s large cars have become expensive to buy 
and oper^e, people have substituted smaller cars. It 
is logical to think of the supply and demand amounts for 
large cars as functions of'botk large car a*id srftall car 
prices. The demand function for cars ofyany site might 
also depend on the price of labor for having the car 
serviced- and repaired, the' price of gasoline, the price ' 
of auto parts, etc. It* does not depend on'moJt other 
prices (like that of perfume) but there are important 
interrelationships amoung products and, to make our 
mathematical model more realistic, we should Include marry 
of those relationships. , \ 



Put 



As a first step, let's study a- two-prodi/ct market. 



Dp ?^ * demand, supply, price for the first product 
(4) J* (large cars, say) 



h 



S 2 , ? 2 - demand, supply, price for the second product 
(small cars^ say). . 

' 6 
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We assume S^D^": 



S2 all *to be functions #of the two 



/ r ± A C C 

prices ? 2 * nd a11 are expressed in dollars; Again 

we assume the simplest functions [compare notation with 

(2)lt • . % 



(5) 



"d; 



a i * b n p i * b i2 p r 



D 2 = a 2 * b 2l ? l + b 22 P 2 



S x - c x ♦ d u P x - d 12 P 2 ^ 



S 2 \ c 2 * d 21 P l * d 22 P 2« 



V 



The a's, b's, c's and d f s are all known real constants 
In the context, of our laTge cars — small cars example, we 
can predict the signs of these constants. The demand for 
large cars., should be positive, should* decrease as 
P.. increases and should increase as P 7 increases (i.e., 
as small cars x become more expensive anjl hence less * 
attractive to buyers). . Thus a^^ > 0, t> n < 0, b^ 2 > 
Similarly, a 2 > m 0, b 21 > 0, b 22 < 0. The supply of 
large caTs should grow as P^ increases and also grow as 
P 2 increases (because higher priles for small cars should 
shift demand to their competitive large cars and hence 
stimulate production of large cars) . Thus < 0 (for 

tb.e_g^me threshold-of -manufacturing-costs reasops as 

befor.eJ, d^ > 0 and d 12 > 0. Similarly, c 2 <^0, d 21 > 0, 



d 22 > 0. 



^.8. The Two-Product Model in Vector and Matrix- Notation 

Of course We will set S^^ « D^^ and S^ = D 2 (supply 
* equals Remand) and try to calculate, the equilibrium price's 
P l** P 2*' ** ut *kkat will be easier, to do* after we arrange* 
(5) as| ' s . 
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(6) 







•1" 






b l 2 ' 




:p i' 










_ b 21 


^22 




.'2. 


V 




V 




; d ii 


d 12' 




T l" 


s 2 


* 


c 2 




d 21 


d 22 




• P 2 



and shift to the obvious matrix notation. Define 



•1 



•P 



(7) 



. a = 



b = 



*\l b 12 
b 21 b 22 



d ll d U 
d 21 d 22 



and 'rewrite (6) ^s 

D = a.+ bP 



(a) 



S = c *♦ dP, 

a. 




Compare (2). Notice how naturally (2) has been generalized 
through -the use of linear ^lgebra . The "supply equals 
demand" equations are now = ^ and S 2 = D 2 , i.e., 



* m S = D. $ 

The equilibrium price vector P* = * 
of P we get by 'substituting (8) into (9) : 



P ** 



is the value 



* t . , c ♦ dP* - v a ♦ bP* . 
Elementary matrix algebra leads to , 




which is a set of linear equations for pa/'We'll assume 
tha*t the 2*2 matrrx 1 d - b has' an -inverse ?nd, we'll " 
multiply through by (4-b) from the ^eft: ' ' 

(Ma) 'P* = (d-br J (7^ )t , - ' * ' 



Compare this to (3a): multiplication the'matri* 
inverse of d-b here very naturally replaces multiplication 
by the recipco'cal of scalar d-b there. 

*- ; • ^ ' • ; : 

Exercise A . Find the equilibrium prices if * 
,\ ^ « 12 - l.SPj + P 2 " 



;. Sl --6 + 1.6P 1 + 2P 2 



S 2 - -5 ^ 4P X + 5P 2 . 



\ 



by 



a- direct calculatigi from ■ D 1 and- S^— -B^ 

b^* identification of i, b, c, d and lubstitution in (11a). 



■L Equilibri um Supply and Demand in Vhe Two-Product 'Model 

Seqkin# a complete ^analogy between- (3a ,b) and t'he ' 
two-pro.duct model', jwe next substitute P* from (lltf) into V 
the equations fpr D and S to find D* » S*. We get: 



(lib) 



D* = a ♦ b(d-b) A (a-c) 
1 • 

S* « c + d(d-b)" 1 (a-c). * ~ 



Hmm , . . that doesn't look much like (3b) ... in fact) 
it's not so obvious.that D* * S* at all. Has our analogy 
died*-' tf % , 

^ , J ■ 9 

\ 
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Exercisers. Substitute jour^P* solution from Exercise 4 into the 
equations to calculate D* » S*'. v * 

Of course, 1 D* jink S* m (lLb)^r^equal ,^a* we should 
, expect from. the way werfcalculated P'V-B^and S* . A little 
matrix algebra will show this: * " 

D* ■ a + bfd-bj^fa^c) 

■ (d-bjfd-b)* 1 ^ + b(d-b)"i(a~^c) 

* * 

^because a »„ la = (d-b) (d -b) ~ 1 aj 

■ d(d-b) _1 a - b(d-b) _1 a ' 

+ b'Cd-b)' 1 ^ - b(d-b) _1 c. 

J ' . 

After the -cancellation : 

«* * 

<-H c-) D*-^7dt d -~br - <r- bf'^r — ~ " 



Exercise 6, 


, With th*s»start 












S* * c + d(d-b)~ 1 (a-c) 






- (d-bXd-t)" 1 ^ + d(d-»)" 1 (a^) t 




show that 


/ * 


♦ 


* 


S* - d(d-b)" 1 a - b(d-b)" 1 c ' 










also. 







. By writing ( t 3a) rather clumsily as I 

D* s c* = da - be _ „ da be - 

3 d - b d - b ' d - b 

= d(d-b)" 1 a - b(d-b)" 1 c, & 

10 
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we discover that the analogy between (3b) and' (lib} is 

not dea^fct all, but who would ever write (da-bc ) / (cf-b) « 

in so comifticated a way?!< Unfortunately, the liberties 

we enjoy with scalar arithmetic— v*e c.ould use any ,of 

• ' W = T# ^ W-^-^ad-bc) - (da.bO(d-b)- 1 

r 

among^bther forms — are simply not 'available when b and d 
a ^5r tri( : es and*a,c are s vector§, ^TJ*e main problem is 
that matrix multiplication is not commutative. 

* ; l 

Exercise 7 . Prove that 



. d(d-b)" 1 - (d-bl" 1 d 



J 



J 

if and only If db ■ bd.fc 
■ Exercise 8, Prove that 

b(d-b)" 1 - (d-b);^ 

if and only, if db « bd* 

2 7^ 

t 

Ordinarily we must expect that matrices b and" d will 
not commute — commutative matrices are the 'exception and 
not' the rule in mathematics. 

If b and d happen to commute, we would have' * 

^ D* = S* = d(d-b)" 1 a * b(d-b)" 1 c * 

m . = < (d-b)" 1 (da-Bc) 

as in (3b), but we would be wiser tp c6nsider the "natural" 
form of (3a) to be (from (12)) 



Only /the commutativity %f multiplication of real numbers 
allows a simpler form like (3a). . , n 



MO. Matrix Level vs. Entry Level Calculations 

We used exactly th'e same steps to calculate P* 
(see (3a) and (11a)) from the one- and two-product models. 
In the two-product case, all calculations were at matrix 
level: we thought of a, c, P,.D, S, b, d, b-rf, (b-d)" 1 
as, vector and ma&ix entities', single objects, without 
thinking about the individual numbers a-' c. b 

d ij » /etc " 9 „ that make them U P- All the calculations in 

Sections 8 and 9 afe^e were at matrix level. 

* 

To actually calculate tke components P 1 * and P 2 * 
of P* in (11a) however, we must calculate the 2x2 matrix 
inverse of d-b and multiply it by the vector a^c. Such 
calculations are at elntvy level (they use the entries, the 
numbers that form the vectors and matrices). This calcu- 
lation is^ quite, a bit more complicated than the single 
division needed to compute P* in (3a). The* great beauty 
and wonder of ^linear algebra <is the exterft to which we * 
can do useful calculations at matrix level, as if we 
had single "numbers 1 ' (the matrices and vectors themselves) 
to work with. EventuaLly, we must complete our work 
with grubby arithmetic at ^entry level, however. 

. It's to our advantage to seek (at matrix level) a 
form of our expression that is least painful' to work with - 
at entry level. For 'example, we used . 

D* = S* = d(d-b)" 1 a <• b(d-b) _1 c 

to show that Q* = S* . If we actually use this to cal- 
culate D* - S* we^will compute one matrix inverse and v 
four matrix multiplications. We don't have to work that 
hard: ^ * 

4 D* = S* = a ♦ bJd-br^aTc) . ' 

»,c ♦ d(d-b)" 1 (a^c) 

each involve one matrix inversion followed by only tigo, 
matrix multiplications. 4 / 
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PART III: GENERALIZATION TO n- PRODUCTS 

11. The Model with n-Products * 

Wh/ stop with supply and demand functions that * 
interrelate two products? Suppose an economy is made up 
of n products, commodities, services, etc., and let 

jj^j D j' S j' P j = demand » ^PP^-y* Price for the Jth product, 

for j » 1, 2, n . 

We still assume that Dj and S^ depend linearly on the 
prices but we permit any and all possible interrelation- 
ships by using all the prices in each demand or supply 
function: , 



(14) 



D l" a l +b ll P l + b 12 P 2 + --- +b ln P n 



D 2 - a 2 + b 21 P l \ b 22 P 2 + 



+ b 9 P 
2a n 



\" a n + b nl P l + b n2 P 2 + - + b A„ P n 



Sx-c 1 + d u P 1 + d 12 P 2+ ... + d ln P n 



S n e c n + d nl P l + d n2 B 2 + - + d nn P n 



Please compare this to (5) and (2), which are'simply the 
special cases n « 2*and n = 1. 1 ** 

For the reasons discu^ed in Part I, all a i >"jj and. 
all c t < 0. Most .of'the b^j and d^ will be zero; they 
will be. nonzero only when i and j are competing products. 
m Consider product 1, which might be large cars,' for 

example?* Naturally b ±1 < 0 and d n > 0: as their prices 
rise, demand fo* large cars decreases *and supply increases 

* i 
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Now suppose that products 2, 425 and 7514 (small cars, 
motorcycles and rapid transit fares, perhaps) compete . 
with product 1 . As their* prices rise, product 1 looks 
more attractive to buyers, so b r 2 , 42S arid b ][ ?514 
are alj positive while the other'b^ a're'all zerd! A 
rising price % for a competing product tends to increase 
the supply of product 1, as explained in Part II. Thus- 

d l,2' d l,425 and d l 7514 wil1 a11 be positive while the 

other d. . are zero. 
1 j 

Following the pathway from Equations (5) to (6), we! 
rewrite (14) us*ing matrix products: 



asy 



D 
« n 



" b ll b 12 
b 21 b 22 



nl n2 



' d ll d 12 
d 21 d 22 



'In 



'2n 



In 



Zn 



d r,^ d «9 d 
nl n2 nn 



Naturally we introduce these vectors and matrices: 





" D l" 




" S l" 




" p i" 




°2 




S 2 




P 2 














D = 




, s = 




, p « 






















S 




P 






* 


n 

u j J 




n_ 



. 14. 
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(16) 



' b ll b 12 
b 21 b 22 



b nl b n2 



In 



J 2n 



. b 



d ll « d l2" 
d 21 d 22 .. 



d *d , 
nl n2 



. d 



In 



'2n 



nn 



and write (15) compactly: 
(17) 



D - a ♦ bP 



S = c + dP, 



This is an exact copy of (8)! 



/ 12» Solution of the n-Product Model 

* The matrix^level calculations that led us from the 
two-product model (8) to its solutions (lla,c) f are not 
limited to 2-veeJtors and. 2x2 matrices. One of the J 

♦ great advantages of matrix level work is that it applies 
to n-vectors and n xn matrices for any n. Exactly the* ■ 
same reasoning and algebraic operations that led us from 
(8) to* (11a, c) work on (17) to give' us its equilibrium 
solution: 



P* 



(d-b^U-c) 



(18) 



D* = S* =* dfd-b)"^ -•b(d-b)" r c. 



Toireally calculated P^* , * P 2 * , \ . . , P^* and the components 
of D* and S* does deperfd on the dimension n: the entry 



level effort needed to calculate (d-b)" 1 increases 
rapidly as n increases. We would need a computer to, 
deal with the large n we would want to use in a genuine 
economic study. 



PART IV: HOW DID WE GET THIS FAR? 

15. Mak~ing % a Start 

Let's take on the role of the applied mathematician 
who first developed this model. *How do we start? What 
brainstorms along the way lead to progress and why do 
they occyr? What have we learned from earlier modeling 
work that we put to use here? 

So, we must now imagine that we <}o not know about 
this model. An economist comes to us with a question: 
"Supply, demand and price have these clear intuitive - 
relationships. Can mathematics help us understand the 
relationship more accurately? Can we predict the price 
and supply/demand at which a product will/should sell?" 
We do some preliminary reading and thinking and talk^with 
the economist until we understand the main mechanism: 
when supply/demand is in excess, -this causes, a shift in 
the price downwards/upwards towards a "fair market value 
price" where the forces of supply and dj&mand are in 
balance. In that wording, it seems that price is influ- 
enced by supply and demand: j 

* " s 
, price = f (supply , demand) . * 

We also turn around the language, however: as the price 
increases/decreases, the supply should inorease/decrease 
while the demand deqreases/ increases . This wording 
suggests that supply and demand are influenced by price: 

supply = g(price) and 4eman£ = h(p»rice). 

As experienced applied mathematicians we prefer to 
work with the latter approach:,* we have more equations 1fi 
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and can easily express supply = demand. Thus we make 
the basic decisions that lead to the. model of Part "i : 
We'll thiiik about the simplest conceivable economy (one 
product) by expressing supply and demand as functions 
of the price. We hope to write-down concrete functions 

S = g(P) and D = h*(P) 

and to solve S = D, a single equation in the one 
valuable P: 

> g(P) - h(P) = 0 
for the equilibrium price P*. # 

The details of Part I now follow when we decide to 
make g an4 h very simple (Equations (2)) as. a first 
effort. And we .are successful: we predict P*, D* S* 
In (3a, b).^ 

* 14. , Improving on Our First Effort 
« 

The answer to one question leads t'o the asking of 
many more! Here are two reasonable- ones: 

A. 4 Can we chodse functions g. and h more 

•realistically? How can we know and measure ■ 
^ that -we achieve better realism? 

B. Can we include more of the complexity of a 
real, interrelated economy in the model? 

Both questions have received lots* of attention from 
applied mathematicians. . 

Since .we can' t do many things at once and- want to 
proceed by small s'teps, we choose arbitrarily to attack 
(B): What factors of a complex economy should we include 
The emotional elements like fads look difficult to get 
a hantile on.- We decide to consider two competing 
produdts - . Copying as much of our successful model i;i 
Part I as "we can, we decide to make supply and demand 

] 
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for both products depend on the two prices and we 
specialize to the easiest concrete functions, in (S). 

Aha! A mathematical brainstorm— we can write (S) 
using matrices as in (6). Our skills with linear algebra 
take over-we introduce the vectors and matrices of (7), 
reach the "same" model in (8) that we had in (2), set 
. supply = demand and use matrix algebra to reach P*, d*, 
S* in (11a, c). Almost nothing is new here: based on 
our skills with linear algebra we have transformed the 
success of Part I into results for a more complex economy 
in Part II. 

Now the jump to n-products is easy-we follow the 
path that linear algebra points out to us, expanding 
two-vectors and 2x2 matrices to n-vectors and n x n 
matrices. It works again! ' 

15. Hindsight is Perfect • ^ 

Now that we have the model of Part III and see that 
the models of Parts I and 1 1 are just the special cases- 
n = 1 and n = 2, we know that "the ,n-product model (17) 
and its solutions (18) are what we were after when we 
began! We didn't know then" that matrix inverses would 
be involved or that we would find 200 interrelated 
products jusf as easy to handle (at matrix letel, anyway) 
as 20, or 2,000, but now that all seems clear, natural 
and inevitable! 



PART V: TW O ECONOMIC INSIGHTS FRO M THE MODEL 
; ^ 

16~ Total Demand 

In the one-product model (2) : 
' D'= a + bP S = S c + dP 
we might call a the total demand because it is the amount 
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of demand if the product were free*(P'= 6) and thus 
the largest conceivable demand. 

•Suppose the total demand shifts in oiir economy from 

a to a+Aa, i.e.,* the economy grows and is able to absorb 

*,more of our product. The shift in total demand -clauses, 

a shift in the equilibrium price' from [see (3a)'] 

• * * • 

P * = <FF ^° p * ** AP * = ^ffib ~ C - Thus the resu i tin 8 
change in equilibrium price is r 1 

ap* - (a+Aa)-c a-c m Aa ' ; 

This change is positive when Aa > 0, as we should expect:, 
a larger total demand implies larger demand at any price 
level and thus upward pressure on prices^— Our ntodel 
agrees with economic common serfse. IJut it lends quantita- 
tive detail to that common sense, too: we have predicted 
the amount of the price increase. Common sense alone 
does not do that. ' * * 



Exercise 9 . In the two-product model, let» the total demand change 
from 




■*1 


+ 




p. 




Aa 2 



rom P* to P* + AP*. Calculate 



causing an equilibrium p: 
AP*. 



Exercise 10 , Repeat Hxtrcise 9 for the n-product model. 

Exercise 11 , In the one-product model: as the total demand a 

' A 
changes to a + Aa there is a change in the equilibrium price, as 

we've analyzed above. There is also a change in the equilibrium 

supply* ■ demand- level from 9* » D* to S* + AS* - D* + AD*. -Starting 

with (3b) ^ % 



S* « D* « 



da - be 
d - b 9 



we have 
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S * + A s* = D* + AD* - d (a+Aa)-b C j 
• d-b 

calculate AS* » AD*. Explain why its sign is reasonable, based on 
economic good sense. » 

Exercise 12 . Repeat Exercise 11 for 

a. the two-product model 

b. the n-product model. 



17. Free Supply 

Again, in (2), 

r 

D = a ♦ bP, S = c ♦ dP ¥ 

\ . ' 

we ean^call c the 'free supply or supply in nature because 
it is the supply when P = _0. For most products or 
commodities, c > 0 makes no sense because no product can 
economically be given away for free. ' However, in many 
places onf the American frontier Ki the 1800's, freshwater 
was a free commodity in plentiful supply; until recently, 
road maps were given away fre'fe by gas station owners. 

Suppose a product has^ a free supply c and this 
Supply changes to c + Ac. This causes a change in the 
equilibrium price of the product from P* ■ (a-c)/(d-b) to 

P* * AP* - Sl^Sl; thus AP* - - fa. 

i ' ^ 

The sign of AP* again corresponds to economic intuition: 

as the free supply increases. (Aq > 0), the demand, the 

amount of the product people frill/buy , ^ould decrease 

(since more of the product is supplied free) .and thus' 

its 'price should decrease: AP* < 0. ^ As with total 

^demand,, we are able to predict the artount of the price 

drop. . ' * . 
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E xercise 13 . Repeat the fre? supply discussion for the two-product 
. model:- what change AP* in equi librium price occurs when the freev 
supply changes from c to c + Ac? 

Exercise 14 . Repeat Exercise 13 for the n-product model. 

E xercise 15 . As the free supply c changes to c + *Ac, the equilibrium 
price changes by AP* (above) and the equilibrium amount changes from 
S* - D* tfo S* 4>AS* « D* + AD*. Calculate AS* * AD* for 

a. the one-product model 

b. % th^ two-product' model ♦ 

c. the n-product model. ^ ' « 



* PART VI: A RE LINEAR FUNCTIONS CRUCIAL TO THE MODEL?* 

18. . A Job for Taylor's Theorem * 

Oi coursej it is unrealistic to take supply and 
demand as linear functions o ; f a product 1 s price and the 
prices of, its competitors. Yet all our use of linear 
algebra r our whole ability to' calculate equilibrium 
prices-seen^ to depend on having such linear ' functions . 
How can we resolve this dilemma? 

*irst of all, in the one-product model, how might 
/more real i-stic^ functions D(P)^ n d^(P) look? Since the' 
supply increases and demand ^decreases as prices rire, 
we take qurves ydth the -appropriate mono tonicity for 
D(P) and S(P). When we put such curves (choosing them, 
as a first example*, to be continuous and diff erentiable) 
into Figure 2,' we arrive at Figure 3. 'Both curves have 
[P s ,P d ] as domain, as in Section^. From Figure 3 it • 
is clear that tfcere^ is still a un\que equilibrium price 

^.^^^^^. ^^yi S and ^tf for all P in the full 
price domafn [P s ,P d ] t w? would be stuck with the$e *~ 
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S* = D* - 




I 

Figure 3^ Smooth noijlinear sujprty and demand function's. 



nonlinear curves D(P) and^S(P). But recall our goa*l: 
we,wapt to calculate J>*, so we only nave to think about 
values of P close .to P*7\ Probably we know (or can guess 
Qn economic grounds) V price P Q that is fairly close to 
P*. We could' replace' D(P) by the' tangent line to D(P) 

y m 



at P Q , getting 
(19) 



D(P) ^D(P-)'* D'(P Q )(P-P 0 ) 



[D(P 0 ^) , P 0 D'(P Q )r + £|(P 0 )P. 



We have written D(P) as a + *b? aboye, with constant^ 
and b that we can calculate oncewe knpw P Q and D(P)«. 
Recall that D,(P) i<r'a cjose approximation to D(P^ for P 
close to P n * 1 * 

me can. similarly -take the t-angent^ine at P Q to £{?) , 
. 09 • 



(20) 



S(PJ' - S(P Q ) I S'(P 0 )(P-P o)/ 

o-' 1 



s tS(P b ).- P 0 S'(P 0 )] ♦ g. C P 0 )P 
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as a close approximation to S(P) for P near Pq. Figure^ 
4 shows these two tangent lines. 



■r 




Figure 4. Tangqnt lines approximate the supply and demand 
curves • 



r 



Equations^ (19), (20) are a linearized version of the 
nonlinear one-product model. These equations are exactly 
(2) , with ' * > 

a = D(P Q ) - P 0 D'(P 0 )* b - D'(P Q ) 

' c = S(P*) - P 0 S'(P 0 ) d = ^'(P 0 ). 



When we solve for- the 'price equilibrium of the approximate 
linearized equations we get' 



(21) 



P, = P 



S« 0 )-D(P 0 ) 



1 " *0 S'(P 0 )-D'(P 0 ) 



This is of course the price where the tarfgent -lines cross 
in Figure 4, and P. -P* - 
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Exercise 16 . Substitute a, b, c, d above into (3a) and thus derive 
(21). Also calculate, from (3b), 

S f (P )D(P )-D'<P >S(P Q ) 
P^) S-(P 0 )^(P 0 ) ° - 

Exercise 17 . (For readers who know Newton's Method of approximately, 
solving f(x) » 0 for a root x given an initial guess Xq close to the 
root . ) 

Equation (21) clearly has a relationship to Newton's Method. 
What is that relationship? What function f is involved? 



Figure 4 suggests that ( ? 1 is a^better approximation 
of P* than our initial approximation Pq was. Theory (we 
omit' it here) proves this true if Pq is sufficiently 
close to P*. We can of course repeat the process: taking 
P 1 as our new guess, we write down equations of the 
tangent lines to D(P) and S(P) at P 2 and use them to 
calculate P 2 . After a^ few rounds of this, we will get a 
very good approximation of P*. The method does generalize 
to multi-product cases. * 

So, when D(P) and S(P) are smooth functions of the f * 
price, with more work we can still approximate P* (and 
thus. D* 55 S*). closely. . The crucial assumption about D 
and S seems now to be that they-change smoothly as' P 
changes. It is not crucial that they be linear. * 

* 

v 

19. Discontinuous Supply and Demand Curves 

And is it realistic to expect that supply and demand 
curves will be smooth? Unfortunately, no. The supply * 
curve, especially, may have jumfc) discontinuities, as 
shown in Figure 5. ^ 

t 

For there will be threshold values of P (such as^P 
tf a 
and P^ shown) where it becomes economical to open a new 

factory or put another shift on an assembly line, causing ^ 
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supply to jump dramatically. However, in this example, 
the equilibrium "we seek happens to fall in a part of the 
price domain, namely [P a ,P b ] , where both S(P) and &(P) 
are smooth; we din apply bur methods after restricting 
the price domain to [P a ,P b l. We can draw other examples, 
like Figure- 6, where the method doe^not apply. 

X 

I 

PART Vri: SOLUTIONS TO EXERCISES „ A 



1. 

2. 
3. 



P* » 4 dollars/item, S* = D* * -16 dollars. 

P* = 3.2 dollars/item, S* = D* = 17.2 dollars. 

a. In a plane, two straight lines with unequal slopes always 
have exactly one intersection. The slopes here are b< < 0 
and d > 0. 

b. Twq lines with a > 0, b < 0, c < 0, d > 0 yet S**= D* < 0 
can be easily drawn: 




On economic grounds, if there is any market for a product, 
its .demand rousfbe positive at P = P s , the minimal price. 
In that ca^e „ 



D(P ) - a + bP > 0 

o^gfc. S 



S(PJ - c + dP « 0 
s s 



■> P 



c , be 

" a ~.T > °M * ad - be > 0. 



d' 
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Since d-b > 0 we have S* - D* - a ^ c > 0 from (3b). Since D* > 0 we 

d-b ^ 

have P*^< P , and S* > 0 Implies P* > P . 

, ' ~ s ' S > 

4,5. P*-[ 2 * 5 ], •*"'■*" [j/J ■ ^ - 

6. S* * c + d(d-b)" 1 (a^c) 

- (d-b)(d-b) _1 c + d(d-b) _1 (a^) ' , 

■ d(d-b) _1 <r- b(d-b)" 1 c + dtd-b) _1 a - d(d-b) _1 c 
» 

r 

- d(d-b) _1 a - bCd-b)^ 1 ^. 



d(d-b)" 1 « (d-b)" X d 1 

(d-b)[d(d-b)"^](d-b) - (d-b)[(d-b)" 1 d](d-b) 



<s> (d-b)d - d(d-b) 



d 2 - bd » d 2 - db 



<S4> bd ■ db. 



8. Handle as in solution to 7, above. , 
9t«10. The supply equals demand equation is 



a + Aa + b(P* +.AP*) « c .+ d(P + AP*) 



* P* + AP* - (d-b)" 1 (a + Aa - c). 
Since 

P* - (d-b) _1 (a-c), _ 



AP* - (d-b^Aa. 



11. AS*; - AD* - (S* + AS*) - S* 



d(a+Aa)-bc da-bc dAa 
d-b " d-b - d-b*. 
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This has the same sign as Aa, as we should expect: when total 

J " 1 

demand goes up (Aa > 0), there is naturally an increased demand 



at all price levels, including price P*. 

1 



12. From (11c) we have 

* 1 

^ S* + AS* • (D* + AD*) 



= d(d-b) (a+Aa) - b(d-b) c 

and S* ■ D* = d(d-b)~ 1 a t ^>(d-b)~^"c. 
Subtraction gives 

AS* » AD* = d(d-b)~ 1 Aa, 



13, Equating supply and demand we get 
14. 



a + b(P* + AP*) ■ c + Ac + d(P* + AP*) 



P* ■# AP* - (d-b)" 1 (a - c - Ac) . 
Since P* » (d-b) 1 (a-c), subtraction gives 



AP* «'-' W-b)" 1 !^. 



15. From (11c), 

S* + AS* » D* + AP* 



-•dM-b)" 1 * - b(d-b)" 1 (c+Ac) 



while 



Thus 



S* « D* » ddCd-b) _1 a - b(d-b)" 1 c. 



AS* - AD* - -b^d-b)" 1 ^. 



This may be applied for 1, 2 or n. 
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17. We really want to solve S(P) * D(P), i.e., 
S(P) - D(P) - 0, 

for P. Thus € is the supply function minus the demand 
function and the usual Newton's Method formula 



* 



f(x) 



1 0 f'(x) 
is exactly (21) . " 
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STUDENT FORM 1 
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Return to: 
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Newton, MA 02160 



Studen^: If you fiave trouble with a specific part of this unit, please fill 
out this form and take it to your instructor for assistance. The information 
you give will 'help the author to revise the unit. 

Your Name 



Unit No. 



Page 



O Upper 
OMiddle 
O Lower 



OR 



. Section 



Paragraph 
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Description of Difficulty: (Please be specific) 



Model Exam 
Problem No. 



Text 
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Instructor : -Please indicate your resolution of thfe difficulty in this box. 
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Corrected errors in materials.. List corrections here: 
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skills (not using examples from this unit*) 
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55 Chapel St. 
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1. How useful was the amount of detail in the unit ? 
,Not enough detail to understand the unit 



_Unit would have been clearer with more^detail 
^Appropriate amount of detail 

JJnit was occasionally too detailed, but this was not distracting 
Too much detail; I was often distracted 



.2. How helpf ulVere the problem answers? 
^Sample solutions were too brief; 

[Sufficient information was given to solve the problems 



Sample solutions were too brief; I could not do the intermediate steps 



aunicient information was given to solve tne ptuuxewo t 
Sample solutions were too detailed; I didn f t need them j 



3. Except for fulfilling the prerequisites, how much did you use other sources (for 
example, instructor friends,, or other books) in order to understand the unit? 

A Lot Somewhat A Little Not at all 1 - 



How long was this uriit in comparison to the amount of time you generally spend on 
a lesson (lecture anS homework assignment) in a typical math or science course? 

Much Somewhat - About Somewhat Much 
Longer Longer * the Same Shorter " Shorter 



5. Were any of the following parts of the unit confusing'or distractitig? (Check 
as many as apply.) 

-Prerequisites 

Statement of skills and concepts (objectives) 



^Paragraph headings 
^Examples f 
"Special Assistance Supplement (if present) 
Other, please explain 



Were any of «the following parts* of the unit particularly helpful? (Check as many 
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Prerequisites 

^Statement of skills and concepts* (objectives) 

Examples „ ' * 



Problems 



_Parag£aph headings 



V ^ T able* of Contents 

Special' Assistance Supplement (if present) 
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Other, please explain_ 



Please describe anything in the unit that you did not particularly like. 
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*p this sheet if you need more space.) . " • 

EMC 234 • . • 



iimap. 



J , UNIT 209 

MODULES AND MONOGRAPHS IN IJNDfeRQ RADUATE* 
MATHEMATICS AND^TS APPLICATIONS PHOjfcCT 



' GENERAL EQUILIBRIUM: 
A LEONTIEF ECONOMIC MODEL 

yfy Philip M. Tuchlrwky ^ 



'like Adam Smith and The Wealth of Nations, 
Marshall and Principles of Economics, and 
Keynes and The General Theory. Leon tie f and 
'Input-Output* are becoming .permanent words 
in the economics vocabulary.* 

— Walter Isard and PhyEb Kaniss iir 
\ Science . Vol. 182, Nov. 9. 1073. 

. p. 571.. , / 



APPLICATIONS OF LINEAR ALGEBRA TO ECONOMICS 

edc/ umap /55chapel st/newton, mass. 02160 
■ — * : 

23o * " 



GENERAL EQUILIBRIUM* A LEONTIEF ECONOMIC MODEL 

by 

Philip* M. Tuchinsky 
Department of Mathematical Sciences 
Ohio Wesleyan University 
Delaware, Ohio 43015 



TABLE OF CONTENTS 



1. INTRODUCTION . . , ' r . . , . . 1 

t 1.1 One-Product Companies as Input-Output Machines . \ . 1 

1:2 Consumers and Companies Form a Complex Economy ... 1 

K 3 The Problem: To Balance Supply and Demand 2 

2. LEONTIEF'S MODEL . .* , ? . . 2 

2.1 Notation for Production and Final Demand Levels ... 2 

2.2 Leontlef's Input-Output Coefficients ........ 3 * 

2.3 Concise Summary of the Notation 3 

2.1* Equating Supply and Demand * . k 

2.5 The Model in Matrix Notation 1* 

2.6 Solving for the Production Levels k * 

2.7 Exercises ...*..// 5 

3. HOW TO -CALCULATE (I-A) H EASILY 7 

3.1 An Old Acquaintance Returns 7 

3.2 How the Series Aids Calculation of (I-Ar 1 7 

3.3 An Example 8 

3.4 Why Geometric Series Extends to Matrix Cases .... 9 

3.5 (l-A)" 1 Will Have Nonnegative Entries £ 

^ 3.6 Exercises „ \q 

k. A MODELING LABOR IN LEONTIEF'S ECONOMY * . .'. . 10 % 

4.1 The Value of Labor ; 10 

4.2 Labor's ^Earnings and Consumption are Equal 11 

5. ABOUT THE MODEL AND ITS USES : ] 12 

5.1 Open and Closed Leontief Economies . „ 12 

5.2 Profit and Savings Have Beer) Included . 13 

5.3 Using Linear Algebra in Economics — Benefits 

and Difficulties 13 

S.k The Model Is Widely Used as a Planning Aid 15 

5.5 The Model's Great Impact on Economics \ . 15 

6. REFERENCES , 17 

7. EXERCISES: THE YUGOSLAVIAN ECONOMY ItJ 1962 AND 1958 . . . 18 

8. ANSWERS TO'SOME EXERCISES ................. 22 



236 




Intermodular Description* Sheet : UMAP Unit 209 
Title ; GENERAL EQUILIBRIUM: A LEONTIEF ECONOMIC MODEL 
Author ; Phi Hp M.'Tuchinsky . 9 . 
¥ * Department of Mathematical Sciences 

Ohio Wesleyan University 

Delaware,' Ohio ^3015 

r Review Stage/Date : III (pe'er reviewed & revised) 12/28/77 

Classification : . EC0N0MICS/ELEM LIN ALG ( ' J 

Computer Projects are natural to this application but not essential. 
Realistic data for Yugoslavian economy is included. 

. Estimated Teaching Time : A total *of 1 hour including discussion of 
computer project output. 

Prerequisi tes : Solution of a nonsitigular system of linear equations; 
matrix multiplication; matrix inverse. No economic preparation 
is assumed. 

Output Skills: 

1. Define/explain the one-product company as an -input-output 
process unit. 

2. Define meaning of entry aj. of Leont ief matrix. 

3. Discuss an application leading to large sets of linear 
simultaneous equations. V 

k. Calculate,equi Librium product ion* levels for a multi-sector 
Leont tef economy. J 
-5. Calculate (I-A)' 1 approximately using geometri d series for 
matrices. . » I 

6. Explarn why (I-A)~ . wfll have entries > 0 rf matrix A has 
„ * entries > 0. 

7. Di&uss money as simply one more product in an economy. 

B 8/ Discuss "economics of scale 1 ' vs. "constant returns to scale" and 
inevitability of latter in a linear model. 
^9. Convert real economic data (input-output flow by sectors) into 
Leont ief matrix entries. * 0 

* Structure of ^the Module :* Sections, 1 ;2 and 5 form a satisfactory 
* 'applied unit about the basic Leont ief often model. Section 3 
is optional; it discusses use of gedmetric seVies to approximate 
(I-A)~1, which arose jn 'Section 2. Section k can follow Section 
2 or 3 and extends the* model so thSt labor costs are included; 
it can be omitted also. 

UMAP'edltor for this module :* Solomon Gar%inice1 f * 
..Other Related Units: , > 



*1 



* ■> 

Q © 1978 EDCXProjecj UMAP. 

m All Rights* Reserved. 



MODULES AND MONOGRAPHS IN UNDERGRADUATE 
MATHEMATICS AND ITS APPLICATIONS PROJECT (UMAP) 

The goal of UMAP Is to develop, through a community of users 
and developers, a system of instructional modules in undergraduate 
mathematics and its applications which may be used to supplement 
existing courses and from which complete courses may eventually 
be built. * 

The Project is guided by a National Steering Committee of 
mathematicians, scientists and educators. UMAP is funded by a 
grant from the National Science Foundation to Education 
Development Center, Inc., a publicly supported, nonprofit 
corporation engaged in educational research in the U.S. and abroad. 



PROJECT STAFF 

Ross L. Finney 
Solomon Garfunkel 

Felicia Weitzel 
Barbara Kelczewski 
Dianne Lai ly 
Paula M. Santilfo 
Jack Alexander 
Edwina Michener • 

NATIONAL STEERING COMMITTEE 

W.T. Martin 
Steven J. Brams 
Llayron Clarkson 
»- James D. Forman 
Ernest J. Henley 
* Donald A. Larson 
Wi 1 1 iam F. Lucas. 
Frederick Mosteller 
Walter E? Sears 
George Springer 
Arnold A. Strassenburg 
Alfred B. Willcox 



Di rector 

Associate Director/Consortium. 

Coordinator * * V • 

Associate Director for Administration 
Coordinator for Materials Production 
Project Secretary 
Financial Assistant/Secretary 
Editorial Consultant 
Editorial Consultant 



MIT (Chairman) 

New York University 

Texas Southern University 

Rochester Institute of Technology 

University of Houston 

SUNY at Buffalo . 

Cornell University . 

Harvard University * 

University of Michigan Press ^ 

Indiana University 

SUNY at Stony Brook- 

Mathematical Association of America 



The Project would like to thank Kenneth R. 'Rebman for his 
review and all others who assisted in the production of thjs unit. 

This material was prepared with, the suptfort of National 
Science Foundation Grant No. SED76-19615. .fVectranendations 
expressed are those of the author and_do not necessarily reflect 
the views of the NSF nor of the NaHonTrSteer ing Committee. 



238 



% 

\ 



1. INTRODUCTION T 



With his famous 194.1 book [3} f Professor Wassily 
Leonfcief began the study of the economy as f an input-output 
system. For this work, he received the Nobel Prize in 
Economics in 1973. & 

His method has been applied in more than fifty 
nations and international agencies as a predictive tool r 
for economic planning. In Section 5 we will discuss the 
uses and shortcomings 9f the method; first, let's examine - 
it in some detail. » v 

1.1 One-Product Companies as Input-Output Machines 

Imagine an economy made up bf companies that each „ 
make one product. (We can, at least in, theory, mentally r 
split up a multi -product company tb satisfy this.) The 
manufacture of one, unit of the product requires ac known 
1 recipe of input products, commodities and services. For 
example, the manufacture of a ton of writing paper re- 
quires specific amounts of wood fiber, recyclable paper,- " , 
water, capital investment in the form of machinery, labor, 
electricity, etc. A* paper-making company can^be thought 
of as, an "input-output machine" that converts a, recipe 
.of inputs into a iyut of output many times a day. 1 We ^ 
will think of all the companies in this way, each with 
.its own recipe for making i>ts one product. ' / U 

1.2 Consumers 'and Companies Eornw Compl ex .Economy t * 
1 * — — * — , 1 (' — T^ 5 

The companies" are elaborately int$tr^late,d./|^The * 

output of a steel company* is an input to a ,vast/%if|b^ -V 
s of other companies which make autos, app^iance£ , .steel -** 6 

nuts -and bolts, steel alloys, and the thousands of *o then 
steel-using products. The output of a textile matnufac^ ^ 
turer is an input to the manufacture of closing ,' uphold 
stered funiiture^ <?&*pet, etc., and cloth is also sold 
"^directly to the public. Jte draw a distinction between 
Q companies Cwhich convert a product into other products 
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so that the input products are not really consumed but 
are "replaced" on the market by the output products) • 
and the public, considered as the "final consumers" of 
finished goods. The amount of a. product demanded by the ^ 
public is the "final demand" for that product; suppliers 
(companies) must satisfy, that, final demand in addition 
to providing input materials to other companies. v For 
some products (like steel), £inar demand is almost zero, 
while for others (*like blenders), final demand is a very 
large fraction of the tot^^emand. f 
1.3 The Problem: To Balam^yupply and Demand 

A sensible economic questipn: how much oF each pro- 
duct should be produced to closely satisfy the total demand 
for the product by all users? That is, how can we match 
outputs to inputs throughout an e laboratel£_ijiterconnected 
economy?* To answer 'this auestion^ is- 'to find a "general 
equilibrium" (as economising ay) ; that is, we seek the 
production amount for eacjl^ood that will simultaneously 
make supply equal demand for them all. % 

Leontief applied linear algebra to this problem. 
We'll look at his simplest model in this paper. From a 
knowledge of the final demand fW each product (that is, 
the market basket of all goods th\t the public is to buy), 
we can calculate the production amounts that wil^ supply 
that final demand. Some restrictive economic assumptions 
are involved. 

v • / 

* / 
it 1- 2. LEONTIEF ! S MODEL v 



2$t Notation for Production and -Final Demajqd Levels 

*x'' We, will look &t an economy made up Qf n companies, 
ea'cfi creating one product, commodity or service from a 
fixed recipe of input "ingredients.." We assume that 

^fices^arQ constant and known for each product; we will 

* 2> th > 

^ay^that ,the i company makes x i dollars worth of 

its product. Let d- dollars of this be the "final demand" 
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(sales to households) of pr&ducj: i while the rest of x. 
is used as inputs by other companies. We take the d. * 
as known (thus assuming W there is some known mix'of 
products that the public is* ready to buy) and hope to 
calculate the x. values needed to produce a "final 'demand 

vector" (dj, d 2 ,d n ) containing the desired final 

amounts of all the products. ,Jhis vector is really just 
the total public "market basket" of all products con- 
sumed, in dollar amounts. 

hi — leontief's Input-Output Coefficients 

Next, we need to express the recipe that4he i th 
company converts into one dollar's worth of its output. 
'(That recipe, multiplied through by x^ will yield x. 
dollars of output for the i th company . This is an 1 
assumption called "constant returns to scale;" more about 
it later.) Let a... be the dollar amount of 'product i 
that- is used to make one dollar's worth of product j. 
Thus a 4? = .23 would mean that, to make a dollar's worth 
of product 7, we use 23* worth of product 4. The full 
mix of products \ x 2, 3, ...,n use* to make one dollar's* 
worth of product j is a^ dollars of product 1, a . of - 
product 2, »sj......«' 1|J . These numbers form the 3 

j column of the matrix A = <a..). Since less than a * 
dollar's worth of inputs are used in making a dollar's ' 
worth., of the output (or company j would be out of busi- ' 
ness) , we know that 

I a. i < 1 and of course a,, > 0. 
• l-l iJ . U " 

Thus. the columns of A have sums of le*s than one. (The 
rows of A have no comparable economic interpretation.) 

2.3 Concise Summary of the Notatio n 

/ 1 

' j For i and j, each running l,2,3,...,n. 

j I *| - total dollars produced of product t, 

/ M ' by households » "final demand 11 

dollar's worth of product j, 

/ 0 " \'3 
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dj - total' dollars worth of product I that is consumed 
by households « M f inal demand", \ 

a^ « amount in dollars of product I used in makinb one 



2.4 Equat ing Supply and Demand , 

The^supply of-product i will be x. dollars. The — 
demand for product i witl be d. dollar's of final demand 
plus a ilXl dollars (of product i) used in making the 
Xj dollars of product 1,-fflus a i2 x 2 doliars (of product i) 
used in making x 2 dollars of product 2,- and so on. The 
"supply equals demand" equation for product i is • 
(2) 



x . 
1 



3 i1 X 1 + a l2*2 + 



+ a ln x n + d l ' 



We have such an equation for each i 1,2 n, thus 

n equations in all. Our goal, once again, is'to calculate 
all the x A from given d. and known technological constants 
a^. The modeL provides for the use of each product as 
an input to every other product including^tself ; oV 
course, many of the a.^ will be zero. 

2.5 The Model (n Matrix Notation 

We are ready to switch to matrix potation: put 







r *l 












"2 


, d v 


d 2 




(3) 














X 












n i 







'II 

'2 1 



'nl 



7 ' 

22 * 



*n2 




2n 



Ax + d 



Then the n equations of (2) may be compactly written 
M x - 

or 

(5) (! n A)x - d . 

The problem is now almost solved. In (5), we know the 
nxn matrix I - A and the n-vector cf/ Then (5) as simply 
a set of n non- homogenous linear, equations with the 
wanted x i as the unknowns. 



/ 



2.6 Solving for the Production Levels 

You recall that a set of equations like (5) may 
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have no solution, exactly one solution, -or infinitely 
many solutions. In our case*, although we will not prove 



-1 



it, there must be exactly one solution. In fact (I • A) 
must exist for our given matrix A. (This is true foT any 
matrix where £ 0 and the column sums satisfy* 
2 i a ii < We may use the inverse ,to solve for x in (5): 



(6)' x-(I-A)" 1 ^ 



We have achieved our goal': to produce a market basket if 
of final consumer goods, we should produce the amoSnts 
x giveji in (6) . - * ■ « 



Two questions arise at once. One' is economic: can 
the consume^ afford to pay for the market basket d? Con 1 - 
sumers usually pay for goods and services" by .exchanging 
their labor. Can we fit l;he cost of labor /into the model, 
whereALt has not been mentioned so far? -We'H discuss 
this^n Section 4*. t 



The other question's mathematical: in (6) v?e are 
asked to calculate (I - A)" 1 for a matrix that may well 
be 500 x 500 or even 10,000 x IQ.,000: we must^nclude 
many Companies to treat the economy wit£ any realism, 
there some way to calculate (I 
Section 3. 

2.7 Exercises " ^ 



Is 



A)\ easily? See 



1. Although we have considered individual compan ies^laking specific 
products like stoves', the 'model can 'be applied to broadiy-drawn 
sectors o/ an economy. Thh "two-company" fictional example. is 
taken from [8], page 61; In hupdreds of Si 1 1 ions of dollars-, 
* let" the flow be: 

% CONSUMPTION • 



3 
Q 
O 

V 



er|c 



4FR0M/T0 ^ 


AGRICULT. 


MFG. ' 


HO. 


TOTAL 


Agriculture 


4 * 




10 


-20 


Manufacturing 


• ,8 


18 


k 


30 


Households 


8 - 


• 6 


6 


20 t 


Total 


20 


30 . 


20 


-70 « - 
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This arpay should be read as follows: there is a total flow 
of 70 (hundred-billion dollars) among two "companies," agri- 
culture and manufacturing, and or\e "open sector," households. 
Agriculture uses k units of its*own production, 8 units of 
manufacturing production (fertilizer, machines, etc.) and 8 
units of household production (labor), 20 units in all, to 
produce 20 units which ^are distributed as follows: k to agri- 
culture, 6rtojnajiufacturing, 10 to households. The input of » 
6 units of* household production (labor) to household consumption 
is domestic labor — the iabor of housewives, for example. 

The data above Is not' the teontief input'output array we have 
studied, butjfce can calculate the Leontief matrix from it 
easily.- The recipe of inputs to agriculture is 4/20 from 
agriculture and 8/20 from manufacturing. The recipe of inputs, 
to the manufacturing sector is 6/30 f romjagr iculture and 18/30 
from manufacturing. Thus the technical matrix and final 
demand vector are «■ 

a „ ft/20 6/30] . f.2 *.2] . - fiol 
A [8/20 .I8/30J ■ [.k .6J and d " [ k\ • 

a. /-Using the A and d just above, hand-calculate the solution 

x of the set of linear equations * » 

1 (I - A)?v ? . - 

b. Calculate (I - A)" 1 and then find x again from t = (I - A)" 1 ? 

c. \How could you have predicted your answer to a. a/d b. 

from the table in the exercise? 
^ (Continued In Exercise 5.) 

In this exercise, ,we alter Exercise I so that agriculture, 
.manufacturing and households are the three sectors or "companies" 
involved, while savings is the open sector. Each "company" 
produces its product (which is still labor in the case of the 
households) so as to supply the other two companies and create 
a' final .product called investment, while invested funds, callecT 
savings, are in^fced only to the household sector (say, U> 
build houses. This example, again in hundreds of billions of " 
dollars, js from i&] , page 182; 
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CONSUMPTION 



♦ FROM / TO 


AGRICULT. 


MFG. 


HO. 


INVESTMENT 


TpTAL 


Agriculture 

Manufacturing 

Households 


4 
8 

8 v 


6 
18 
6 


3 
I 
4 


* 7 

3 " 
2 


20 
30 
20 


Savings ° 


0 


0 


12 


o a 


12 


Total 


20 


30 


.20 


' 12 


82 



a. ^ Convert this data into a 3-company Leontief model by finding' 

A and d by the method Explained in Exercise I. 

b. Predict * from the^ table above without any use of the 
Leontief model . e * . 



c. Solve (I - A)x » d for .x: Show your calculations * f n Retail . 



-A) 1 and "then get x fromnc ^f-~A)""^dr 



Show your^calculat Ions. * 
Answers to b, c, d should alT be the same. This* exercise* is 
continued in Exercise .6. 



3. HOW TO CALCULATE (I* 



A)' 1 EASILY 



X ' 



jS.I An Old Acquaintance Returns , * 

There is an elegant way to calculate (I-A)" 1 . > " * 
In the back of your mind, you should think of the matrix 
A as though it were a single number (say a) and of I 
as though it'were 1. 'Then (I -A) ~* becomes analogous to 



* 1 i . . - 

should make you think of -- geometric series ly You recall 
the. geometric series formula ' * . , 

-l^rj (If Ja| < 1).' 



(7) 



2 3 
1 + a + a + a^ + 



For bur matrix J\, ►thte .condit ions 4 a . . > 0 and "column sums 
I. a.. < 1" take the place of | a! < 1 and it as true that 

(8) m A + A^ + A 3 + ... « f I - A)" 1 , 

a complete artalogy to (7) 

3,2 How ^he Series* Aids Calculation of (I'AJ" 1 r , 

We'll consider a plausibility argument for (8) 
^ shortly (an ironclad proof * is^ just a Httle tfeyonc^ the 

eric ■ - 2 . ... . • 1 v , 



intended level of this paper because it requires "matrix 

norms"), but first let's see the usefulness of (8). If 
4 5 6 

A , A , A and ajl x the higher power terms are "negligibly 
small/ 1 then the 4-term partial* sum I + a" + A 2 + A 3 is a 
good approximation of the hard-to-corapute matrix inverse 
(IVA) needed for (6)'; (The inverse is nasty to compute: 
think of the methods of matrix- inversion you know and 
consider applying them to a 30 x 30 or 200Q*,x 2000 , matrix 
I-A.) In fact, a partial sum of quite a few terms 
from (8) is cheap and convenient to compute by comparison 

to direct computation of (I-A)" 1 . 

* < * 

5.3\ An Example v 

^ s t 

Just to see how the calculation goes,* put 



.2 
.2 
0 



A 
0 

'.l 



so that I -A * 
and, to four decimal places, 



.9 
» 0 
-.2 



-.2 
.8 
0 



-:i 

0 
.9 



(I-A)' 



K1392 
0 

.2532 



.2848 
1.25 
.0633 



.1266 
0 ' 
1.1392 



You should check all the calculations here. Use an 
electronic calculator. Let's look at some, partial sums 
o£ the geometric series: * 



I + A 





1.1 


.2 


.1 






0 


1.2 


0 






.2 ' 


0 


1.1 
















..03 


.06 • 


.0* 




0 


.Ok 


0 




..04 


.04 


.03 , 




.007 


.018' 


■ 

*005 


aa 


0 


.008 




0 




.010 


.016 


.007 




.0017 


.005 


.0012 


m 


o 4 


.0016 




0 




.0024 


.0052 


.0017 



, thu,s I+A+A - 



1.13 
0 
.24 



-.26* .1? 
1.24 ' 0 
.04 it 1 3 



, thus I+A+A +A« 



1.137 .278 .125 

0' 1.248 0 

.25 -0'56 1.137 

> 1 



I +A+A 2 +A 3 +A i| «• 



1.1387 
0 

.2524 . 
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, thus 



.283 
. I ..2496 
.0612 



.1262 
0 

1.1387 



. * This five-term partial sum" is convincingly close to 

(I-A) . Th>is example was fabricated so that the infinite 
./ series would converge within a few terms ; 'entries likK^* 
• .1 and ^Utsam*. rapidly smaller when multiplied by one ' 
anothe^in matrix products. However, in' a large matrix A 
the entries would mostly be small and many would be zero. 
_ Remember, all are > 0 and the column sums are less 

than one. The geometric series is a practical way to 
approximate. (I-A)' 1 . 

3. 4* Why Geometric Se ries Extends to Matrix Cases ' ' 

A plausibility argument for the truth of (8) was ' • 
promised. This matrix calculation closely mimics the 
visual proof of the scalar case (7-): notice that, for ■ 
„ any finite partial sum, * 

(-9) (I + A + A 2 + ... +A k -') (I - A) =I-A k . 

.-All other^terms cancel out. for matrices like' our A 
with small" positive entries, the powers A k approach'the 
zero n x n matrix 0 as. k increases, because products ' 
of small^ positive numbers get smaller. To say 



1 im A k - 0 



2 



•means that all n of the matrix entries approach: zero" 
as k increases, and this is true 'for the matrices we 
are studying. Now let k-*» in (9) : 

(I + A + A 2 + A 3 + ...)(I- A) -I- 0 '= I 
But this exactly says that -(I-A)" 1 = I + A + A 2 + A 3 + .. 
— q-Ar^Will Have Nonnegative Entries 

From (8) we can conclude that all the entries of 
(I-A)" will be > 0. (This means that "negative 'production 
levels Xf .cannot arise in (6), which i* comforting: we 
would throw away a model that* failed to yie'ld*all the 
xj > 0.) To see that (I-A)" 1 cannot have negative entries, 
simply recall that a.. > 0 for all i,j. Thus I, A, A 2 , 

• all contain entries that are > 0' (think about * 



A 3 . A 4 



ERIC 



2<t7 



the multiplication A*-A = A 2 ,. and so on.) Then their sum 
I ♦ A + A + ... = (I-A) als-o has non-negative entries. 
3.6 Exercises 1 . 



3- Using A = 



.6 

• 3 



b. Write and run a'short computer program that calculates and 
printsI+A, I+A+A 2 , 1 + A + A 2 + A 3 , I yK + A 2 ,+ A 3 + A* 1 
etc. Print partial sums until you have A)" 1 well 

approximated. This will take qufte a, few terms 

7 

c. How many terms must you include in the partial sum in b. 
* before you hYvT approximated (I - Ap'within .5 in each 

• ^ e,ntry? -Within .05? Within .005? X ^ 

Verify the matrix calculation^, (3). * State each law of matrix 
(ajgebra you use (e.g., the "left di'str ibut ive* law 1 ') . 
» 5. (Exercise I, continued) For* the matrix 'A and demand vector d 
of Exercise 1, calculate computer successive approximate 
solutions " w 



(I + A) d 

(I+A+A 2 ) d 

(I + A + A 2 + A 3 ) d ,* » 

. ' . etc - ' • / 

^ ThesyjMl converge slowly to your solution x in Exercise 1. 
6-. Exercise 2, continued) For the matrix A and 'demand vector 
1 d of Exercise 2, calculate successive approximations of x by 
using partial sums of the series for (I - A)"'. 



4. MODELING LABOR IN LEONTIEF'S ECONOMY 
. 1 The Value of~Labor 



Now let's turn to the economic question we raised in 
Section .2.6: can the public contribute enough labor to 
the economy to pay for the ■ final -demand Market basket d 
it has ordered? If is easy to calculate the value of 
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10 



labor m v our economic model. To make one dollar* s v^orth 

of the j product, we recall^ involves a,, dollars of 

li 

product 1, a 2 - dollars of product 2, ...,.and a . dollars 
of product; n; in all the ^dollalr's worth of product j 
contains 



'J 2j nj 



dollars worth of input materials made by the n companies. 

The maximum amowit that can be paid for labor is 

n 



I ■ 

i-1 , 



dollars per dollar's worth of product j that is manufactured. 
/ The new constant a fl j (for j 1, 2, 3,' . . . , n) are labor's 



maximal slice of the /pie 
are made* labor receives 

total economy-wide earnings of labor are at most 



When x- dollars of product j 
are made* labor receives a Q j x j dollars in pay. Thus the 



n 



Oj x j 



(a 



01 



a 02' a 03" 



' ■ a 0 " *. 

Here a^ denotes the row- vector (a Q11 



a 02' 



a 0n> 



a 0n ) 



4.2 Labor's Earnings and Consumption are Equal 

The total worth of the^final deman4>vector v d is 
d l + d 2 + + d n dollars - Thus the final demand vector 
ct is feasible^, (can be paid for by >the public) if . 



(12) 



x > + d 2 + 



+ d 



We will now prove that equality must hold in (12), 
3 q * x s d^ + d^ + . . . * d^ t if we use production levels 

. x calculated from the Leontief model , from (6), and pay 
labor its. maximal earnings, the a Q ^ from (10). We will 
be proving that labor's earnings exactly pay for the 
"market basket" that households consume. This turns 
out to be true because we have build "conservation of 
value' 1 into the mo4el: the value ^of output is equal* to 

O l ? value of input products and labor if we use (10). * 



li 



The J>roof involves more matrix algebra. First no-< 
tice t,}iat,~by introducing an n-vector containing "all vones , 

' u - (1.1.1,. ...1) * * 



we can write the right side as a matrix prodt^qt: 
d 1 + d 2 + ... d n -.(1,1,...,!) 



u i d. k 



>Now we can write the n equations of (10) compaptly sfs 

(,3) (a 0r a 02'---' a 0n ) " n.l...,!) - (1.1.1 1} A « u « (I-A)5 

The (l.J.,...,!) A term here gives the Column Sums £hat , 
^appear in (10) . Now. 

a Q • x = (a al .....a Qn ) . x-" ftV > 

« (I- A) • J * \. fj^i (13) 

- ti .(I-AHI-A) "' 1 d ' ^ ! fc(£) 
cancels . ' 

s ; • . 

'« 5. ABOUT THE MODEL .AND ITS tjgES 

5.1 Open rfnd. Closed Leontief ^Economies 

. The. model we haye. looked at is known as Leontief's 
onpen model becajuse of the -separate- treatment of eumpaniej 
and public. In a closed' model , '.the public (or/labor 
force or households) is treated as one more Company to 
which the ij}t>ut recipe is the market- basket *di while ^he • "* 
output is the Ijab'or ingredient in the input recipe of moje 
traditional companies. As we have just seeji, *Jre d#dlar- 
worth of inputs to the household sector tfill ecyaal the 
dollar-worth of its output (labor) in the same way that 
the inputs of goods and l^or/tfo a mahufacturer equal - 
the value of its output. The open and Closed models are 
equivalent. The distinction between "final consumption 
goods" in our open mo^l and inputs that the household 
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sector "processes" into an output product called labor * 
in a closed model* is of economic . interest , but makes no 
mathematical differenced 

* 4 

5.2 Profit and Savings Have Bden Included 

We have emphasized so strongly the equal value of 
the inputs and outputs of each company that you may 4 
wonder how a company c&n make any profit. In fact, 
profit is one of the input ingredients to each company. 
One of the products or commodities that flows through 
the economy we have modeled is money: The paper manu- 
facturer mentioned a t the beginning, of this paper 
really receives a few pennies of money along with the 
physicaf inputs (like wood .fiber) and labor-time in 
exchange for the dollar's 4>rth of output (paper) made * 
froni th?se inputs. The public receives? some money as 
■part of its market' basket -- this is^Vavings. Money 
is simply one of the n "products "manufactured" by n com- 
panies: one company in this economy is a, cojnmerc ial bank. 
Certainly the role played by money is unrealistically 
simplified.-- we have not built an investment or credit 
^structure into -the model. • That can be done, however. 

/ This model is only concerned with tne Complex 
-£16W of goods among the companies and consumer/labor sec- 
tot of the economy. No risk is modeled'-- each company 
knows how much of its product it .can' sell to the public; 
prices do not changfe. We are modeling the distribution 
process of the economy,, ng*"lts other aspects. v 

.LJ Using Lin ear .Algebra in Economics — Benefits 

and Difficul ties 

Leontie'f has .chosen linear algebra as his' mathemati - 
cal^tool. He benefits from that -- to find x in terms 
of- d we simply solve a -(larger se t of linear equations , 
which we know how to do. The great contribution' of 
Leontief's models is that they permit actual calculation 
of 'general equilibria in terms of input data (the tech- 
nological constant's a/^ and final demands d.) which we 



can hope to actually know. -Other models that attempt 
to equate supply and demand (i.e., to study general equi- 
librium) tend to be so theoretical that no useful numbers 
..can be calculate from them; one can instead use thenrto 
prove that one or more general equilibria must exist! 
In fact, several Leontief models have been fully researched 
and are in use as planning deyices. . 

But there is a price paid for the use of linear al.- ^ 
gebra; the models are subject to a key criticism. We 
have assumed "constant returns to scale/' as economists 
say. This means that, if a specific recipe of inputs * 
makes one dollar's worth of output for a. giv en company/ ^ 
then N copies of that recipe will make exact ly"N dollar's 
worth of output. In reali'ty, companies can reduce the 
cost-per-unit-produced by enlarging their production. ' 
For example, once an assembly line has been purchased and 
installed, it can be used for one, two or three eight-hour 
shifts dail^. When used for three" shifts, the capital 
investment in the machinery is spread over three times 
more output th'an is the case If one'shift is used. The 
input of capital to y any one unit of production is much 
less when the machines are used to capacity. (There are ' 
exirra expenses involved in running machinery aToupd the 
clock -- repair aid maintenance expenses, extra pay for 
work done on'night -shift, etc. -C- but these expenses are 
easily overcome by the three- to-Le* savings J It is 
generally less costly (per uniV of. production) ,to ma'ss- * ^ 
produce more'* of any product than less; that is, there- are 
"economies of scale." This ' phenomenon is an important 
.reason for the clear tendency toward large corporations in 
our economy. 

. Linear equations like (5) cannot deal with economies 
of scale. Ind^ed.^doubling d in (5) leads to a new 'solu- 
tion x that is double the old x.* "Constant returns to* 
scale" is. an inevitable assumption if linear algebra's 
calculation advantages are to be exploited, 
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The use of constant technological data, the a,., has 
also been widely criticized. The input-output process in 
each company is excessively rigid in the model. In reality, 
a furniture manufacturer might very casually switch from 
one upholstery cloth to another. However, that amounts 
to creating a whole new economy in our model! The recipe 
for the furnitur£ maker must be altered\(changing a column 
of A) and new production levels must be calculated for all 
companies. This is another price for the use of linear • 
algebra all the companies are rigidly interconnected. 

5.4 The Model is Widely Used as a Planning Aid - * 

When a nationy^a region or a city needs to know 
the*impact that alternative development projects --a 
steel -mill, a cultural center, an auto assembly line, a food 
processing plant : - will have if built, input-output 
analysis is of great help. The model can predict the flow 
of -goods and services, including transportation needs, 
new employment and pollution problems (such factors may be B 
added to the model we have discussed) and point to serious 
fcjwrtfalls or oversupplies in ttfe current economy. Its 
answers are only approximate, of course, but th^y-'give 
crucial insight into a very complex problem. - < 

The United Nations and ^he World Bank use Leontief 
models. The Bureau of Labor Statistics of the U.S.. fed- 
eral government h^s been a majw&r sponsor of Leontief s re- 
search and employs a massivc^nodel of the U.S. economy. 
Government agencies of mo^r than fifty other countries, 
including the Scandinavian nations, Western Europe, East- 
ern Europe, the USSR and many developing nations use such 
models. „ 

5.5 The -Model's Great Impact on Economics 

In Sdienoe magazine, Walter Isarckand Phyllis 
Kaniss (10) reviewed Leontief s contributions at the time 
of his winning the Ncfbel Prize.* They highlight the power 
of input ^output analysis for planning, but concede (hat 
the model's predictions have contained large errors 'when 
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WASSILY W. LEONTPEF was born in Leningrad in 1906. 
He ^fled Communist rule yi Russia in the early 1920s 
with his family. At the age Qf 22,' he completed a 
doctorate at the University of Berlin. Frori 1929 
to 1931 he was economic advisor to the Chinese 
government; in 1931 he*joined the National Bureau 
of Economic Research in New York. His jnain input- 
output methodology matured during the '30s. He was 
chief of the Russian Economic Subdivision of the 
Offlice of Strategic Services dtlring World War II. 
Leontief has been a professor at Harvard since 
1946. Sources (9) and (10). 



the method has been used by inexperienced planners. Such 

errors ca'n arise, they .point out, in these key ways: 

r % 

-- constant coefficients in the matrix A make the "recipes" 
of inputs used by companies inflexible; * 

-- the effects of inevitable changes in technology are 
*• not included; + 

-- the extensive and precise data needed for the model 
is often unavailable, "borrowed" from another region 
or nation, etc, This has been a problem in developing 
nations, especially. , t * 

-- one product can sometimes be substituted for another 
in our economy; Leontief does not include this possibil- 
ity in his models. 

Asid*£ from planning and predictive uses, Isard and 
Kaniss report "a major^impact upon economics. Since the 
r&del requires cSln^lete, consistent data,. it has forced 
many nations to take economic data gathering more 'seriously. 
Uniform definitions of products and sectors of an economy 
and uniform accounting procedures have been needed; thus 
planning and data collection agencies in many nations 
havje coordinated their programs. Much easier comparative 
.study of related national economies has resulted, \ 

Writing in Newsweek [9], Paul Samuelson (himself a J~ 
famous doctoral student of Leontief f s at Harvard) ment^med 
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these uses of input-output analysis: 



As the Vietnam War wound down, Leontief predicted the 
results of the shift of a billion dollars in gross 
national product from War to peacetime production. 
He concluded that there would be- an expansion in 
employment 

L6ontief discovered that exports from the United v 
States are more labor intensive than our imports, 
confounding those who decry the use of ''cheap foreign 
labor" as a source of -unemployment here. His conclu- 
sion is that the net result of importation and "^export - 
tation is to increase use of U.S. labor. 

The U.S. Congress discovered the great x impact of 
steel-price raises on inflation in the United States. 
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7. Exercises: Thc*Yugo si avian Economy^ 4 

^ in 1962 and 1958 * 

. > 

7. In [8] page 69 ff£7 there is given an eight-' 'company" model 
of the Yugoslavian economy as of T 962 . The data is reproduce^ 
by permission of Holden-Oay, Inc.— The closed sectors or 
"companies" are given ijn rows/columns numbered 1 through 8. 
A variety of open sectors are given in columns T0-14; use the 
total in column 16 to represent a single open sector. The 
input-output matrix A is given also. You w^l 1 have to construct 
d as in Exerci se 1 . V 

v 

Your assignment, should you choose to accept it: 

a. Use a standard linear-equations solving program/ aTready 
available for your computer, to find the production vector 
x for this model . 

bS Write a linear-equations solving program that, say* uses 
Gauss-et Iminat ion , to solve the equatjons ft-A) x = d for 
this model. (This is a fairly large project.) 
% c*. Have the computer print put successive approximate solutions 
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•2. 
3. 



for this model /as required in problem 6. Convergence wMl 
not be immediate but will occur by about the twentieth round 

8. Consolidate the data in the tables used in Exercise 7 so that the 

« * 

^ production and consumption "industr ies n , are* "* 

* I. "manufacturing," made up of old manufacturing (I) and 
construction (k) ; 

"agriculture," nade up of the old agriculture (2) and forestry*. 
^(3); . 

services, made up of the 6ld sectors (5), (6) " (7), (8), 
TfTe~open sector is* the subtotal row/co 1 umn - 1 6 used in 
- Exercise 7, Report Exercise 7 for this consolidated model. 
ComparejJEo the results of Exercise 7. 

Comparable data (to that of 1962 used in Exercises 7 and 8) for 
1958 appear on p. 21. You should regard rows/columns 1-8 as the 
"companies" and subtotals in column l^^as^t^ single open sector, 
as in Exercise 7T < - * ' 

a. * Calculate the appropriate matrix A and final demand vector 



b. 
c. 



Solve Jthe linear equations (I-A)x * d. 

Approximate x by Using successive partial sums of the*series 
for (I-A)" 1 , as- required in Exercise 5.'' 
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Tables for Exercises 7 and 8, reproduced TfrorMSI, by permission, 
of Holden-Day, 'Inc. 

' Input Output* Table fot the ) uryrfaua* Economy 1962 {In Militant of Oman) 



Dtfimalrun 



Orient 



2 A|*rtLuliuic 

3 I ofestry 

4 Construction 

5 Transport juJ , 
Communnaiinio 

6 Trade 

7 Service* an J 
Crafu 

J Others 



Manu* 



lulture 



forestry 


Con. 
>t ruction 


Transport 
and 

Communi- 
cation* 


Trade 


. 3 


4 


5 ' 


0 



9 S*'btutat <M) 



10 l\.|>rvuanon 

1 1 Personal Initunv 

12 Ait limitation * 
j>a.in£x) 

13 bubtotuMV 12) 



14 IXircax in,/ » 
SloU* « 

15 Imports ' ft 



lh 7 «-lJI I < 1 1 M) 



1 .S4X.87 J 


81137* 


4,584 


253.527 


230.180 




3.S66 




' 79.12: 


|4ii6 




6.656 


I6,08f> 


1.322 


U235 


137.391 


106,3*1 


II. 114 


2.453 


3V.V00 


71.643 


14.2*2 


746 


20.508 


O 






31.624 


V.028 


958 


8.939 


3V.256 


237 


130 


2,100 



Serines 
and 

C'ralik 



Other* 



UK. 36V 
•78 
220 
26.18V 

32.946 
6.407 

8,561 
1,063- 



37. 904 
3.8V7 
I.2W 
3^113 

12.29V 
5.579 

7,069 
2.84V 



4). 704 
44 
370 
408 

I.25D 
10.714 

1.613 
378 



2.423,13 5 Ml. 106 J4.222- 469.021 l¥3,8J3 



40^.748 



• 42.677 
525. 5W 



74.00V 58.484 / 12.74V 



11.458 

60.257 



21,300 
173.067 



54.785 
94.313 



1.060.70V 203.281 30,673 



4.036.258 1.412.663 116.610 866 



202.960* x 134.187 
34^ 



16.112 
120.266 

340.?3*5 



2.0V6 
38.621 



9.326 

' 76 
703 

85V 
894 

•614 

277 



2.106 
16.090 



34.764 37. 870 '2.045. 1 79 



477. !|8 551.122 133. V65 68.815 



U.V*3 
r*X.I7l 



37.5V8 .2.090 
l4n. M3 w 1.122 



20.247 



V. 588 



4.7lh4IJ I.*V6.3V4 MV.822 866.348 4V7.365 551. .122 133, V65 78.4113 



Subtotal 
(1-8) 



2.397.665 
760.834 
88.759 
186.447 

207.375 
130.783 

68,406 
46.2V0 



3.886.559 



300.200 
1.430.961 



7.662.8W 



^ 

51.671 
845.261 



8.55V.83I 



Input Output Table for the Yugoslavian Economy 1962 (Continued) 



Declination 



1 Manofa^tgnng 

2 Agriculture* 

3 t urvstrv 

4 Construction ^ 

5 transport and* «- 
Communications 

6 Trade 

7 Services and 
Crafts 

8. Others 



9 Subtotal (I -8) 



Increase in 



Gross 
Investment 



E* poi u 



I? 



Consumption 



Personal 

Con- 
sumption 



13 



General 

Con* 
sumption 



14 



Total Con 
sumption 
(13-14) 



178^2 
6!vt8 



3.501 
6.106 



1,204 
264 



463.623 

681 
655.773 

* 6.733 - 
3V.485 

2.645 . 



552,553 960,817 

72.637. 731. V7V 

8,835 20.423 
'380 



162.802 1. 123. 61V 

24.02/i 756,005 

1.124 • 21.547 

23.748 23.748 



109.758 
51.571 



1,001 



150.851 
306.870 



50,684 
10.190 



19.!*&fe 

11.036 
20.651 



169,998 
323.177 



61.7IC 
30.841 



196.945 1.168.940 



796.742 2.23^.814 278.8*1 2.530,645 



Subtotal 
(10-14) 



Total 
Output 
(V+ 16) 



17 



2.318,747 


4. 716.412 


835.560 


l.5%.394 


31.063 


MV.822 


679^901 


866.348 


~* 289.990 


497.365 


420.339 


551.122 


65.559 


133*965 


12.113 


78.403 


4.673,272 


8.559.831 



iv* S^.ti*, Zu.^l t a Statrfiku (|**> -Medusobn. Odnou Privredn.h DeUinosli JuJosUv.je u I9t>2 Godtn.T Interindustry ReU- 
nons uf the * utfotliv tconom> in 1962") B*o|r»d ' * 



0 3V20 
0.0418 
0 0168 
0 00 U 
0 0225 
0 0152 



Btofrad 

0 0510- 0 0383 012926 

0 3277 0.0298 0 

0 0046 0 0077 

0.0103, 0.1*586 

0 0205* 0.0464 

0.0062 0 0237 



0 0003 
0 0008 
0 0071, 
0 OOV0 



0.2380 0 0688 0.3262 0 t 190 

0,0002 0.0071 0 0003 0 

0.0004 0.0024 0.0028 0.0010 

0.0527 0 0056 0.0030 0.0090 

0.0662 0.022* 0.0094 0.01 10 

0.0129 0.0101 0.0800 0.01 14 



0 0067 0 O0S7-H3-O08O 0 0103 0.0171 "0.0128 0.0120 0.0078 
0 0083 0 0001 0 0011 0 0024 0.0021 0.0052 0.0028 0 X35. 
^ o frotr»m«M4 by Ervin 8fctt 

Technical Coefficient Matrix for tho^Yn$0it«tun Economy 196 
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. Data for Exercise 9, reproduced f rom R*] , pp. 73-74 by 
^ « permission of Hojden-Day , Inc. 



The 1958 Yugoslavian Economy 



Input-Output Tablt/^or tht Yugoslavian Economy 1958 (tn Millions of Dinars) 



Destination 




Manu* 
facturing 



I 



Agri- 
culture 



Forestry 



Con- 
struction 



Transport 

and 
Cummuni 
catiuns 



Trade 



Scrvives 

and 
Crafts 



Other* 



Subtotal 
0-« 



1. Manufactu 

2. Agriculture 

3. Forestry 

4„ Construction 

5. Transport and 
Communications 

6. Trade 

7 Services and 
Crafts 

8 Others 



I. 081. 250 49.133 

123.354 268.853 

50.030 1.019 

4.922 199 



47.216 
33,143 

fc.992 
26>W 



3.654 

7,680 

7.102 



1,485 

5.377 
15.462 
299 

1.393 
79 

88 



104.452 
4.222 



15.685 
10.845 



56.352 
414 



85.882 
50 
195 
10.437 

W.843, 
1.158 

2.829 
370 



21.919/ 
2.316 
1.227 
73 

8,208 

397 

4.912 



86.083 
J68 
1.320 



2.63S 
9. "38 



5.166 
10 



498 

S 30l 



662 



40 



1.435,370 
400,828 
73.481 
16,428 

93,935 1 
63,040 

84,275-, 
29.831' 



9. SubU'Ul (1-8) 



1.379.403 337.640 24.183 191.970 115.764 ^0.901 101.306 



6.021 



2,197.188 



10 Depreciation* 

1 1 Personal Income 

12 Accumulation 
(savings; 



73.362 
156,018 



20,789 
388.407 



i .971 
45.332 



7.933 
55.435 



34.500 7.24,9 
41.358 *'5*.695 



4,391 
56.380 



1,349 
8,446 



630.132 - 77.250 28,967 53,622 50.085 139.197 45.267 22,6^6 



151.444 
806.071 



1.046. 19ft 



P Subtotal (9-12) * 



2.238.915 824.086 100.453 . 307.960 24l.?07 242.042 ^207.344 38.392 



4.2fJ0.899 



14, IXx'raoe in 

StixVv 
IS Imports 



1,851 
443.691 



91.566 



683 



30 



8.086 



2.558 



1,851 
546.614 



16 Tout (13- 15) « 2.684.45 7 915.652 101 136 307.990 249 793 242.00 '20'. 344 40.950) 4,749 364 

— — i 1 ; 



Input. Out put Table for tht Yugoslavian Economy 1958 {Continued) 



Destination 




1. Manufacturing 

2. Agriculture 

3. Forestry 

4. Construction 

5. Transport and 
Communications 

6. Trade 

7. Services and 
* Crafts, 

8. Others „ 



£ Subtotal ( I -I) . 



Increase in 
Stocks 


Gross 
Investment 


Exports 


Consumption * 


Subtotal 
(10-14) 


Total 
Output 
(9+16) 


Personal * 

Con. 
sumption 


General 

Con* 
sumption 


Total Con. 
sumption 

mj4)_ 


10 


• II 


12 


13 


14 




16 


17 


119,406 
10.549 


281,797 
5.953 
1.413 

272.000 


276.257 
70.250 
7.544 
426 


438,903 
419,447 
17.830 


132,724 
8,625 
1.168 
19.136 


571.62" 
428, O-J 
I8.99K 
19,136 


I. 249.08" 
514,824 
27.655 
291.562 


2.684.457 
915,652 
ldl.136 
307,990 


1.010 
1,986 


, 4.946 
18.959 


58.688 
25.628 


74,599 
120,135 


16.615 
12.294 


91.214 
_ 132.429 


If 5. 858 

179.002 


249.793 
<242.042 


* 2.301 
480 




2,584 
242 


102.374 
4.159 


15.810 
6,238 

• 


118,184 

10.397 


t 

123.069 
11.119 


207,344 
49,950 


4 135,732 


584.768 


441. 61$ 


1.177.447 


212.610 


IJ90.057 


2.552.176 


4.749.364 



of tU Yutotfav Economy in 1HT). Beognd. 
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8. ANSWERS TO SOME EXERCISES 



(I-A)x - {-.k .k] x » [j\ 
x = (30) ". 



has solution 



b. " (I-A 1 )* ^ 0/3} P recise W. The *same solution 



results. 



c. The "product ion^totals' 1 in the fable give us x, as we should 
expect from the definition of x. 



a. 



'V20 6/30 3/20 
8/20 18/30 1/20 
8/20 6/30 • k/20 



.2 ,2 



.15 
.05 
2 **»2 



and d « 

b. "Production totals" predict x * 



c. (I-A)x = 



.8 -.2 -.15 
-.4 .k -.05 
-.2 .8 



20} 

30 

20 



mas the solution x 



as expected. 



^TKe arithmetic is- nasty if a methodical Gaussian approach 
is used, but easy If one tiptoes through ^the equations 
us.Ing a 1 ittle foresight. 



V 
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About 50 iterations are needed to get notTceable convergence. 
Res'ults: 

.THE 5 TERM APPROXIMATION IS 
[2.838399 * 1.455999] 
U-091999 2.110399J 

THE 10 TERM APPROXIMATION IS 
3.979849 2.447314 
1.&35486 2.756191 

THE 15 TERM APPROXIMATION IS 
. 4.51&542 2.915179 
v ' 2.186384 3.060952 

a 

THE 20 TERM APPROXIMATION IS 
4.7727J7* 3. 135986 
2. 351?90 3.204784 



THE li TERM APPROXIMATION IS 

4.892762 \3. 240196 
- 2.430147 3.272664 



E 30 TERM APPROXIMATION IS 
4.949389 3.289377, ' 

2.467033 3.304700 



<^ THE 35 TERM APPROXIMATION IS 

4.976114 3*312588 
2, .484441 3«>19820 

, THE 40 TERM APPROXIMATION IS 
4.988727 J. 323542 

2.492657 * 3.326955 

^THE 45 TERM APPROXIMATION IS 
'4.994679 3. 328712 
•2.496534 3*330323 

* THE, 50 TERM APPROXIMATION IS 

4*997489 3-331152 
2.498364 - 3/331912 
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5. Reproduction of computer results are Just below, giving the 
matrix,sums and results after multiplication by d: 



THE 5 TERM APPROXIMATION IS 
(1.473599 ^6.569599] 
11.J39U 



199 



2.612799J 



THE 10 TERM APPROXIMATION IS 
J. 621937 0.772231 
1.544463 3.166400 

THE 15 TERM APPROXIMATION IS 
'* 1.656303 0.819177 
1.6#354 3.294658 

'THE 20 TERM APPROXIMATION IS 
1:664265 0^30053 
1.660107 3.324373 * 

THE 25 TERM APPROXIMATION IS 
1.666110 . 0.832573 
1.60514(8 3.331257 . 

THE .30 T*ERM APPROXIMATION IS 
1.666537 0.833157 
1.666314 3.3328^2 « 

v 

THE 35 TERM APPROXIMATION 1s 
1.666636 * 0.833292 
1 .666585 ' 3.333221 

THE*40 TERM APPROXIMATION IS 
1.666659 - 0.833323 
1.666647 * J. 333307. 

THE 45 TERM APPROXIMATION IS 
1.666665 0 0.833331 
1.666662 3.333327- 

THE 50 TERM APPROXIMATION IS 
f 1.666666 0.833332] - 

(K666665 3-333331 



AND LEADS -TO OUTPUTS 
x 



fl7. 014399] 
[21.843199] 



AND LEADS TO OUTPUTS 

19.308298 
28.110235 

AND LEADS TO OUTPUTS 
19.839746 
29.562180 

AND LEADS TO OUTPUTS 

19.962872 
29.898565 

AND LEADS TO OUTPUTS 

19.991398 
29.976499 

AND LEADS TO OUTPUTS 

1 9.99800L 
29.994555 

AND LEADS TO OUTPUTS 

19.999538' 
29.998738 

AND LEADS TO OUTPUTS 

19.999892 
S 2&.999707 

AND LEADS TO OUTPUTS 

19.999974 
29;99993T 

AND LEADS TO OUTPUTS 

x 



[19.999993] 
(29.999983J 
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61 Reproduction of computer printbuts of successive matrix 

approximations and the x they yield from multiplication by d 

THE 5 TE RM APPROX I MAT I ON IS 
'1.633799 0.690499 0.309799 
1.266199 2.699099 0.323299 
0.979199 0.833999 1.432899 



THE 10 TERM APPROXIMATION IS 
1.959441 1.084958 0.420515 
1.952976 3.532773 0.555972 
1.410627 1.356132 1.579797 

THE 15 TERM APPROXIMATION IS 
2.080723 1 .2320J59 0.461666 

* 2.209013 3.843307 0.642840 
1.571250 1.550541 1.634293 



ANO LEAOS TO OUTPUTS 

14. 127699] 
"17.6072991 
12.222199) 

ANO LEAOS TO OUTPUTS 

17.811995 
25.381104 
^ 17.102386 

ANO LEAOS TO OUTPUTS 
0 19.184608 
28.278700 
18. 920162 



THE 20 TERM APPROXIMATION IS 

2.125927 1.286879 0.477001" 
2,304429 3.959032 0.675213. 
I.63I 108 1.623539 1.654602 

THE 25 TERM APPROXIMATION IS 
2.142771 1.307308 0.482716 
2.339987 4.002158 0.687277 
1.653415 1.650594 1.662170 

THE 30 TERM APPROXIMATION IS 
2.149043 1.314921 0.484845 
2.353239 4.018230 O.691773 
1 .661728 1 .66O677 ,1 .664991 

THE 35 TERM APPROXIMATION IS 

2.151388 1.317759 0.485639 
2. 358177 4.0242)9 0. 693449 
1.664826 r 1.664434 1.666042 

THE 40 TERM APPROXIMATION IS 
7.152259 1. 318816 0.485935 
2.360017 4.026451 0.694073 
1.665980 1.665834 ' 1.666433 



THE 45 TERM 
* 2.152584 
2.3607O3 
1.666411 

THE 50 TERM 
2.152705 
12.360959 
1.666571 



APPROXIMATION 
1.319210 
4.027283 
1 .666356 

APPROXIMATION 
1 . -319357 
4.027593 
1.666551 



IS 

0.486045 
0.694 306 
1.666579 

IS 

0.48*6086 
0.694392 
1.. 666634 



ANO LEAOS TO OUTPUTS 

19.696132 
29.358532 
10.597552 

ANO LEAOS TO OUTPUTS 
19< 886759 
29:760947 
19.850033 

ANO LEAOS TO OUTPUTS 

19.957799' 
29.910913 
19.944112 

ANO LEADS TO OUTPUTS 
19.984272 
29.966800 
19.979172 

ANO LEADS TO OUTPUTS 

* 19.994138 
29.987627 
19.992238 

ANO LEADS TO OUTPUTS 
19.997815 
29. 995388 
19.997107 

AND LEADS TO OUTPUTS 
'19. 999185 
29.998281 
19.998921 
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7. Rogers, in [3], page ",'2, gives these results which I have not 
confirmed. Only d and frve x vectors are given. 

Iterative Solution of the lnput*Output Model Yugoslavia, 1962 



lodusmaf Sector 



Final Demand 



x » Total Output alfter 



1 Manufacturing 

2 Agriculture 

3 Forestry 

4. Construction 

5. Transport and Communications 
6 Trade 

7. Seruces and Crafts 

' 8. Others 



2.318.747 
835,560 
31.063 
679,901 
289.990 
420,339 
65.559 
32. 113 



1,226,465 
76/J03 
814,776 
409.701 
« 492,930 
104,519 
56,310 



Total 



1st Round 2nd Round 3rd Round IO:h Round 



Total Output 
20th Round 



4,201,567 
1.418,674 
100,006 
848,359 
^ 458,548 
524,941 
120,686 
68,182 



4,673,272 6,775,199 7,742,963 



4,483,704 
1.512.349 
110,812 
859,071 
479,915 
539,248 
127,933 
73.751 



4.715.489 
1,596,030 
119,786 
866,321 
497,296 
551,074 
133,941 
78,385 



7116.412 
596.394 
119.822 
866,348 
497,365 
551,122 
133,965 
78,403 

8 1 1 86 ,783 ' 8,558,322 8,559,831 



Programmed by Ervin Bell 



(Reproduced by permission of Holden-Oay, Inc.) 
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STUDENT FOR& 1 
Request for Help 



Raturri to: - — ^ 
v^EDC/UMAP - 
55\Chapel St. 
Neweon, MA 02160 



Stude " t ; C U have trouble with a specific part of this unit, pWe fill 
out this form and take it to^your instructor for assistance. The information 
you give will help the author to revise the unit. 



Your Name 



Page 








0 Upper 
OMiddle 




Section 




OR 


Paragraph 


OR— 


O Lower 









Unit No. 



Description of Difficulty: (Please be specific) 



Model Exam 
Probleta No, 

Text 
Problem No, 



Instructor : Please indicate your resolution of the difficulty in this box, 



o 



Corrected errors in materials. List corrections here: 



o 



/ Gave student better explanation, example, or procedure than in unit, 
* Give brief outline of your addition here; 



o 



Assisted student in acquiring general learning and problem-solving 
c skills (not using examples from this^unit.) ; 



. 265 

Instructor's Signature . 



Please use ^reverse if necessary. 



Return to: 

STUDENT FORM 2 % EDC/UMAP 

55 Chapel St. 

Unit Questionnaire ^ Newton, MA 02160 



Nam e ^ . " " " \ _ H: lUnit No. Date 

Institution _Course No. 

Check the choice for each question that comes closest to your personal opinion. 
1. How, useful was the amount of detail in the unit ? 

Not enough Retail to understand the unit 

Unit would[' h'ave been clearer with more detail 

Appropriate amount of dBtail 



Unit was occasionally too detailed, but this was not distracting 
"Too much detail; I was often distracted * < 



0 

2 . How helpful were the»problem answers ? "> " • 

Sample solutions were too brief; I could not do the intermediate steps 

Sufficient information was given to solve the problems * 

Sample solutions were too detailed; J-didn't need them tt 



3. Exc ept for fulfilling the prerequisite s , how much did you use other sources (for 
^55 ^7 instructor, friends, or other books) i n order to understand the .unit? 
A Lot .Somewhat A Little Hot at all 



How long was this unit in comparison to the amount of time you generally spend on 
a lesson (lecture and homework.assignment) in a typical .math or science course. 

Much Somewhat . About ' Somewhat Much 
Longer Longer the' Same ' Shorter _Shorter 



Were any of the following parts of the unit confu sing or distracting? (Check 
as many as apply.) ^-f^~ ■ 

Prerequisites ♦ 

Statement of skills and concepts (objectives) 



"Paragraph headings 
JExamples 

Special Assistance Supplement (if present) 
Other, please explain_j , 



6. Were any of the followii , parts, of the unit particularly helpful?, (Check as many 
as apply.) 



Prerequisites 

""Statement of skills and concepts (objectives) 

JExamples 

^Problems 

♦Paragraph headings 
""Table of Contents 

""Special Assistance Sqpplement (if present) 



\ 



""Other, please expXain_ 



Please describe anything in the unit that you did not particularly life. 



Please describe anything that you found particularly helpful. (Please use the back of 
this sheet if you neeH more space.) 



* 
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UNIT 210 



MODULES AND MONOGRAPHS IN UNDERGRADUATE 
MATHEMATICS AND ITS APPLICATIONS PROJECT 



* VISCOUS FLUID FLOW 
AND THE INTEGRAL CALCULUS 



by Philip Tuchinsky 



area 
*R 2 



col lect' 
flow 
here 



top of fluid f 



j. 



tank v of fiui.d, 
weight W 



•flow 



APPLICATIONS OF CALCULUS TO ENGINEERING 



ERIC x 



edc/ umap /55chapel st./newton, mass. 02160 



'* nSC OUS FLUID FLOW AND THF INTEGRAL CALCULUS 

by f 
Philip Tuchinsky 



TABLE OF CONTENTS 
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' ~ 2 

i* 
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^ / 4-3 
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6. THE RIEMANN INTEGRAL ..... 

• o 
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iH 
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15 

12. REFERENCE . . 

; 1 > 16 
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Intermodular Description Sheet: UMAP Unit 210 
IllLe: VISCOUS JLUID FLOW AND THE fNTEGRAL CALCULUS 
Author : Philip Tushinsky 

7623 Charlesworth 

Dearborn Heights, Ml UZm 

Dr. Tushinsky is a member of the Computer Science Department 
' of F6rd Motor Company's Research and Engineering Center. He 
formerly taught in the Mathematical Sciences Department at 
Ohio Wesleyan University (where earlier editions of this 
paper were written). 

Review Stage/Date : III 9/1/78 

Classification : APPj. CALC/?NGINEERING * 

Suggested Support Materials: None are essential. A lab set up like 
- that shown in Section 10 would make an interesting display. Exercise 
h calls for use of a computer or programmable calculator. 
Approximate Class Time Needed : One 50 minute class. 
Intended Audience: Calculus students learning how to integrate 
polynomials. The paper is suitable for independent reading and 
seminar presentation, by more advanced students as well. 
References : See Section 12 of the paper. 
Prerequisite Ski 1 Is : 

1. Calculation of the integrals Jxdx and J x 3 dx . 

2. Knowledge that Jc f(x) dx«» cjf(x) dx . 

3. Recognition of an integral as a limit of Riemann sums. ' 

<f. Comfort with summation results like 1+2+3+ +n = 

n(n+l)/2. 

5- Elementary computer programming (for Exercise 4 only). 
Output Skills : 

1. Replace- a simple integral by a discrete sum, calculate both and 
compare results. 

2. Average a function over an interval. 

"3. Reduce simple fUemann-$t | e l tjes integrals to Riemann integrals 
. and calculate thgjatter (if the optional Section 7 in included). 

4. Discuss how well Poiseuille's Law models a specified viscous 
fluid flow situation. 

5. Describe a laboratory procedure for finding the coefficient of 
viscosity of a fluid. 

6. Identify local vs. global information. . 

UMAP Edit or for this module : Solomon Garfunkel 
Other Related Units : 

The Human Cough (forthcoming as .UMAP Unit 211) Starts with the 
a * resu1t ° f f thls P a P er that total flow is proportional to R*» and goes 
on to discuss maximizing the speed. of air flow during a couqh 
Differential calculus is its method. 
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visgcus 'fluid flow and the integral calculus* 

'.-/(' ' . .. ..- 

' ' . ' • ' !• LAMINAR FLOW ' ~ 

. * " '. . 

. . When a thick, sticky (viscous) flui/^W through- 
a pipe, it jioes ftoj all flow' at the same"' ifBtjJlSltfad 

the fluid closest to the wall of the pipe, suffefV - 
much friction with the wall that "it hardly moves ,atTll, 
while fluid closer to ;the central -'axis , of the'pipe moves ' 
more rapidly.. The fluid's speed increases steadily as v 
the distance from the 'wall increases. Because of ' : 
circular "symmetry, the effects that, of concentric "\ 
tubes of fluid sliding, ove/pne another (see Figure 1). 



r 



Figure 1". Lanrfnar Flow in a Cylindrical Pipe. 



We call this 'laminar flow: each lamina or layer of * 
fluid moves at its own speed. Different laminae move 
at difcferdnt speeds. » * 

* * « * 

The exact way in wh*ich ' laminar flow happens was ; 
foun£ by a French scientist, named Poiseuille more than 
a cefrtury ago. He was studying .blood pressure', which 
had just been accurately measured for the first time. 
He wanted -to know how much blood* flows .through a blood ' ' 
vessel in a given time. From that information and" 
analysis of^.blood samples- one can 'sa^ how much oxygen 
and nutrients are p'eing de4i.vered to the cells ser- " ' 
viced by that blood .vessel.- 'Knowledge. of blood flow 
is a ( basic part of understanding the body as a'physical ' 
system. * „ *• * 



Poiseuille,^ result abput viscous fluid flow has " 
many other applications. We. can use it to study^he * 
flow" of air in the^ windpipe , oi,l in a pipeline, water 
in a pipe system, grain flowing by pipe, into the hold* 
^ of a ship, etc. The assumptions involved <in the result 
• make it more applicable to some of tfftese p.rdblems than" * 
others' {see Section ; 3) ,< but it provides a good first • 
Approximation to them all. * < 

' Another important' use of >PoiseuilJLe • * 'Law "i s to 
measure the relative visto^sit^b^. fluids. More about" * 
this fater, in Section • lV.V ^' 

/ We will use Poiseuille's Law to calculate, total 

. flow /through a pipe using a'.finite sum and £he "continuous 

summation" .process called integration. ' The twa'resudts 
^will deserve comparison. ' - 

2. yOISEUILLE'S LAW 

Poiseuille discovered and others later deduced 
from theory "(see Section 12) that th'e velofcitj of the 
particle/; of flyfd at a distance r centimeters out from* 
the center axis of m the pipe is 1 , * 

/ J V(r) = 4kT^ Rj " * (cm/sec..)* ; 

where prefer to Figure 2) • [ 

R = radius' of the pipe' irt cm. (Thus 0 < r <*R) 
L ^"length of the pipe (tm.) 
x P ^ pressure change ? 1 - F> 2 ^down tAe length of 
''the pjlpe^ '(dyne/cra 2 ) 
*k = coefficient of visdosity (poise) - / 



* • ' -S 



Variables will fae. given with their cm-gram-second (cgs) units 
to help us understand their physical meaning. *ny system of 
units could be used/ of course. s • * 



M. * 
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(Let rte remind you that pressure is force per unit cross 
secti/onal area.) One can prove that the pressure will 
decrease steadily [as a straight line (linear) function] 
as the fluid moves through the f)ipe. It, is the difference 
in final vs. initial pressure that enters the equation.- 
The eg* unit of viscosity, the poise, is named after' 
Poiseuille. * 



fluid in at higher, 
pressure P. 



/ ' 











axis of pipe / 


a 

















fluid speed 
is v(r) 



flu icr out at 
lower pressure 



Figure' 2. 
' ' ' A ' 

3 WHEN DOES- THIS LAW^HQLD? 



Tite major assumptions *that must be true to <have 
.equation (1) valJLd are theser ^ 



a) 



b) 



c) 



7 \ 

(J T " 
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✓ TFTfc're must be no ^turbidity in the fluid. 
» This, means that there is no swirling; 
particles of fluid 'itfoVe -in . straight lines 
clown ,the pipe . * 

The speed of flow, v is assumed to depend ori\ 
,r on^y. Thus v does not "change as fluid 

foves down the length of the ftjpe. 1 ; and it 
oes not. change with time; the flow is v 
neither ^speeding up nor 'slowing down, it 
is 8 teady • stxzte . , 
"The fluid' is incompressab le , i.e., made up 
of par,ticles^ that cannot *be crushed or packed* 
in closer t|^ether^(by the forces present): 



3 r~ 



JEAN LEONARD MARIE POISEUILLE (1797-1869) was a 
well-known physiologist and physicist. He > 
invented the mercury Manometer to* measure blood 
pressure, improving the -pioneering work of 
Stephan Jiales . The law considered nere appeared 
an a paper of 1840 and was found through labora- 
tory experiments with distilled water, ether and 
mercury. The mathematical derivation was first 
found in 1860 by F . Neumann and J.' E. Hagenbach, 
who named the result Poiseuille's Law. But the 
name is dispute^: G. H. L. Hagen found the same, 
law independently in 1839; his work|went un- 
noticed for decades. Reference: Dictionary 
of Scientific Biography . 1975 edition, vol.11, 
p. 62. ' 



d) Fluid is conserved , . i . e . neither created nor 
> lost, in ,the pipe. Thus no fluid is leaking 

oiit thrrfugji the, pipe wall and no feeder- *• , 
pipes are pouring fluid in or out. * • , . 

e) The tube- is horizontal and the (very slight^ 
downward pulling effects of gravity are 
ignored. For 'a vertical tube this minor t * 

- variation on (T) is true: % * t 

where g''*. 980 em'/sec/sec is the gravitational 

constant and p is., the density of the fluid, \» 

) i.e., its mass per unjlt "volume . * For ^a slanged 

<j * pipe, these^hor$ontal and vertical" velocities 
^ >\ • • * 

„ must be vector-added. , For simplicity wje will " 

f) The pipe 'is a right -circular cylinder with 
4 constant dimensions L**and R. * 

* ' > . 4 
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.There is *so much friction at the wall that • 
t , fluid there does not move at all. (Notice 

that r = R reads .to v(R) =0.) . 
^h) One assumption that is not present: in 
other classes you may study so-called 
".ideal fluids" in which particles slip 
- frictionlessly by each other. We are * 
•assuming that each layer exerts a drag 
on £he layer next-further-in. Ours is 1 
< not an ideal fluid. 

These assumptions are satisfied t>o various degrees 
.by the applications mentioned earlier. Swirling, 
tUTbid effects are- bound to occur in any large diameter 
pipe. This 'limits Jfie' usefulness^ of "our law i^i \* 
studying water pipes,' oil pipelines, grain chutes, 
e^c. Blood vessels flex: their dimensions change a 
little.. Blood surges because of the heart's pumping * 
action; thus the flow is not steady-state. Oxygen 
and nutrients leave a blood 'vessel /by osmosis through * 
the pipe/s wall and wastes are added to the, blood 
flow, so that fluid jis-only approximately conserved. 

Despite these ai\d other practical ^hort-comings , 
Poiseuille's Law-is a valid simplification of viscous 
fluid flow. It is the right sort of . law: v(r) is 
'zero at the- pipe wall and increases steadily as r 
decreases and we approach the pipe's center. It has- 
a solid, well-.understood theoretical basis. We/can 
really calculate with it:," as we shall shortly see, v 
And in the laboratory, the assumed conditions can be' 
made^ almost true, giving a practical* way to measure 
the~viscpsit# coefficient k for any* fluid.' This 
coefficient is a* fundamental property of the fluid*,, 
important in design and engineering work. 

v . 

♦ 
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4. THE VELOCITY OF FLOW AND THE AMOUNT OF FLOW 

* ** " — ^ , ^ 

*«> ' We / /ant t0 use Pois£uillje'<s law*to calculate the 
total fLw through a pipe of radius rT The flow"? 
. is the total volume o£ *flui£ passing through the pipe 
each second; in units of (cm) 3 /sec. 

First, we need a preliminary result. Consider, 
in Figure 3, any typical small piece of cross-sectional 
area" of the pipe, *consistiong of AA square centimeters, 
located r cm out from tshe center. How much* fluid will 
leave the pipe'through this £it of area irt one $econd? 
The fluid moves f T(r) cm in the one second; .thus a 
stack of fluid^yCr) cm long^f constant cross section 
AA(cm) 2 '(shc^O will flow out of tiyj pipe through AA* 
in the. one; second. This stack has. volume v(r).-(AA). 




area AA 



Figure 3. 



Thus fluid leaves A A. at a steady rate'of 
v(r) -AA(cm) 3 /sec. 

Summary; If AA is, any area through which 
(2) fluid Flows, at a'constant velooity v, 

, tfrer. v \AA is .the total flow' through the 
% € .area AA , per second. - * 

. . ~~ * . \ * ■ 

5. THE TOTAL FLOW THROUGH A PIPE OF RADIUS R 

• In the pipe's cross-sectional circle of radiu«s R, 
'the velocity v(r) given by Poiseuijle's Law is the same 
at all points located r cm from' the center* If we' 



276 . 



p 



consider concentric rings of area (Figure 4), jthe " 
fluid fc s velocity* will be approximately constai/t in- 
each ring. We can then use (2) to calculate, the total 
flow through each ring; the sum of these ring-by-ring 
flows will be the total flow through the pipe, which 
we set out to find. 

To clearly identify these rings, partition the 
interval ; 

" (0 < r < R) 

into n pieces using partition points 

0 



r 0 < r l < r 2 < 



< r < r = R 
n - 1 »n 



(pgrhaps not equally spaced) .% 




The first,' second, ... regions are then chosen as 
t Sketched. ^For j = 1^ 2,/ . v n, the j th v region is a 
ring with inner and outer radii r.^ and r., and-thus 
has area t , l . 



ERLC 
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If we take n lar£e and the r^s close to each o4her, 
the velocity of fluid flowing through any one region 
will be almost constant, although different from ring 
to ring. What value will approximate the constant 
velocity in the j th ^ring? Pick any point in that ring; 
say, pick a point that is t^^iits out from the ceiiter^ 

rj * 1 tK t j ~ T )' ThCa 1S 3 typical sp * ed 

for the j ring and (2) says that < ♦ 

the flow through the j th ring = v(tj) - [ir. 2 '\r^ ^] 

We calWt. an evaluation point for the j th subinterval 



Cr j-i- U- 1 



i 

Thus the total flow through .all n rings i's 



j=l J J J' 1 

We write "approximately" instead of equality because * 
we have replaced ail the various values of v(r) in 
the j, ring by the single value* v(tj). In fact, 
we have a vast family of approximations of F in * 
Equation (3). For any choice of a partition r Q , r^, 
.... r n and any choice b*f evaluation points 1 1 ^ t 2 ,' 

t n (such that Tj_ 1 < t- < r j for'each j) we get 
an approximation of F; As we take larger values of 
n and more closely spaced rj ! s and t^'s, the theory of 
'integration tells us that such sums approach a limiting 
value more and moT^ilosely, and thatjlimit is an integral*. 



THE RIEMANN INTEGRAL 



We must do a bit more work on Equation (3) before 
it is recognizable as a Kiemann sum.* Let the width pf 
the j th subjnterval be * r 

Ar- = r . - r . , . , 
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Then. " ' 

- -..^ -(r j . 1 '*. tej )i - ■ 

- 2wr j * 1 (4* + ir(Ar.). 1 . -.. 
t ..«*,♦ '# ^ J 
As „ increases, rj 'and rj . f approach each other and . 
&r. becomes small. The the (lr.)* .term above i-s ' 
negligibly small' by comparison to the first term, 
^nd becomes more negligible as n grows larger. Thus 
from" (3), - 

' , n .. * ' 

* I v(t ,)l>r 4r ]. 
• - j=i . J . J 

n^fc w, a nd all' subinterval widths V. .shrink to 
z-ero', .this Rieinann "sum becomes • J 



= J v(r)(2irr)dr 



•You are asked to calculate the -integral in S*ercise 1.- 
Another conversion of (3) into a Riemann sum: Since 

w fj*'j.l)C' j ^ri. 1 ). : .-_ / 
we have -from (3) * 

jr. ' 

(4) ; t " jr'v f fe? r j-i»v'j.i)- 

As.n ^ «, tj> .r jf "and r. 1 all approach 'each other and 
we get A •• ' 

^ \ & I ] • 

fp-s- v irj ir(r ♦ r) dr , 

' * . I v(r)(2irr) dr ds before, 

. 279 . • ' .'. 



' ' 7.* THE R I EMANN- STIELTJES INTEGRAL 

, The integral usually studied by calculus students 
is the Riemann integral, 

* ; b f(x) dx. 

a 

4 

An important generalization is the Riemann-Stieltjes 
integral where- the "dx" representing change in x can 
be replaced by "d g(x)", the change in a function of x 
between one partition point and the' next. That is, 
. the Rieman&Hums and the limit's they approach have 
the forms -f- 

n 

. . f(t.)[x. - x.^] * ,.j f(a0 dx 

a 

while the comparable Riemann-Stieltjes farms are 
n • * , b «, 

* a 

In each case a = x„. < x < < „ - u • • • 

0 J i ( k„ -b is a partition 

of [a, b] and tV is an evaluation point in the j th 

subinterval : x . , < t < x - • * 

j- 1 - j - r. 

We can now recognize (3) as a Riemann-Stieltjes ' 
sum with this integral is its limit 

F -i v(r) d(*r, 2 ) , 

0 - » t . 



^lect^ons!' 0 " te 0n,itted With0Ut af ^ting readability of later 
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We can convert this integral to a Riemann integral 
by using this theorem: 

If f is continuous 1 and g has a* continuous 



first derivative for a <.jk'< b,' # ^hen . 

f b * M b 
f(x) d g(x).= £(x) g'(x) dx. 



■J 



We get [since g(r) *, irr a has derivative g'(r) = 2-nr) 
f R 'p '/ 

F = J m: ( * 2 *- r •) Ur dr \ 

the same Riemann integral as in Section 6. 

Why should we b£ interested .in t1|e Riemann- 
Stieltjes integral if it dimply leads us bacjc tV^fie, 
Riemann integral we derived twice in Sectioft 6? The 
Stieltjds case ,be«omes 'interesting when g is not a 
smooth function, when g f !(x) doVs not exist. Then 
Riema^nn-Stieltjes theory must -be used directly; 
we cannot escape to thfe e*asier Riemann case. There 
are important applications , especially in theoretical 

_ economises; ylfere g must' be taken as a step function, 

a for example 1 • * 

- 8. DISCRETE SUMMATION 



Is it valicf to let'n '+ «\ taking rings of- arbdtrari ly 
smaller and smaller yidt'h? That is, should we convert 
(3) into an-i«tegrai?. The fact that you arfc learning 
calculus is not sufficient .to„ make tne answer "yes"! 
In fact, we often shoulll'not. take the limit. After 
aid, blOocPis made up of red blood cells and other 
particles. They have $ certain non-zero thickness 
'Ar an<J no layer;o£ blood can lie* thinner than that 
thickn'ess. The same is true of aLl fluid^, in fact'. 



^ r » . 
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To develop this idea, we should let all the rings 
have that fixed finite thickness Ar. Thus r n = 0 = 0«Ar ~ w 
r l 9 r 2 = r i * Ar = 2Ar > etc.; the n + 1 partition 

points are r - j-Ar, j.= 0, 1, 2, n. Lefs ' , r 

simplify by taking the evaluation points to be -nL 

t. = j-Ar also. Then, from (4), 
J * + 

n P 

^ ' F m m I JkL (j A r) 2 )7i[jAr *(j-l)Ar][Ar] 

Ptt 11 

= m J ( R2 " J 2 (^) 2 ).(2j - D(Ar) 2 . ■ . 

J=l . ' 

Plug in R = n-Ar and simplify to: 

.'^Ic-'-J'HM-i) * ' ' •• 

, ' •* J-l . 

We can prove by mathematical induction that 



n ' 



I = 1 J ♦ 2 J ♦ ... + „* = "(n+lH2n * 1) 

j=l " 7* 




>n times ' #* , 

\ . f 

Plug these in and dp the algebra* to reach I 
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n 2 (n+l) (n-1) 



(6) 



Pn(n-Ar)" n *l n-1 
• 8kL j n n 

. w I ? J' 

As.n * «, -L* o and this does approach the integral's 
value, as it should. 

When we Want to compute a sum, we often 'use the 
integral to a^proximate-in a problem (like our current 
one) where n | » does not make sense. If „ is in fact ' 
very large, only- a smaLl error is made. ° To do the' ' 
# actual sum for large n would-be cumbersome; by letting 
n - - wegain^all the\ calculational power of the integral 
calculus and save the algebra that led to (6). 

There are other problems in which it is an integral 
we want but we are forced to'use a sum. (Many integrals 
can't be calculated by anti-differentiation). By 
taking n sufficiently large, a high accuracy- approxi- 
mation of the. integral can be gotten with the help of ' 
a computer. 

IntegratiVand discrete summation are associates. 
Each can hel0 as a replacement for the other, in 
appropriate circumstances. . 

9. INTEGRATION: LO CAL DATA YIELDS GLOBAL RESUfffS 

Poiseuille-'s Law- contains Mofcal information? the 
speed of fluid flow at a specific spot in the 'pipe 
is v(r). Our result (2) that y.AA is the- total flow 

area AA where v is the (almost) 
constant speed of flow is still local information. 

When we sum that local data over .all parts of 
the pipe's cross r sectional circle, we gather the \ 
local data into afglobal" result, referring t~p the "' 
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pipe'* total 'flow, to the pipe as an- entity in itself* - 
Integration* (or discrete summation, which is used lessj, 
converts, locally varying information into the global. 
We are reasoning from the more, 4 deta i led " to the less 
detailed when we integrate. , ' 

Do we lose information through that processT^^n 
we reason back to the local „i£ we know the global 
result? You might immediately answer "no" or "sure, 
just differentiate." Can you justify ei ther aj^wer ' ' 
carefully? My question is v 

Suppose we know that "1 > 

j v(r) d (* r *) = R % for any R > ^ * 



Can we deduce Poiseuille's Law, that* 
v(r) TFT " 



L"**' ~ 4kT l " " r ) 
I leave it unanswered here. 



10. CALCULATION QF VISCOSITY 

> » 

•To calculate k for a specific liquid, set up a. tank 
and pipe in the laboratory as in Figure S.\ Get a steady 
flow going, then collect (say) ten seconds flow in ' 



■a beaker. 



Measure j that Volume" of fluid. 



According to our in tegra tipn , _ in tep seconds the 
volume of fluid .flowing out should'be 



IDF = 10 



"8HT 



In this, equation we know every constant except k,. which 
we calculate. We know R and L by measurement. To 
find P we take fnVdif ference between the pressures, 
p ! a "u ? 2 ' at the beginning and end of the flowpipe, • 
The outlet pressure P 2 is simply atmospheric pressure 

• 14 
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area 
nR 2 



coi Ucf 
flow* 
here 



top of fluid 

tank of fluid,' 
weight W 



' flow** 



1 « Figure 5. 

If the fluid has weight density (weight. per unit volume)p 
and the fluid depth is h as shown, the inlet pressure ' 
P x is Pgh. where g is the gravitational constant. 

,* '11. EXERCISES 



» a 



Show that £ J*. (R« - ;.) 2 „ dr = ?T£ 
.Notice that, P, k, L and R are simply constants. 

We have assumed that the fluid's velocity at the 
pipe waHl is.zero. There's no need to do that: 
Th^advanced derivation (see Section 12) that we 
have omitted in paper in fact shows that the 

velocity fs ** 

where b is a .constant we may choose. $T 1 

a) , Show that V (R) = 0 leads ttf the formula (1) 

we have used. • % ^« 

b) . Suppose the velocity at the wall is one-balf* 

of the* velocity at the center (r = 0) . Find 
the function 1 v(r) f or vthis case. 

IS 
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* ' c ) Use v(r) fronP(b) to fund the total flow, 

N'T 

through the pipe of radius R. 
> 

3. The velocity v(r) varies from place to place in* 
the pipe's cross-section, Jbut has some average 
value v. 

a) Explain how to find v from the total flow 
i F and the principle in (2).- 

The .definition of the average value of 

the function v(r). is 

' • v R 

/ v(r) lur dr 

, % 7 = \ — • 

/ 1*2 irr dr - 
0 

' >» 

Calculate this and check against your work 
in (a). The two answers should agree. 

• c) The largest velocity is V and occurs at ' 

r = 0. Check that V •? 2v . 

* • 

4. a) Use a computer program to calculate tjje 

sum (5) for. reasonable values of n, R, L, 
4 e*c. Check the computer results against 
<fie. algebraic result (6). Repeal wi\h 
larger values of n. 

b) How large must n be to have the discrete 
sum within 11 - 0 f the integral result? 

» ' 12. REF ERENCE 

\ • . ~ • 

i t If you know multivariate, calculus and a little 

mathematical physics, you can'read a clear derivation 
4 of Poiseuille's Law from basic ideas in elasticity and 
fluid flow: ■ 

Slater, J.C. and' Frank N. H. Introduction to 
. Theoretical Physics ! McGraw-Hill, 1933. Or 
riTbre- recent books with Similar titles. 
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13. SOLUTI ONS OR HINTS TC EXERCISES 



1. First convert to 

4kL 



c) 



r dr 



2ttP 

4ET 



r 3 dr. 



2.' b) v(r) = 
rR 



2 PR 2 - p r ^ 
WL 



2irr dr 



''3. a) If th 




37rPR" 
8kL 



,vi Pg at the same speed / 
at all' fronts in the cross - sectional circl^ " 
erf radius R, that constant-speed would of ' 
course be the average of the Poiseuille's 
Law speeds: From (2), using AA * SR 2 ' 
the full-circular area, . ' 

Total flow = v*(ttR 2 ) = *y p 



* v = £l 



c)" At r = 0, vCO) = v.- ^ R* = 2v. 



/ 
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-THE HUMAN_COUGH 

) ~ 
« lj WHEN YOU COUGH . . . 

J ■ ■ ■■ 

When a foreign object in your trachea (windpipe) 
leads you'to cough, your diaphragm thrusts sharply upward^' 
As a result, the air in your J.ungs is suddenly compressed 
to a highet pressure than the air outside your body. A 
high-speed strjeam of air shoots upward through the 
trachea equalizing these pressures arid', it is to be hoped, 
clearing the passage. 

By Newton's law, the force exerted on the object to 
be cleared is due to the sudden acceleration of the a^r 
flowing through the trachea. The greater the velocity of 
the airstream during the cough, the greater the force on 
the foreigner and the more effective thp cough. To 
increase the speed of the airflow, your body also con- 
tracts the. windpipe during a congh, making a naf rowers 
channel for the air to flow through. For a given* amount , 
of air to escape in a fixed amount of time, it must move 
faster through a narrower channel £han a wijler one,' just 
as\a river flows rapidly where it is narrow but placidly 
where it is wide. In fact, x-rays show that the radius 
of the tracheal tube reduces to about two-thirds its usual 
radius during a cough. 

2. NOTATION FOR A CALCULUS MODEL OF COUGHIN G 
* P 

We can relate the speed of the airflow during a 
cough to the body's contraction of the* trachea amazingly , 
well by studying a simple mathematical model of the * 
situation. We think of the trachea as a pipe with a 
circular cross section, and apply, the differential cal- 
culus, using the following notation: 

1 , 



A 
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f Rq * the "rest fadius't of the trachea (its usual 

radius when you are relaxed and not c6ughing) 
in' centimeters''; 

k = the contracted radius of the trachea during a 
cough (thus R < Rq) ; 

V = the average velocity of the air in the trachea 
when it is contracted to R cnr. Th^s dependsAfc 
on^ and we wish to calculate R such that V(R)^ 
is maximal ; ' , 

P = *he <j x tra pressure in the lungs during a cough, 
i i.e.,rthe difference P r P 2 between the pressure 

Pj inVotir, lungs and the atmospheric, pressure 
4 P 2 outside your mouth, measured in dyne/cm 2 . 
F = the total volume of air flowing through the 
trachea per second, in cm 3 /sec. 

We will make two physical assumptions, one about the 
airflow, the other about the flexibility of the trachea's 
wall. 



3. LAMINAR FLOW 

•First, we assume that the airflowis lamina*. This 
means that layers^f air move at different speeds in the 
trachea. The thi^n layer of air right next to the pipe 
wall hardly moves at all because of^friction-with the ' 
wall. The layer /or lamina, just inside that one moves a 
little faster, and ,so on until the fastest airflow is 
found along the central axis of the tracheal It is as if 
th<£/ airstream were made of thin concentric tubes of air 
sliding <^ver one another. See Figure 1. 

Laminar flow is an appropriate model for the motion of 
any fluid through a confining pipe. m 1840~ French physi- 
ologist Jean Poiseulle* established that the speed of the 
— — * 

'artlries 9 ' "** StU ^ ing the flow of blo ' od through veins and 
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Figure 1. The air in the* trachea is assumed to flow in 
thin concentric cylindrical layers called laminae. Inner 
layers move 'faster thari outer ones, which are slowed by 
friction with the tracheal wall. 

fluid (of air in the trachea in our .case) at a point x 
cm out from the center axis of the pipe of radius R cm 
'is * . 
i 

XI) ~ v(x) = k'P(R 2 -x 2 ) W/sdc for 0 < x < R. 

Here k is a constant depending on the length of the pipeV 
-and^the particular flui'd involved. We defined P and R 
earlier. The average speed V. is the average of these 
v(x) values over all points in the' pipe. 

Formula (lj is usually called Poiseuille 's Law of 

viscous fltiid flow. By using integral calculus, it is 

easy to deduce from (1) that the total flow per second 

through the trachea (when it* is contracted to a *radius 
of R cm) is 

. (2) • F = cPR 4 cm 3 / sec. ^ 

The'constant C again depends on the length of the 
pipe an<J the fluid involved. Formula (2) is derived 
from (1) in several ways in a, companion paper to this 
one, Viscous Fluid Flow and the Integral Calculus y UMAP 
Unit 210, Laminar flb$ is discussed in more detail 
there, too. 1 * 
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4. AVERAGE- VELOCITY AND TOTAL FLOW 



r 



We mentioned abovk that we'could compute the 
average airspeed V in the, trachea by -using integral cal- 
culus to average the speeds v(x). However, we can relate 
V to the total f low, per second F in a much simpler way. 

» v • * 4 

* Imagine air flowing through the trachea at a 
steady velocity of V cm/set. In t seconds, each particle 
*>f air would travel Vt cm. Now, the cross -sectional^ apea 
of the contracted tracheal tube is ttR 2 cm 2 '. * Therefore, a 
cylinder of air Vt cm long by ttR 2 cm 2 would leave* the 
tube during those t seconds. The flow of air through the 
tube, measured in volume'per second^ would be ^ 

(3) V. (Vt)(^) . nR 2 v cm 3 /sec: ' . ■ 

WtJ can now write V in terms of P and the contracted 
radius R by using, (Z) and (3): , 



F = bTR 4 _ _ nn 2 



(4) • • V = ^ = = Ci p R 



wfieYe c, = c/tt. • * *n 

5. PERFECT ELASTICITY ^ * 

JThe second assumption, about the' flexibility; or 
elasticity of the trachea's wall-tissue, is needed t next~ 
We assume that these tissues are "perfectly elastic." 
This means that the tissues contract so as to reduce , " 
the radius, of the windpipe in- proportion to the pressure- 
change- P between the two ends of tlfe pipe". That is, 

* 

(5) • , k c - R « aP, • 

for some constant a > 0* Thia*is valid for fairly small 
pressure, changes P, in fact for 



i 
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0 < P < 



f 



If larger values of P occur, the tracheal wall stiffens 
and the contracted radius R would be larger than the 
value predicted by (50. (This is fortunate— if the 
trachea were to contract too much, we would suffocate.) 

Exercise 1 . Use (5) to prove that the _ inequality 



, • 0 < P < ^ 

• — — 2a 

is equivalent to the inequality 
. 2 — " — V 



Thus, by assuming perfect elasticity, we are also assuming that the 
contracted radius R is at least 50 percent of the rest radius R^. 



You may be familiar with Hooke's Law, which says that 
'the change x-x Q in a spring's .length when a pull, or force, 
of magnitude f is applied is proportional to f . 



J 



o 

Natural length 

i 



1 



Stretcned Length"^ 1 



* a. Unstretched' 



b. Stretched 



Figure 2. A spring stretched beyond its natural (unstressed) 
length by a force of magnitude f. 



n 

That is, 

»* 

f k(x-x Q ), 

• • 

for some, constant k. This *is really the principle behind 
perfect elasticity, j^ie pressure change sucks in the 
tracheal wall with pressure P and the wall behaves as 
though it were made up of small Springs, which stretch 
(Figure 3) . . 



' tracheal wall 



Figure 3. The tracheal wall is assumed to behave elastically 
as though it were made up of small spring which stretch as- the 
trachea contracts.. 

As (5) says, the amount of stretch, R Q -R, is proportional 
to the magnitude of the force. Although this is a rather 
simplified explanation, it leads to a good working model, 
as you will see in the next section. 



4 



, 6 
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' 6V WHAT RADIUS R MAKES V THE LARGEST? * 

» — — . — * 

We can use -(5), the formula., fof-.perfett elasticity, 
to express P in terms of *R: l\ ♦ , * * - 

R -R 

* p a U 

a * 

Inserting this in (4) gives us V in terms of' Valone: * 

fV*l 



(7>^ V = Cj 



2 ' ? < \ 

R = c 2 (R 0 -R)R^ # cm/sec. V 



Here c 2 = Cj/a and R Q are constants. Equatipn (7) tells 
us that airspeed V is produced when the trachea contracts 



from R Q to ,R cm. 



. Our original goal was to discover what valtfe of R 
gives the largest value of \h. Since V is a differentiable 
function of R, for 'R in the domain [JsRq.Rq], V jnyst assume 
its maximum at one of the endpoints ^ or R Q>4 or at 'an - 
interior point where dV/dR = 0. * 



Exercise 2. 



* 2 * 
Show that V - c 2 (R 0 ~R)R satisfies dV/dR « 0 (has horizontal 

, tangents) for R = 2R (y /3 and- R « 0 but no other values. 

Show that R - 2R Q /3 leads *to d 2 V/dR^ < 0. Interpret this 
result: what ^ sort of horizontal tangent is R * 2R Q /3? . 

Carefully explain how you know that V has ''its absolute foxxtmum 
at R - 2R Q /3 when R is restricted to the domain fcR n ,Rj. 



As Exercise 2c shows, our model leads us* to predict that 
our body can maximize the cough's effectiveness 1 by Con- 
tracting about 33 percent, from R Q *to 2/3R Q . This agrees 
with experimental evidence as to how the body actually 
behaves! It is as though "Mother Nature 11 ffsed calculus 
in designing the complex muacle- actions of coughing to 
maximize the -airflow speed produced! v 



Exercise 3 . Sketch the. graph of f(R) = (R Q -R)R 2 



a. *for 0 <.R£ R Q 



b. for $.11 real R. 

Results from Exercise 2 will help, because V is just a constant 
multiple' of the fusion f here. 
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8. SOLUTIONS TO EXERCISES 

4 R o, ' R o - • • 

J * 0 1 p 1 2? <=a> 0 1 aP 1 T (multiplication by a) 

R 0 

<-> 0 £ R Q - R <_ ~y (substitution from (5)). 

The left haYf , 0 <_ R Q - R, is equivalent to R < R Q and the right 
* * , Rq * R 

Half, R Q - R < ~, is equivalent to ~ _< R. Together they give 
R 0 

2. a. ^ By the product rule* (there are ^ther ;ways) 

dV 2 * 

_ = ^fct-l)R +^R 0 -R)2R] = c 2 R(2R Q -3R). 

b. dV n , d*V . , 

Tfn = 0 and — 5" < 0 at a particular R indicates a local 
aK dR Z 



maximum. 
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c. The absolute maximum needed here must- occur at aniendpoint 
of the domain or at an interior point where dV/dR » 0* 
Thus the candidates are - , 



R • 


Corresponding 
Value of V 


. i 


endpo inti -y 


ic R 3 ^ 
8 C 2 R 0 


* \ 
* \ * 


endpoint R Q 


* 

0 


> o >. 


local maximufe 2/3R Q 


27 C 2 R 0 * 


the largest V 



We ignore the horizontal tangent at R * 0 because it is 
outside Che domain of our function. 



(?he polynomial f(R) ■ (R Q -R)R 2 has a double root at R * Q, and 
a single root at R * R Q *. 
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The 



terms of the series \ r-r£ 
a MS 




split up 1 in just about the way that 
the numbers of words appearing once, 
twice, thrice, etc., in James Joyce's 
Ulysses ^split up the total number of 
'words in that novel,! 

Applications of Calculus 
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^ . In termodu lap .Description Shee t : UMAP Unit 215 

Title: ZIPF'S LAW AND HIS EFFORTS T0*USE INFINITE SERIES 
m IN LINGUISTICS 

Author : Philip Tuchlnsky 
t 7623 Charlesworth 
Dearborn Heights, HI A8l 27 

Dr. Juchinsky Is a» member of Engineering Computer Systems at Ford 
*Motor Company's Research and Engineering Center. He formerly taught 
In tHe Mathematical Sciences Department at Ohio Wesleyan University 
(where earlier editions of this paper were written). 

Review Stage/Date : IV 2/A/80 * ' 

Classification ; APPL CALC/SOCIAL SCIENCE 

Suggested Support Material : Add one or more ^elections of English on 
which to do word-count experiments. 

Approximate Class Time Needed : One 50 minute lecture plus out-of-class 
time for word-count experimentation and exercises. 

Intended Audience : Calculus students studying series. By ignoring 
Exercises W, the paper could be used at an intuitive level in pre- 
calculus or finite math or liberal arts mathematics courses. The unit 
# is appropriate for independent study or seminar presentation by more 
advanced students.' 

Prerequisite Skills : 

1. Definition of infinite series, and its sum. ' 
Partial sums. , 

Geometric series suVmation. , 
Algebra on inequalities (for Exercises 1,2,3,5). 

For Exercise k only; comparison, ratio and integral tests of conver- 
gence of series. 

6. Algebra related to the. logarithm function. 

7. Log- log graph paper and its uses. * 

(You can use this paper as a context in which to teach* your students 
* that y-Ax B will appear as a straight line on log-log paper, with A 
and B predictable geometrically or mathematically from the graph, 
and y-A-B will graph as ^straight line on log-ordinary (semilog) 
paper. Iji my experience, many students are using these facts in 
science lab work without understanding why they work. They are 
delighted to have this enlightenment; their mjstaken feeling that* 
"none of this calculus Is really useful for much" will be suBstan- 
tlally reduced.) 

Output Skills : 

1. Use partial fractions to explain the summation of £l/k{k+l) y . 

2. Calculate relative errors to measure quality of match-up between 
two sets of data. * 

3. Carry out a word-count study on any lengthy text in any language. 
H. Convert Item-count study data into rank- frequency dataA 

5. Use log-log paper to graphically test whether rank-frequency data 
obeys Zlpf's Law.* 

6. Give an example of pure, apparently .Impractical research that has 
practical Implications for a sophlstfcated system like human language. 

UMAP Editor for this module: Solomon Garfunkel 
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9r Philip Tuchinsky 



TABLE OF CONT ENTS 

1. PARTIAL SUMS CAN HELP US ADD UP APERIES < 

2. SUMMING THE SERIES ZIPF USED . 

3. WORD COUNTS IN" JOYCE'S ULYSSES •. 

k. HOW GOOD IS THIS SERIES MODEL? . . 

>* 

5. THE EXTENSIVE RESEARCH INTO WORD-COUNTS AND 

RELATED LANGUAGE PATTERNS . . .* * 

6. ZIPF'S LAW (THE RANK- FREQUENCY LAW) . . . . . 

7. A LOG-LOG GRAPH REVEALS OBEDIENCE TO ZIPF'S LAW 

8. EXERCISES; DERIVING A NUMBER-OF-WDRDS LAW 1 

9. MANDELBROT'S EXPLANATION OF THE LANGUAGE PATTERNS ...... 1 

10. SOURCES ... ....... I ....... 1 

ANSWERS TO EXERCISES 1 

*This section is Included in the instructional unit but^ * 
. omitted in the UMAP Journal version for the sake of brevity. ' 



er|c • » 304 



83 



ZIPF ! S LAW AND HIS EFFORTS TO USE 
INFINITE SERIES IN LINGUISTICS 



1. ' PARTIAL SUMS CAN HELP US ADD UP' A SERIES 



The partial sums of the series 



j = l J 



are, of course, • • \ 

* • 
n v 

for n ■ 1, 2, J, .... The* sum of the series is "defined 
to be the limit &£ these partial sums as n -♦•<». Although 
that's a sound definition, it's almost useless when we 
want to calculate the sum of a series, because it is 
impossible to simplify the partial sums of most series 
into a form where the limit can be obtained. A classic 
exception to this rule is geometric series. The n-term 
partial sum a ♦ ar> *♦ ar 2 ♦ ... + ar n "\ simplifies to 

\ 1 - T n 



1 - r 



(as you should be able J,o prove). In this simplified 
form, we can see what happens as n ■+ °°: for r such 
that |r| < 1, we have r" -+.0 and the series converge-s 
t<5 * \ 3 i * 

fl 1 - 0 a ' 
l-r~i-r'« 

while |r| > 1 =s> r n ±°° and the series diverges. (What 
happens whe^ r = ±1?) *\ 

This*paper is about another exception, another 
series whc?se partial sums can be directly analyzed. 
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This series is not as important as geometric series (which 
has dozens of significant applications). .However, our 
series played an interesting role^in the linguistics* 
'research of (Jeorge Kingsley Zipf in the 1920 's and 1930»s. 
We will examine: that application and the later research 
about artificiad languages *ha-t has made Zipf's work obso- * 
^lete. A surprising interplay between the study of human* 
languages and engineering research into communications 
networks and computer languages will be discussed. 

We will see that the series* we study is not completely 
f successful as a mathematical^ model in'Zipf's work. Several 
efforts to vary and improve the model will all lead to 
difficulties — no single accepted model will emerge. That 
sort of partial success is common *?hen applied mathemati^ * 
cians ^work on actual complex problems; this deserve* con- 
trast against the experience of most students, who see ojie 
successful theorem proven after another as they study the 
established branches of mathematics. 

2. SUMMING THE SERIES 1, ZIPF USED , * 

The series we consider here i.s 

The key is to use partial fractions. 'Please check that 
1 1 1 "* 

Now 'tire partial sum through n terms is 

r< 1 1 l' i i 

k i\ ktk*lj " TT * 1TZ * • • • * (n-l)n * n (n*l) 

■(H-(H---feM-(*-iii) 

I , i f X i 1 * t t 

cancels cancels cancels cancels 



1 - 



1 



3Q6 



♦ _ This partial sum is now so^nicely simplified .that we can 

_ See what happens as n-*- 00 * Of bourse » % 

1 - « " 

rl - n+1 



* and thus 



.The 'original series adds up to I. - ^ 

3. "Word counts in"joy ce's ulysses * 

• : — ■ ' 

is seri.es gives a mathematical model of the occur- 
rence of rare words in James Joyce's novel Ulysses . 
Among the 260,430 words in Ulysses there are* N = 29,899 
different* words.. ' Many are "rare 11 words appearing only 
once or twice. A few are common words that appear a 
thousand times Qrynore. We'll study "the rarely appearing 
words here. There'are 16,432 words "that appear exactly 
once each in Ulysses (about half of N)~ 4,776 words that 
appear exactly twice 

_ (abtfut *N =' ^N), „' : 

2,194 words that appear exactly 3 times*' each* ■ 



(about '^n - jl^N), ' { 

,so on; x ^ 

- In fact, if nj is the number of words ^at* appear 
exactly j times in Ulysses (j = 1, 2, 3, ...), these rt. 
words make up a fraction n^/N (of the to^al words) that 
is rather closely given by 
1 

the j** 1 terhi of our series. 

Thus we use the series to model n. as 



(l st »odelL. n. 
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This says that the terms of thefseries, (which, you recall, 
add up to 1) split up 1 in justj^bout the way that the 
words appearing o^nce, twice, thrice, e.tc. in Ulysses 
split up the total of' different words appearing in that 
novel . 



HOW GOOD IS THIS SERIES MODEL? 

~ ^ 



The actual, number of words appearing once, twice, .. 
ten times in Ulysses is listed in Table 1 along with the 
number predicted by the series-model. 

— . I ^ 

TABLE 1 '* 



f • nj = actual # of 
words appearing 
]_ exactly j times 

1 16,432 

2 4, 776. 

3 *■ ^2,194 

4 . -1,2&S 

5 906 

6 637 

7 483 

8 ~ 371 
'9 ' 298 

10 2-22 

Source : 



Model's prediction 
of number of words 



that appear 
exactly j times 


Relative 
error 


14,9SCV> 
4,9*5 


9 
4 


.0% 
.4% 


2,492 • 


13 


6% 


1,49* 


16 


3% 


. 997 


10 


0% 


* 712 


11 


1% - 


534 


10 


61 


415 


11. 


J9% 


332 


11 


5% 


^ 272 


22, 


5% 



Least Effort . ; 

- The last column provides a simple measurement of i;he 

extent to which predicted and actual values agree.' The 

relative error is defined to be * 

[ predicted value - actual valu e 
I actual value 



RE 



As an example, for j = 7 , the (RE is 

lijf = 4831 _ 51 u - nt;t;Q _ in _ 
483 ~ - 10559 =,10.6%. 

• * •> . 

The predicted values are obtained from our series model 
as 'in this example: for 3 = 3, t;he model predicts that 

29899 



n, 



N 



3 - 3^r " ~TF 
which we round- to 2,492. 



2491.58, 
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The predicted values given by the terms c^f our series 
do follow the trend of the actual data quite well, but you 
•may feel that the specific numbers (483 vs! 534 for j = 7, 
for example) are not as close as you might prefer. 4 
Shouldn't the modej match reality better than that? The 
RE's in the last column average 12.5%. For most research * 
in the natural sciences such relative errors would be 
considered large- -repeated experiments done with labora- 
tory equipment, for example,^ usually yield much more con- 
sistent results. Errors above even 5% make us winder 
about the experimenter's measuring abilities or t,he design 
of the experiment > But we should not expect such hard- " 
science accuracy- in a "law" 'or mpdel that concerns so 
complicated a social -science process as the choice of 
words by one human in treating one novel, 'instead, we ask: 
Is this pattern obeyed by a wide range of language samples? 

"S. THE EXTENSIVE RESEARCH INTO WORD-COUNTS- AND 
\^ RELATED LANGUAGE PATTERNS 

During the 1920's and 1930''s, many word-count 
experiments were performed by peychologists and linguists, 
led by Professor George Kine/ley Zipf. of Harvard atid his 
students. They found striking patterns in the" frequency 
of occurrence of: rarely appearing words, the number of 
*pa&es between appearances of a word, the number of and 
spacing betwee.n uses of individual letters, syllables, 
prefixes, s,uf fixes, meanings, etc. Some of the language 
texts studied (not all £or rare-word frequencies) were: % 
Ulysses by Joyce A 

— Stretches of English language newspaper text 

— the plays of Plautus in Latin 

— thte Iliad in Homeric Greeks ' ^ 
--- wonks in , Old English, and other medieval 

languages 

---'part of a Bible in Gothic German 

--- traditional oral legends in* Dakota and Plains 

Cree (American Indian languages) and Nootka 

(an Eskimo language) 
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— works in modern languages from German to *> 
~ Hebrew to Chinese " 

— the speech of children at various ages' \ 

— some schizophrenic speech. 

This exceptionally broad selection of language samples 
all yielded Very regular patterns that astonished the 
researchers. A few studies failed to support the 
patterns/ but the ev^ence suggested that important 
cross-cultural properties of language were being 'found. 

Linguists pursued this research in the search for - 
. fundamental structural properties of language. Psychol- 
ogists hoped to explain jus^t what process goes oii in a ' 
human mind as it calls on its whole history of language - * 
experiences when craf ting*new sentences, paragraphs, or 
books. One of Zipf f s books (see Section 10) contains a ' 
readable survey of these experiments. It a^so contains . 
the extensive consequences for human behavior that Zipf 
put forward as implications . of the research. A too-brief 
review of his logic: Zipf claimed that different amounts 
of mental effort are exerted by*a speaker or writer in ^ 
choosing words. Common words, very fa-ec^uently encountered 
in the writei#s past experiences, "come to mi,nd" with 
littl'e effort while words met less often in the past 
require more effort far their use. A human selects words 
to express an idea using the "principle of least effort. v - 
Zipf hoped to deriv.e the specific quantitative patterns 
he had found from such a basic principle (in the same 
way that Newton, starting from a few basic assumptions 
«su£h as 'the law of gravity, could derive the motion of 
the planets and many other results). Zipf offered > 
situations analogous to writing or language ueage where 
behavior obeying a law .of least effort did lead to the 
patterns found, but he-did n6t succeed in deriving the 
surprising patterns from language structure itself. 

fj *0ne of the exceptions Is amrther novel by James' Joyce, Ftnnegan'F ■ x 
Wake. 
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< 6. ZIPF'S LAW (THE RANK-FREQUENCY LAW) 

A central result of this researches "Zipf »s Law" 
also called the "rank-frequency law." We have, looked at 
the number n^ of rarely appearing words that appear with 

frequency (number of occurrences) j for j = L, 2, 3, 

In a rank- frequency study, one* looks instead at the f rank * 
of a word (1**, 2 nd , 3 rd , etc.) when the words of a book 
•are listed^ in "order of decreasing frequency. Thus the 
most-repeated word has rank 1 and frequency f 1 , the second- 
most- repeated word has rank 2 and appears 'f ^ times, and 
so on, Zipf's Law, also found empirically, is that 

' r ' f = constant 

i.e., that the rank and corresponding frequency are in- 
versely related. As an example, Table 2 gives various 
Tanks, frequencies, and r-f produces for Ulysses . 



ta: 



Actual Rank-Frequ*&cy Data from Ulysses ' 

T'i products 



Rank 
(r) 


\ Frequency 
(f) 


10 


2,653 


20 


1,311 


30 


926 


40 


717 - 


50 


556 


100 


265 


200 


133 


300 


84 


400 


62 


500 


50 


1,000 


26 < 


2,000 


12* 


3,000 


8 


4,000 


* 6 


5,000 


5 


10,000 


2 " 


20,000 


1 


29,899 


1 



26,530 

26,220 

27,780 

28,68,0 

27,800 

26,500 

26,600 

25,200 

?4,800 

25,000 

26,000 

24,000' 

24;000 

24/000 

25,000 

20,000 

20,000 

29,899 



Source: Zrp£? Human Behavior and the Principle of Least 
Effort/ * 
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The approximate constancy of this third column is 
striking' and intuitively unexpected.. And the constant 
value obtained is roughly N = 29,899, the number of 
distinct words being ranked, or perhaps it is a bit less 
than N. This is discussed in comments following Exercise 
1 in Section 8.* 

7. A LOG- LOG GRAPH REVEALS OBEDIENCE TO ZIPF'S LAW 

There is an easy way to graph the (r, f) pairs from 
Ulysses for r = 1, 2, 3, 29,899 so that the closeness 

of fit«to r»f = k becomes visible. On ordinary graph 
paper, r.f = k appears as a hyperbola; it is hard to look 
at the graph and determine that we have f = k/r as opposed 

9 12 

to some other similar curve, like f = k/r^ or f = k/r , 
But these curves are easy to tell apart when graphed on 
log-log"graph paper. Notice that r.f. = k implies log r + 
' log f = logk. Thus the points (r, f) fall on the curve 
r.f = k if and only if the points (x, y) = (log r, log f ) 
fall on the straight line with slope -2 x + y - logk. On 
log-log graph paper (see Figure 1), the axes are labeled 
with values of r and f but, because of the special spacing 
of points along these axes, we are really plotting y = lpg f 
vs. x * logr. We will have a good,_fit to r«f = k if the 
data fall along a straight line with slope -1, cutting v ^ 
both axes at 45°. 

In Figure 1, the tendency of both curves A. and B to 
follow the straight line C is very striking. (TJie "steps 11 
at the bottom-right of both curves occur because, for high 

*Zipf's Law r.f = k appears to fit many kinds of ranked data beyond 
our word counts. For example, when U.S. cities are ranked by popula- 
tion (so that r - 1 for New York, etc.) then r*f = k holds pretty 
well, where f - f r is the population of the city with rank r. The 
rule fails for cities wofld-wide, or for cities in much less urban- 
<ized, industrialized societies, and the extent of fl^ to this law has 
been proposed as a measure of a nation's urbanization. Consult the 
social science literature for more details and other examples. 

J* 
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ranks there are many ties, many occurrences of the rare 
frequencies 1, 2,-3, ) 

Researchers up to this point had not explained Zipf's 
Law, or the series model that we began with in this paper 
or other patterns. ' • # 



10000 




10 



100 1000 
RANK 



10000 



Figure 1 Data that precisely obeys Zipf's Law would ~s 
graph like C, having slope -1, to whic.h curves A arfd B ' 
should be compared^ Curve A -consists of aJJ^ the (r*f) 
data pairs for Ulysses , not just the few given in Table 
i, connected together into a curve. Curve 8 is a / 
similar rank- frequency graph for a sample of ^3, 989 
running words of American newspaper text,, studied by 
R.C. EldrJdge. (The Ulysses data was created by Hanley 
and Joos, but first graphed by Zipf. Source: Zipf, 
Human' Behavior and the Principle of Least. Effort .) 
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8. EXERCISES: DERIVING A NUMBER-OF- WORDS LAW 
, ' ' ^~ = 

We have studied two parts of Zipf's research, which 
we summarize as follows: 

(A) The rank- frequency law f « k/r gives the approxi- 
mate frequency (number of appearances) f of the , 

th r 
r -most-commonly-appearing word in the language 

sample, for r * 1, 2, 3, N. 

(B) The nUmber-of -words law n^ = N/j(j+l) tells how 
many words (among the N different words of the 
language sample) appear exactly j times, for j * 1, 
2, 3 

Both are empirical laws--they work quite well for a wide 
variety of language samples. So far we have no deriva- 
tion of these laws from obvious* or widely accepted facts, 
no clear explanation as^to why they should be true. 

\These two laws are related to each other and that 
is wor + th our study- -if one follows from the other, they 
are more believable together than either is by itself. 

Therefore, let's assume that (A) is true and' try to ^ 
deduce a number-of-words law from it. Specifically, let's 
try to calculate n^, the number of words that appear 
exactly once (i.e., that have f = 1). 

The rank- frequency law predicts frequencies f between 
1 and 2 for all words with ranks k/2 ♦ 1 up to.k: 

l<f<2«*l<^<2 
s - - r „ 

k 

+> j < r < k. 

Thus, a total of k/2 words have theoretical frequencies 
f in the interval [1,2). 

However, frequencies must be integers; fractional 
frequencies do not make sense. Let's decide that we will 
always round f downward to the next lower integer. Then 
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f e [1, 2) becomes § * 1, and n x , the number of words 
with f » 1, is 

n l ' 7 ' FT • . <^ 

This looks promising--if we are going to^derive n. = 

< N/j(j+l) from (A), we need that denominator 1-2 in n^. 
But that k jji the numerator? Maybe the correct constant 
k in the ranlc- frequency law is* N? We'll have to test that 

'idea later. First, extend our result for n 2 by doing 
Exercise 1. 

Exercise 1 ' 

Assume that f ■ k/r for r ■ 1, 2, 3, 

a) Show that fe [j, j+1) occurs exactly for ranks 




b) If we round f e fj, j+1) downward to the integer value f - j, 

show that P 

V 

n j " TTFTT 

for any j . t 



Thus we can deduc*e (fi) from (A) if we agree tq round f 
downwards and if k * N. 

We should test whether k = N empirically by trying 
it on many language -samples. We can start .here with 
Ulysses, which contains N * 29,899 different words. The 
r and f data in Table 2 can be "used to get b comparable 
value of k. Let's exclude the data for r = 10,000, 20,000, 
and 29,399' because these (r, f) pairs are located in the 
"steps" of the r (r, f) graph where r changes while f does 
not. and those r-f products are not very constant. When 
we average the r.f products in Table 2 for 10 < r < 5,000, 
wXget k » 25,874. Thus k f N. We have k about 13.5% 
smaller than N* in this" one example. 
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Wait. This is no time to quit on the problem- -the 
values N/j(j*l) are also 10-151 tod large for fhe actual 

1,2). We could 
, . Thus 
we propose j • 



n^ of Ulysses in Table 1 (except for j 
correct that by decreasing N/j(j+l) to k/j(j+l) 



(2 nd , model) v 



n . = 
3 



k 



for all but the smallest j, 
for all j because'' 



We cannot apply this model 



however, 



N 



l 
j 

,nd 



■ I 
j 



n . 



k 

Jirn:) 



= k I 



= k. 



But the 2 model may work well for all but the Smallest 
few values of j , which are special cases requiring^eir 
own formula. Ulysses data comparable to that in Table 1 
We must be cautious in. conducting 

> 10 or for 

language samples other than Ulysses . . The second model 
does not seem to appear in the psychological literature , 
probably because Zipf deduced yet another number-of -words 
formula from tKe rank- frequency law. 



appears in Table 3. 

that the 2 nd model will do this well for j 



TABLE 3 



Additional Number-of -Words Predictions vs. Ulyssis Data 



RE £ 







2 nd model* 


3 rd model 


* 




true 


predicted 




predicted 




I 




n i 


RE 




RE 


i 


16,432 v 


12,937 


21.3% 


34,4Sf9 


109.9% 


2 


4,776 


'4,312 


9.7% 


6,900 


44.4% 


3 - 


2,194 


2,156. 


1.7% 


2,957 


34.8% 


4 


1,285 


1,294 


v 1.6% • 


1,643 


27.9% 


5 


906 


862 


4.9% 


1,045 


15.3% 




637, 


616 


• 3.3% 


- 724 


13.7% 


7 


483 


462 


• 4.3% 


531 


9.9% 


8 




359 


3.2% 


406 


9.4% 


9 r 


(298 


287 


3.7% 


320 


7.4% 


10 t 


• '222 


\ 235 


5.9% 


259 


16.7% 



*A11 calculations are based on k = 25,874. 
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Surely you wanted to object to the "rounding"* of 
f e lit to f = j 1 After all, would you round 3.01, 

3.3, 3.49, 3. 51, 3.99 all to '3? tft would also mean that 
f e 10, 1), which is predicted by f = k/r for ranks k < r 
<* N, is rounded to f = 0, although each of the words 
with these ranks appears in the language .sample -a>t 
least once, zlpf proppsed instead to round f e [1/2, 3/2) 
to f - 1, f e (3/2, 5/2) to f = 2, etc. , i 



Exercise 2 . 

Assume that f ■ k/r for r » 1, 2, 3; 

a) Show that f e [j - 1/2, j + l/2> occurs exactly for words' 
with ranks 

k k • \ 

j + 1/2 * r £ j - ,/ 2 ^ 

b) If we round f e [ j - 1/2, j + 1/2) to f -» j/show that 
(3fd m ° del ' "j = (j - l/2)(j ♦ 1/2) for a "V J • 

This third model is the one given by Zipf. It leads us 
to ask: 



Exercise 3. 



j-i j 

should equal N, the total of d i Werent>»rfJi | n the book" under 
study. Sum the series suggested\fn Exercise 2, formula, 

j£, (j - 1/2) (j + 1/2J- 

by simplifying the partial sums In much the way I 1/j(j+l) was 
summed early In this paper. 



Since Exercise^ tells us that En^ = 2k^ N, we know we 
cannot use the 3 rd model for all j, based on k and N from 
Ulysses . As with the 2 nd model, for low j the predicted 
values are far too large. Table 3 shows a very pgor fit 
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between this model and the Ulysses data; for much larger 
values of j the fit may be much -better. 

So it goes! • In three tries, we have not achieved 
a trouble- free mode}. 



Exercise k . 

Without finding the sum, give more tWuone x proof that 

(j - 1/2) 0 + 1/2)* 

is a convenient series. Mention the convergence tests you use. * 
Exerc i se? 5 . 

Suppose we decide to round upward: Assume r«f ■ k and decide 
to replace f e (J-1 , J) by f * j . ,What rule for n^ fol lows 7 Is it 
a better model than the ones we have discussed? Prepare^ the * 
equivalent of Table 1 for this ** th model. How did you decide whether 
or not it is better than the first 37 



The series result 

= 1 



.{ k(k*l) 
id to fin< 

examples appear as Exercises 6 and 7 * 



can be used to find t'he sums of other series y Two 



Exerc ise 6. 

I 



irst show that 

1 1 



■iH ; *H*- 

" n l } (2n - l)(2n + 1) ' 



Use this result to show 



11-1 v . 1 1 " 

H !7 " ' " n i } (2n - l)(2n + l) " 2 * 



*Thanks go to William Glessner^f Central Washington University 



.for suggesting Exercises 6 and 7. 
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Exercise 7* 



^ If we 'start with the result In Exercise 6: 



and use< the same "sum up two terms at a time" method {as displayed 
In Exercise 6) on it, show that we get . • » 

i ' I (4n + l)(4n + 5) " + Ts + FIT + 



woi 



9. MANDELBROT'S EXPLANATION OF THE LANGUAGE PATTERNS 

V 

Zipf 's Law artd other striking patterns found through 
5rd-count sorts of experiments on natural (i.e., human) 
languages were finally explained by scientists working 
on very different problems, problems related to artifi- 
cial languages. Zipf and his colleagues had examined < 
. the structure of language and the process of writing or. 
speaking; now'Norbert Weiner and Claude Shannon led the 
study of communications channels. Human speech and 
writings, electronic signals sent over telephone lines, 
messages sent in Morse code, radar signals sent out and 
received after bouncing back, coded data moving from IBM 
cards into a computer's electronic memory, all are examples 
of information being coded and sent by a transmitter 
(speaker, writer, telegraph key user, etc.) then received, 
decoded, ^and interpreted by a receiver (listener, reader, 
etc.*). The researchers asked: How cqufci- information be 
most efficiently coded and sent so that it would be 
received at lowest cost- and with high accuracy? How much 
repetition ("redundancy") should be included as- a check 
on the* accuracy of the message received? Their main goals - 
v*ere the efficient design of high speed, high volume, high \ 
accuracy man-made data channels for use iir>computers , 
international telephone and microwave systems and -military 
applications, but the "linguists and psychologists noticed 
at onc$ thW"T]us~"re^arc^ to ihe study of 

human language communications, 

f * » 
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This research led .to an anticlimatic completion'of 
*tl)e project begun by Zipf and 4 his team. In ,1953-54, 
Benolt Mandelbrot showed that the number-frequency, rank- 
frequency and other patterns tfound by Zipf will always "* 
arise in any language satisfying these two assumptions: 
1. The language is made up of wqr0s--small units 
of information separated by spaces. 
.2. The transmitter encodes and the receiver, , ft \ m 
decodes word by word;-that is, the speaker 
(or writer) formulates v and speaks^one word * 
at a time and the listener -(reader) listens' 
and interprets one word at a time. ' 

The main point is the presence of a space between units 
of* information. By .random processes this spacing, and 
the word by word handling of messages, accounts for the 
- ' patterns^ There is no need, in 'explaining' the patterns, 
to claim that James Joyee, while writing Ulysses , was 
choosing words using unknown "universal laws" of language 
structure at s some deep almost-unconscious level of thought. 
% Instead, we simply claim tha¥ Joyce was choosing his words 
one at a time to convey his meanings 1 . The space-between- 
words structure of English then Suffices % to produce the* 
patterns. Mandelbrot showed this by. using a lot o*f " 
advanced mathematical statistics. * 

Zipf's ideas persisted for a while. The applicability 
of Shannon's work tt> human languages was challenged and. 
some of Mandelbrot f s assumptions were questioned, by 
H.S. Simon and others. Simon, in 19$S, published alter- 
iia ; tiw^e\planations of Zipf's Law and other patterns, % ■ 
using the idea that/the more prior usage a word Has had, 
the morejlikely it is to recur. 

Mandlebrot has won the day, however. My most 
recent reference, in Mathematics and Psychology , edited 
«by George A. Miller, John WilcTy and Sons, New York, 1964, 
includes trfls quote from Barbel Inhelder and Jean Piaget 
on page 249: . * ' % 
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... during the 1930 f s G.K. Zipf stirred up - 
considerable interest in various statistical 
regularities that he uncovered in his, analysis 
of word frequencies. Twenty years later the 
mathematician Benolt Mandelbrot was able to 
demonstrate thatZipf f s laws were attributable 
to random processes and implied np "deep lin- 
guistic or psychological consequences. 

\ 10. SOURCES 

I first met this application in the essay "The 
Sifces of Rings'' by'H.A. Simon in Statistics; A Guide 
to the Unknown ed. Judith Tanur, Holden-Day„ 1972, 
pp 195-202. -This paperback contains many short essays 
that^how the ifrpplicajbility and practical uses of star 
tfsjfics, especially the difficulties of statistical 
'experiment design. Most are only modestly mathematical. 

The work of Zipf and his colleague*s^is well summar- 
ized in G.K. Zipf, Human Behavior and the Principle of 
Least Effort , Addison-Wesley , Cambridge, Mass., 1949,, 
Chapters 2, 3, and 4. * 

The original Ulysses data, complete, appears in 
M.L. Hanley et al,- WoYd Index to James Joyce f s 
I?ly88e8 3 Madison, Wisconsin, 1937. 

The mathematics used by Zipf to relate his_ rank- 
frequency law to the number- frequency^taw for rare words, 
presented in {Exercise 2, was ^presented in G.K. Zipf, 
"Homogeneity and heterogeneity in language", Psychological 
Record , 2-<(1938), pp. 347-367. A more general argument *trjf^ 
Martin Joos appears in a °book'reView of Zipf's The Psycho - 
Biology of Language , Jfcmghton Mifflin, Boston, 1935 in 
Language. ; 12 (1936) pp-196-210. Joos, while contributing 
to Zipf's rigor, Ts" not uncritical. 

A fcood summary- of Mandelbrot's results and their* 
meaning may be found on pp 60-69 of R.D. Luce, ed? , 
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Developments in Mathematical Psychology: Information. 
Learning a nd Tracking . Free Press ol Glencoe, Illinois, 
1960. Part I (by Luce) is "The Theory of Selective 
Information and Some of Its Biological Implications" and 
covers Shannon's work and some brief mention of Zipf. I 
did not obtain the papers of Mandel-trrofj Miller and Simon * 
referenced there but relied on Luce^s rendition of\their^j 
work, which I hope I have not misrepresented. The — ' 
bibliography on pp 110-119 of Luce (above) will direct 
you to the original literature. 

S 
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11. ANSWERS TO EXERCISES 



~jvf = k and j < f < j+l j < j+r py < r £ 
Thus a total of 

n - k - A 3 1* 

j j FT jTFTT 

ranks r have associated fe[j, j+l). 



Similarly j - y < f < j + I ^ 



and 



< r < 



3-1 



Using partial fractions 
1 



(j - \) (j + \) 



the partial sum is 

s n = (l7I ' 377) + Ijfa • s7l) 



(in - l)/2 " (2n + i)/2 



T77 " Tin" 



Thus the series ,sums to 2. But Z n. = 2k >> N 
makes Zipf's model also only* partially usefu}. 

Comparison- and integral tests are easy enough. 

*\ 

The rule is £ « j+l for theoretical fe(j, j+l], 
i.e., for ranks 



k ' < , < k 

FT- r < J 



\ 



(using the solution .method, of Exercise 1). Then 

323. ' 
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for j » 1, 2, 3, .... Thus is excluded, which 
makes no sense, $nd the split-up'of k totals 

°° 1 1 c 

also not nicely interpretable . Shifting the terms \ 
n^ + n^ + 1 does not help us fit the UlyssffiT data 
better, as an eyeballing of Table 1 will, show. 

All that's missing is t 

00 1 

1 s ^ k(k+i) ■ 

* ^* 

°° 1 f 4 n 1 * ' 2 

= n li [(2n - l)"(2n + 1)J° < J 1 (2n - l)(2n + l) 

First we show ' > 

00 1 jf 1 ' 1 1 

= n=0 4n + 3 U4n + 1) + (4n + 5)J ■ 

a r 1 8n + 6 _ r 2 » 

n =o 4n + 3 (4n + l)(4n + 5) ~* n £ Q (4n + l)(4n+5) ' 

The result then follows at once. 
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1, THE DEFINITION OF "CURVE" 

Webster's Dictionary defines a curve as "the path 
of a moving point." If the moving point w.ere the point 
of a pencil, it could trace out the curve on paper. 




, For example, the point of the pencil on a compass 
might trace out a circle. 




Webster gives another more technical definition* of 
a curve: "A line thafe may b'e precisely defined by an' ' 
equation in such a ^way that its points are functions of 
a single independent variable or parameter." We can 
think of the variable or parameter ^ifctime and call i£/t 
Then the coordinates of the moving point, x(t) and yCt), 
are the functions of time*.- 



328 




If we imagine the pencil as making aWot on the 
curve every second, these dots will show flow the curve 
has c been traced. In particular, their" spacing will indi- 
cate the speed of the moving point. Here the point is 
speeding up as it moves to tHje right. * 




2. PARAMETR I ZAT I ONS OF THE UNIT CIRCLE 



Below is a circle which is traced counter-clockwise 
at a uniform speed .of 15°, or radians, every second. 
When it . is' finished in 24 seconds, it will have 24 evenly 
spaced dots. The coordinates" of the moving point are 
given by the equations 



x(t) = cos^ |yj tj; 
y(t) = sin ^ tj. 



329 ^ 




> 4 


f 

1— > V x ' 







There are many other ways to trace the same circle. 
In the figure below we see only twelve evenly spaced 
dots, so the equations might be 

x(t) = cos tj ; 

y(t) = sin (» t). A 
However, they might also be ' 

x(t) = cos (ft);' . ' 

* y(t) = -sin t) 

which would trace the circle with the same constant 
speed in the opposite direction. ' ( ' 
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% We might also trace the circle by having the x 
coordinate move at a uniform speed from 1 to - 1, for 
example, 



,x(t) = 1 - \ t 



0 < t < 6 



-y(t) - /l - x 2 - i-/6t - t 2 * 

i ' . 

These equations work only to trace out a semi- 
£ circle. 

Here the dots' are not evenly spaced. They are 
closest together at the top and bottom, indicating that 
the curve is traced most slowly there. The tracing point 
actually moves infinitely fast at the left and right 
sides. 




-QUESTION ^: Can you find similar equations to trace out 
the bottom semicircle, for 6 < t < 12? 



V 
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All these different functions define different 
parametrizations of the circle. We say that they define 
different parametrized curves. The set of points which 
a curve passes through is called its image. All the 
different parametrizations of the circle have the same 
image. 

: j 

In addition to defining the speed, a parame»trization 
also defines the order in which the points in .the image 
are traced. Thus, a point traoing a clockwise circle 
moves in the opposite direction from a point tracing a 
counter clockwise circle, so it passes through the points 
in the image in the opposite order. *Thus there are -two 
orientations to the circle, clockwise and counter clock- 
wise. 



OTHER PARAMETRIZED CURVES 



TJie situation becomes more complicated if ^the ctirve 
is not one-to-one, i.e., if it passes through some points 
more than- onde. Here is* a curve which crosses itself, 
passing ^through the point B twice. One orientation would 
be to pass through the points on the image in the order , 
AjJCDBE . < ' 




, Another method of tracing the sa^e image, shown 
f>artly N completed here, would pass through the points in 
^he order ABDCBE, making two corners at B. Two more * 
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orientations would start at E and end at A, QUESTION B: 
What are tjiey? 





A 

♦ / 


V 





Although a curve can pass through certainpoints 
on its image more than once, it should not cover whole 
Sections more than once. Thus, ABCDBDCBE would not give 
a £alid orientation for the curve. 

There is^nottojig wrong with a corner in a curve. 
A mathematical cjQre is not^ necessarily a smoothly 
curving line, but may have corners, and can even consist 
entirely of straight lines. F5r example, a square is a 
curve. Gan you find a set of equations which describe 
this curve? 




The trick is to find separate formulas for the 

different 'side's of the square," just as separate formulas 

could be used for the' two .semicircles making up a circle, 

0 ' -\ 
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^ The functions below define two sides of the .square, 
t, 0" < t < 1 
L l, 1 < t < 2 



x(t) 



y(t) 



0 , 0 < t < 1 
t-.l, 1 < t < 2- 




QUESTION C: Can you continue these functions for 
2 < t < 4 to define the other two sides? 

t 

4. CONTINUOUS CURVES 



A natural subcollection of the class of parametrized 
'curves are ones for which the tracing point moves contin- 
uously, without jumping. This condition' is equivalent to 
requiring that the curve can.be drawn without lifting* Xbfi 
pencil from the paper 
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It is also equivalent to requiring that the two 
coordinates x(t) and y(t) be continuous functions of 
the time parameter t,> 




If one of the coordinate functions is discontinuous, 
for example, 



x(t) 



t, 

U* 1, 



0 < t < 1 

1 < t < 2 



y(t) - \ t 2 



the resulting image, shown below, may have a gap in it. 
If both x(t) and y(t) are continuous, the result will bh 
a continuous parametrized curve, called simply a curve 
for short \* ' 
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5. CURVES WITH UNUSUAL PROPERT IES 
>xamfri< 



There are many strange examines which satisfy this 
definition of curve. 

Example 1 , 

For example, if In x denotes the natural logarithm 
of x' f then the equations 

x * t cos(2tt In t) 
y 3 t sin(27r In t) 

which make sense on the interval 0 < t < 1, can be 
tended to a continuous function on 0" < t < 1 by defining 
x(0) = y(0) ■ 0. This gives a curve, called the log- 
arithmic spiral, which has infinitely many (similar) 
turns near t * 0. Nevertheless we will prove that it 
has finite length. 




Consider the first turn of the spiral, from t « 1 q*» 
to t » e* 1 . Suppose it has length L. 





4 


V: , 
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- 1 * - ? 

The next turn of the spiral, from t s etot-e 
looks exactly similar, but e'^is large, so its length is 



Le" 1 . Similarly the length of the next turn is Le" 
Thus the length of the whole spiral is L ♦ Le" 1 ♦ Le" 2 
+ Le" 3 a geometric series which converges to 

L/(l - e" 1 ), a finite length. 



-2 





y 

« 
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Problem 

Verify that the Jturn of the spiral from t = e" 
-2 • . . 

t =» e is similar to the tuim from t 8 1 to t » e 
constant of proportionality i. 

Exam" 



to 

with 



There is also a Spiral which winds toward the origin 
in\uch a way that it, has infinite length. It is the 
hyperbolic spiral 



t CO. f 



y ■ t sin 



which can again be defined for 0 < t < 1 by letting x(0) 
■ y(0) » 0. The length of the spiral must be at least 
as long as the length of the inscribed polygon ABCDE. . . 
which we will show is infinite. If 0 is the origin, then 
AB and BC, are both longer than OB, while CD and DE are 
both longer than OD...and so forth. So the length of the 
spiral is greater than twice the sum of_the lengths of 



» 
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the line segments from the* origin to the "y crossings," 
the points where the curve crosses the y-axis, the first 
three of which are'B, D, F. 



1 













A lirA 






v A 

B 



How long is OB? Consider the intersections of the 
spiral with the y-axis (x=0). Since t / 0, we have 



cos 



so^that , 



0 



i.e. 



7T it 3tt 5tt 7tt 
t, 7' X' ~T' X' 



t » ? 2 2 2 



Since t < 1, the acceptable values* for £;are 4p 
The length of OB is the* y value when 

tt 3 it f 21 f 2l 2 2 



ii 



Be^ow is the graph of y = t sin , .with the point 
B' ■ [3, *jj giving the y coordinate of the point B, 
i.e., the'length of OB. Similarly D*= ||„ || gives the 
y coordinate for the point D. The length of the spiral, 
which is greater <than the length of the polygon, is thus' 
greater than the series # « 

•GMfl ♦ ♦ V.VM ♦ * •••)'■■" 

which diverges. §o<the length is infinite. . 

Example 3 ( * , 

The infinitely wiggly graph of y = t sin also has 
infinite length by a similar argument. » 



# 




* 




D« * 








1 
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Other Exampl 


es 





There are functions wlfose graphs have infinitely 
many wiggles, and infinite length, between any_ two joints . 




9 
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The snowfla*ke cwve also has infinite length be- 
tween any two of its points. 




Among the strangest examples of curves, are the 
"space filling curves/ 1 which pass through every point 
in an area such as a square. 




4 6*. EXERCISES 

1. How many different parameterized curves have the image shown 
below? # 




13 
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2. How many different oriented curves have this image? 

3. * Find two different parametrized curves, defined for 0 < t < 1 , 

which have this piece of a parabola as an image? 1 

v 




3. Find the equations for the parametrized curye which traces this 
equilateral triangle at uniform speed in a' counter-clockwi se 
direction, starting at the vertex (0,0), *in the time interval 




* > 




7. MODEL EXAM 
"V 

State whether e*ch of" the curves described below Is an 
oriented curve, a parametrized Gurve, or the image of a 
CMrve. 

a) The contrail left by a jet plane. 

b) The script letter n>, drawn from left to fight. 

c) A marathon course. ' 

d) The straight path of an automobile, accelerating 
uniformly J from 0 to 60 miles per hour in ten seconds. 

e) A figure eight. ^ 

f) The path of the tip of a second hand on a wall clock. 

If ABCD is the curve defined by tracing the first thretf sides 
of the hexagon below, with constant speed in the time interval 
0 1 t-i 3, find the formulas for x(t) and y(t). 



D-(3.2/5) 




C« (4,1*1) 4 
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3* Describe all possible orientations of the figure 8, starting 
At the top point P. 




t 

*K What is meant by the Image of a parametrized curve? 
i 

5. Give a parametrized curve whose image i«s 
{ (x,y) |0 < x < 1, 0 < y < 1, x 2 - y*} 



16 
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v 8. ANSWERS TQ -QUESTIONS IN TEXT 



x(t) - lt-3 



y(t) - - A~^7 - - A -I(t -3) 2 '- -1 Adt. -t 2 - 72 
The order EBDCBA and the order EBCDBA. 



A set of the equations for all four sides of the square are: 

0 < t < 1 



x(t). ; 



t , 
1 , 
3-t, 
0 



0 1 c 1 1 

1 1 1 £ 2 

2 < t < 3 

3 < t < k 



y(t) 



0 . 
t-i, 

1 , 



1 < t < 2 

2 < t < 3 

3 < 



9 . ANSWERS JKLEXERCISES 



Infinitely many. 
Sixteen. 

(Possible answers) 
x(t) » 1 ~ t, 
x(t) » t, 



y(t) - (i-tr ; 

2 



y(t) 

x(t) » t 2 / y(t) « t*; # 



x(t) - /t, yft) » t". 
x(t) 



2t , 
3-t, 



0 £ t < 1 

1 < t < 3 



y(t) 



o , o < t <_ i 

/3(t-l), 1 1 t < 2 
•T(3-t), 2 < t < 3 
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10. ANSWERS TO MODEL EXAM 

1. a) {mage b) oriented curve c) oriented curve 

d) parametrized curve e) image f) parametrized curve 



1 + 2t, 0 t < 1 0 P 1 t < 1 

rt(t) « ' 2 + t , 1 1 t < 2 y(t) » « 4 ' 

* : * . 2 < t < 3 \V1 (t-1) 1 < t'< 3 
3.» PABCDEBFP, PABEDCBFP* PFBEDCBAP, and PFBCDE&AP. 
5. Possible answer^ ' 

/ 

.2/3 



x<t) = t, y(t) » t 
x(t) = t 3 >, y(t) - t 2 



0 < t < 1 
0 < t < 1 
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1. 



INTRODUCTIO N 





In this unit we will describe the image of a homeo- 
morphism fr6m the standard sphere into three dimensional 
space, whose exterior is not homeomorphic toathe ex- 
terior of a standard sphere, it. is called the Alexander 
horned sphere because it was discovered by J.W.. Alexander 
in 1924, and looks as if it has grown horns. iv e 
will start by discussing the. situation for simple closed 
curves in the plane. Then we will descr.ibe tb^-horned 
sphere, and suggest the idea behind the proof that it 
has a non-standard exterior. 



2. 



THE JORDAN CURVE AND SHOENFLIESS THOEREMS 



A simple closed curve is a closed curve which does 
*ot cross itself. If it ls parametrized bv a continuous 
function f from- the interval [0,1] to the plane R 2 , then 
f(a) - f(b^ for a < b, if and only if a = 0 and b = 1. 
(See Figure 1.) 




Figure I 

If S 1 stands for the unit circle ,{ ( x , y) t R 2 | x 2 + y 2 =l } 
we may also think of our curve as a homeomorphism g of 
S into the plane. This means that g is a homeomorphism 
of S onto its image g {S l ) , although gfS 1 ) is not neces- 
sarily the whole plane. 
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Suppose we have such a- simple'clbsed curve g. The ' 
Jordan curve theorem slates that gCS 1 ) separates the 
plane into the union £>f ' two non-empty connected open sets 
A and B. That is,' R Z - gCS 1 ) = A U B, A and fc-are both 
non-empty, and open, and in particular, g/S 1 ) is the com- 
plete frontier of both A and B. The previous set, A, is 
called the interior of the curve, and the unbounded one, 
B. is called the exterior. (See Figure' 2.) 




\ 



Figure 2 

The Shoenfliess Theorem states In addition that 
the homeomorphism g, which is defined only on the unit 
circle S , can be extended to the whole plane, so that 
it takes the interior of S 1 -to A and the exterior to B. 
Thus A and B are homeomorphic to the standard "round" 
regions. ' . ' 

We will not prove either of these' theorems here. 

3. 'THE HORNED SPHERE . 

3 ' x " 

Lej: R denote the three dimensional space of 
triples of real numbers (x.y.z), i e t 

S = Ux,y,z,)eR 3 |x 2 ♦ y 2 ♦ ^ . 1} be the surface q{ 
standard round sphere in R , and let g be a homeomo^ism 
of S into R . Then the generalization of the JordaV 
Curve Theorem, sometimes called the Jordan Separation 
Theorem, states that R - g(S 2 ) = A (J B, the union , 
two non-empty,connected open sets, and g(S 2 ) is the 
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* complete frontier of each. Again,' .A represents the in- < 
Wior of the distorted sphere ^S 2 ) and *B represents 
the exterior. (See Figure 3.) * 4 



u 







< 


1 \A ' ] 




9 

< 


3 



Figure ^ 

The analogous generalization is actually true in 
any numbfer of dimensions. / 

However, the generalization «of the Shoenfliess / 
Theorem is not true in the^case of g(S 2 ) and the Alexander; 
Horne4 Sphere is atcounterexample . In this section, we 
'will construct a homeomorphism g oY S 2 into R 3 , such 
that the exterior B of g(S~) is not homeomorphic tcrshe 
exterior of the standard sphered In particular, then, 
it will not be--possib,le to extend g to a homeomorphism 
of the exterior of S 2 "ont6 B. ' * * 

^construct the-Ttorhed^ sphere r we start with a 
*ro«nd sphere as the first approximation and push out 
.a pair of, horns to make the second approximation. We 
can-do this by taking two pairs of cctocentr/c discs on 

D l eC l* 4 Then we k «ep S 2 



the sphere, D Q cr -and 



fixed, push Cp - Dq arid Cj - ^ to the tubular sides 
of the horns , leavin£]circular caps made from c D 0 ^nd. D j , 

as shown in Figure 4,'" ^ *• 

• • f • 

\ : From* the flat. ends of "these horns, we push out two 
new branches in the same way to get 4 ' the third 'approxima- 
tion-. ~ Jt laoks like a pair of crab's eljaws par^ia^ly 
interlocked but not <,close*d or touching.. To do this, wp 
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' B ^ ■ ■ : ■ : U 

v Ffgure 5 

We repeat again and again, growing new branches 
- on the tops of ea-oh of the old branches. . Since each. ** 
new pair of claws- is a reduced version of the previous 
pair, the total amount any* point moves is ciominated by a., 
geometric progression. ^Therefore, the approximations „ 

/V : " i, ' -353m % \ ' , 4 



converge uniformly to a continuous limit function g from' 
S to R . By the wtfy the construction is -arranged, g is 
also one-to-one, so it can be preyed that g is a homeo- 

morphism. (Figure 6.)* 

\ 9 T J 




, ' Figure 6 . . 

We can ronnd' the corners of our surface to m«ke • 
a- new function g which is smooth (Figure 7), except at 
the pornts which belong to an infinite number of the 
fiiscs C.. These exceptional points are called 
points. .If we take any infinite binary expansiop, say 
•01100110..., we can get a. corresponding contracting 



-sequence of discs Cq * C Qno * 



>ich -contains 



on"* *-ono 

Thus there is at least one 



a wild point P in common. 

wild' point for every real number between 0 and 1, so' 
,that the collection of wild points is uncountable.. ' 

Let C = {(x.y.z) cR 3 |x 2 + y 2 + .z 2 |<l} be the interior 
of the unit sphere S 2 . Then we could pull (Talong as 'we 
pu^ : out S , so t£e> function^ can be extended to C, ' 
giving a homeomorphism of the* closed ball S 2 UC into R 3 
Therefore the interior A of 'g(S 2 0 is hqmeoBorphic to 
the round ball C* ' 
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' Figure 7 ' 

But what about the exterior B of g(S 2 )? We wil.l 
show in the next section why B is not homeomorphic to 
the exterior D of the unit sphere S 2 . 



SIMPLY CONNECTED SETS 



a^i 



Thk demonstration thatf B is not homeomorphic to 
D use^he following topological property. A set X 
is called simply connected! if every closfTa curve in 
X (called .a loop in X* for /short) can be shrunk continu-' 
ously^in X until its imagfe is a single point. 

For example, the' ex/erior D of S 2 in R 3 is simply 
connected,- because every/ ib'op L can be pulled'off th</ 
t sphere and collapsed to/a single point P. A number of ' 
intermediate positions /are shown in Figure 8:' 

Suppose the loop jl is parametrized by a conliniou's 
function f(s) from .[o/l] to'X, and that the shrinking 
Amotion takes place for t in the time interval [0 1] 
Then .for each fixed h we get an intermediate curve' 
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( 



Figure 8 
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curve f t (s), which is alsb^closed and continuousT^nT^ 
• these intermediate curve^ depend continuously on t. The 
intermediate curve must agree 'with, f(s), when t = 0 • 
and stay fixed at 9 when.t = f. Thus, a parametrizltion 
of the., shr inking motion is a continupus function 
•F(S.t) = f t (s) of two^variables, s e [0,l], wlUch marks 
vdistance along each curve, and telO.l], which marks the. 
different intermediate curves in the motion. 
, It must satisfy 

a. Fts.O) = t( s ) f 0 ^ all's, / - 

• ..b. f(0,t) = F(l,r) for all t, and 
c F(«,l) = p for all S. 

Such a function F is called a homotopy. It is said 
to shrink the loop f iri X to the point P. 

fv If T denptfes the ^olid donut, or torque, shown in 
Figure 9, then its exterior jf - R 3 - T is not simply con- 
■ nected. The loop L, which wraps around the- hole, cannot 
"be shrunk to a point without.crossing T. • 

.Suppose there were a homeomorphism h from the ex- 
^ terior D of S to the .exter/or Y of T. Then, knowing 
\ D is simply connected, we could prove Y to be simply 
, ■ connected ^gg-ows. Let f parametrize a closed, loop 

>7 



4 

I 









Figure 9 ' 

irft. Then h _1 of is a closed loop in D. Since D is 
simply connected, 'there is a homotopy F which shrinks 
the loop h" of in D to a point P. Then hof will shrink 
the loop f in Y to apo.int fcy>) , Since this works for 
any loop^in Y, Y is simply connected. 

We say simply connectedness is a topological property, 
because it is preserved by homeomorphisms . . 



L THE E'XTERldk OF- THE HORNFn sphfpe 

'• I " 

We can prove similarly that the exterior of b' of 
the Alexander Horned Sphere {s .not homeomorphic to D, 
if we can show that it is not simply connected. ' 

At first, this might seem difficult, because' the 
claws never -touched, so. the exterior of </ach approxi- ■ 
mation is simply connected. However a property 'which 
is true of each of a sequence of approximations is not 
necessarily true of the limit. In facJ.we can define 
the horned sphere differently, so that the exterior 
, of each approximation is not simply*connected. 
, 2 Imagine you are carvirfg the^Slid horned sphere 
g(S UC) out of a piece of wood. The first approximation 
4 K, will be a torus with' -two bulges, one for the ,original 
sphere, and one^to^contain the claws, as shown" in " 
Figure 10. 

' ■" . . 357. . 8 



Figure 10 

The exterior Kj is not simply connected, since the 
loop L cannot be shrunk. 

The next step will be to carve out two claws from 
the upper bulge (see Figure 11), leaving their tips con- 
nected by two smaller bulges. The result K ? has a non- 
simply-connected exterior, since the loop L still cannot 
be shrunk. 




Figure 11 
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If we continue, we get a 'sequence of closed sets 
• =g(S U C), each of whose exteriors 



,K 3 = 



is noa-simply connected. (See Figure 12.) 




Figure 12 

Now suppose the loop L could' be shrunk to a point 
in the exterior B of g(S 2 ), using a homotopy F(s,t).. 
Since the image of F does not meet g(S 2 U C)', it must 
remain a finite distance e away. But now^e find a 
solid approximation JC n wiihin e of g( S 2 U C) , and the 
image of the homotopy will also miss K . This contra- 
dicts the fact that L cannot be shrunk"to a point on 
the exterior of K . 



6. PROBLEM 



Draw a sphere 9 ( S 2 ) such that Its Interior A is not homeo- 
morphic to the interior C of a round sphere. 
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1. SINGLE 'REACTANT IRREVERSIBLE REACTIONS 

1.1 Definition and Some* Examples , 

Suppose we have alchemical reaction o£ a pa^^JHarly 

simple sort,. one which involves only one substance (u 
call it A) as a reactant ,j and which is irreversible, 
therefore g<Jing to completion. v li may be- represented by 




writing: 
where B, , 



B. ♦ B 9 ♦ 



♦ B 



B 2 9 ' \ are^the product's. Suppose^ at ,tyne 



t 8 0 we have, a certain ' concenjtra.ti^n a 0 of *A (measured, , 
for ^example , in moles per liter) . % » It i-s possible to 
observe and record tj>e concentration a(t%of A at various, 
- later times t. , * 



TABLE I 

Experimental Data from Three Single,' 
Reactant Irreversible Reactions. 



(a) 



(b) 



(c) 



t 

(seconds) 


0 


51 


«206 


'454 


751 


1132 


1575 


2215* 




a(t) 
(mm Hg) 


15.03 


14.58 


13.32' 


It. 49 


9.73 


7.79 


6.08 


4.17 










fc_ 














9 

* t 


t * 
(minuses) 


0 


1 


4 


10 1 


30 


40 




a(t) 
(mm Hg) 


55' 


50 


38 


21 


3 


. 1-5 






















1 




\ 

(seconds) 


0 


120 ' 


' 180 m 


240 


"V 


"530' ' 


600 






1. 


.6705 


.5825 


,.512 


.Vf95 


.310 


'.2965 





v. 
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v 
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Table I gives three sets of such observations. Part 
(a) ds for at) experiment conducted at 280°C ' involving the ' 
^decomposition of trichloromethyl chloroformate into phos- 
Sene: . • ' ? . ? * . . 

' ' C1-C-0-CC1, -v 2C1-C-C1. ' 

Part ft) is for the decomposition at of ethylamine 

into ethylene and ammonia: * ' 

o C ? H 5 NH 2 ^ C 2 H W * NH 3 . 

Part (c) is for alkaline hydrolysis of ethyl Vitrobenzoate 
at an initial 'concentration of 0 / 05 moles per liter. 

'The reactants in parts (a) arid (b) are gaseous. At 
constant temperature and volume, a (t)« is -proportional to 
its partial pressure, and it is this figure, in millimeters 
of mercury (mm Hg)^that arppears^in Table I. In part (c) , 
, a(t) is- given as*a fraction of'-a» a ". 

In the conversion of tr ichloromethy.l chloroformate to 
phosgene, bqth the reactant and the ^reiu^^are gaseous, • 
and the total pressure actually increases as 'the reaction 
proceeds--because each trichloromethyl chlcxro formate molecule 
g4ves r;se to two phosgene molecules. * The partial pressure 
- oT the trichloromethyl chloroformate is ' deduced" f rom the 
total pressure b)> taking the- reaction- eauation* and the 
original pressure into account. In many- reactions,, however, 
the -amount of the reactant i^f determined by techniques 
based on its absorption of 'light. • • 

1-2 Gfaph.s/.of the Result's " ' 

We have plotted these results in Figures 1, 2, and 
-3. In that all of the curves decrease as/t increases, 
^these curves look very similar. But there is at least 
, one significant difference (.aside from the differences of'/ 
scales). . In each figure we have selected various concen- 
trations of A and determined graphically approximately how" 
long" it takes for a(t) to decrease *f rom the selected con- * 
centration to half of it. ^For example, Figure Tghpws us 

* 2' 



3-67 




cxri 



100 ;260 i6t) \kt>& H6(> UoO t(sec) 
'=-' — ^300 sec— * ' I " ! 



-3*5 sec- 



-400 sec- 



Figure 3. Alkaline Hydrolysis of Ethyl Mi trobenfoate' (from Table 1(c)) 

^fcnat it takes apnroxima t$.y 1170 seconds for aft) to 
decrease from t'p 7 mm Hg,.or 1220^ leconds'for it^tc ^ 
decrease from ])p to 5 .mm Hg . In e^ch* of th'^f xrs.t two 
figures the measured time intervals are approximately ( 
equaJ, but in Figure 3 they are not. f ► * 

1.3 Questions , ? 

y 

Can- we explain this difference in terms of ithe 
reactions? Or, turning the question aroitad,' can we draw 
any conclusions base£ on these observations, abou/t the. 



nature of £he v reactions? 
1>4 Anemic a'l kinetics 



Ques.ti^ons such as these are part of a branch of 
chemistry known as chemical kinetics. Chemical kinetics 
is concerned with the ra^tes^apd.Vechani'sms of/chemica^l 



reactions.. The name reflects the fact that "kinetics" 
is concerned with the ^hanging aspects of systems, as 
distinguished from "statics" which concerns systems at 
equilibrium. We should also point out here/that the 
- rate at which a chemical process takes place and the 
mechanism of the process (i.e., what exactly happens 
during^ the transformation of A into B/ ♦ B 0 V . . . B ) 
are two different things. The study *of Reaction mech- 
anisms lies at* a higher theoretical level than the study 
of reaction rates. In general, experimentally determined 
reaction rates can be used to rule out a proposed methanis 
if they are 'inconsistent wit'h it^ tfut experimental cjata, 
that are consistent with^a proposed mechanism can only, 
serve as supporting- evidence! -for^it; they cannot be used 
directly prove its correctness. ^ 

2. REACTION ORDER 

2.1* Definitions 

— ■ p • 

To make the question in Section 1.3 mofe specific, 
we shall summarise some background information abou^ the 
reaction "rates in reactions of this type. If substance 
A (in gas orMiquid form) is uniformly distributed,' and 
if the temperature^and volume are kept constant, then.it 
usually turns out that the rate a'(0 at which A decom- 
poses is proportional tfo a. non-negative integer .power 
(0,1,2*...) of the concentration a(t). I*a other words „ 

CIV a'(t) = -k[a(t)] n ' . 

> where k i-s a pos.ifive co-nstarit and n is a non-negative 
integer. We'call k the rate constant and n the order Si 
the reaction. Equation (1) with ^established is called 
the rate^ad fc^ the reaction." 

^ Vte s'hall co/si^er reaction orders 0, 1 and '2 in 
detail.* Higher, reaction* orders for reac.tiors of tlffe^type 
we are discussing are considerably more rare.. 
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netting n s o m tquaticn $U/$rx'ves 

or a«(t) = -k 0 '« : -y :* . * - . •: 

where we have introduced the subscript to^denote the * 
reaction order. The rate is independent -a| -ithe 'concen- 
tration of A. It is determined by other fa*ctor*s such as 
temperature, the^ intensity of light in 1 ight- induced 
reactipns rf the surface area available in surface-catalyzed 
reactions, or the amount of catalyst in homogeneous 
catalysis. (A catalyst is a chemical substance that con'- 
•trols the mfce of a reaction without undergoing any net 
change in itsrlf over the course of the reaction.) 

2.3 First-order Reactions * *\ 
In this- ca^e> we have* 

*' O) _ a»'(t) = -kja(t) . * 

Mos€ simple decomposition reactions T involvinf^a single^ h 
reactant are of first-order. This is not surprising if 
we imagine the reaction process to consist of molecules 
of A decomposing randomly. If/ for example, each molecule 
has 1 chance in 10 of decomposing in the next secoiid, %then 
about f()th of those present will in fact decompose in that 
second. In other words, the 'change in aft) in that second 
is about -fQa'Ct).) We describe" this by writing 

* • . a,(t) * = jo a ^- 

2.4 Second-order Reactions 1 ^ 
The rate law for second-order reactions is: J 

(4) ; a'(tl = -k H a2( t ). ' * 

In 'general, elementary* reactions which require' the collision 
pi two molecules are good candidates for this category. 

2 . Statement of the Problem 

Eqjuation (1), has* been Confirmed for many reactions 
6y numerous experiments, and also explained theoretically. 
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We shall not get into the theoretical explanation except 
to say (as has already been indicated in Sections 2.2, 2.3 
and 2.4) that different reaction orders are the result of 
different underlying reaction mechanisms. So if we have 
a reaction and want to know more about- its mechanism a 
very useful first step* is to determine its reaction order 
experimentally. 

Can we use data such as that given in Table I to 
determine^ whether' a reaction has one of the orders we* have 
discussed, and, if so, which one? 



3. DETERMINING TH^REACTION ORDER * 



3.1 Solving for.a(t) 

To begin with, we can use Equations (2), (3), and 

(4) to obtain explicit formulas for a(t) in the three 
cases. 

* > (a) Zero-order reactions^ If a'(t) = -k; therf^ 
a(t) = -k 0 t ♦ Q where C is a constant of integration/ 
Lfsi 

(5) a(t) = a 
(b) Fir8t-orde 

(3) 



Using the fact that a(0) = a Q we see that C = a Q and 

k Q t. 



(b) First-order reactions .* Starting with Equation 
divide both sides by a(t) (whichAs never zero): 

r * ■ 

k T 



(6y 



X 



a'(t) 



I 



filSJl dt . 

;q a(t) * 



MV 



In a(t 



y 



In a(t) t f 



■k f t 



■kjt ♦ ln* 0 

^ '. 

9 i 



X 



p 



erJc; 



V 
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(c) Second-order reactions: In Equation (4) we 
di'v'ide each side by a 2 (t), and conclude that ' 



a'(t) 
a 2 (0 

o a2 (t) 
i |« 

l 

altj 



= -k 



II 



k„4t 



-k H t 



a,k n t ♦ 1 



(7) 



a(t) = 



Exerci se 1 



Find a(t) expMcitly for a thi^S-order reaction. 



Exercise 2 



Assume tpo reactions are of first and second order respectively: 

•Mt),»-k»(t) "* 

" b'(t) - -k n b2(t) 

* y \ 

Assume they begin with the same amount of rea*ctant (a Q * b Q ), and 
their initial rates are the same [a'(0) « b'(jQ)]. Prove that 
a(t) < *>(t) for allt>0: 

(Hint: Note 'that ^jjj « 1 -fchen t « 0 and show that it is str4ct1y 
J y ^ t * | t 



decreasing for t > 0.) 



3.2 The Difficulty * - '„ * % v f 

p The ra*te constant a (k , k T , k TT j is of course 4 not 
/^xnown, sovwe cannot get away with^ anything so naive as 
plugging our data into -Equations (5) , (6) f and "(7). 
to see which one checks out. It is true that the graphs 
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of these equations have three distinctive "shapes'' , 
whatever the constants are (for example, Equation (5) 
is a straight line). Sp w^jcouid consider graphing 
ouf experimental data ancPtrying to determine which 
"shape" curve fits it best. In this unit however, we 
present a method of determining t the reaction order that 
does irat depend pn graphing, and whic^j also gives us the 
rate constant at rtt> extra cost. 



c^a 



3.3 Solving the» Difficulty 

The method^starts with solving Equations (5), (6), 
and (7) for k QJ Ic^, and kj j : ^ 



(8) .k 0 "- B -2_ ^ B ' . t > 0 

Now 'if , For example, the reaction or^er is zero, 
then all the data points should satisfy Equation f5) 
for some constant k Q . Thus whenever we Substitute any 
data point (t, a(t)) to, the right side^of Equation \s) 
we should get more or less the same value (namely k Q ). 
Natsurally there will be small variations due to experi- 
mental * error . "Similar comments apply to Equation (9) if 
the reaction order is one, and Equation (10) i*f the 
reaction order is^two. . c * 

So all we need to do is compute three rows of 
figures the ri&ht sides of Equations (^, .(9), and 
(10) for «our 'data points, and see if' any row remains 
mtfre or less constant. If so, that row gives us the 
^reaction* qrder, a*nd its constant value is the rate 
cpnstant {k^i kj, or kjj)** *' * 

t * * ' ■ 

v 

-\ * * 

• ' * ,9 
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3.4 An "Example 

As an example, let's go back to part (a) of Table I.. 
In Tabie II, we ha\e repeated the data and also tabulated 
-the right sides -of Equations (8), (9), and (10). The 
figures in. the row corresponding to Equation (9) are 
nearly constant (* 5.8 x lO^see" 1 ) while those in the 
other rows are not. So this reaction is apparently a 
first order reaction with * 5.8 x lO^sefc" 1 . 



* TABLE II 

Calculation of Rate Constant and-Reaction 
Order for Data of Table 1(a). 



t 


sec 




51 


2£6 


45<« 


751 


1132 


1575 


2215 


a(t) 


mm Hg 




14*58 


13.32 


n 49 


9.73 


7.79 


6 ' 08 \ 


4.17 


* t 




-t 


8,82 


8.30 


7.80 


7.06 


6.40 


5.68 

\ ■ 


4.90 




1 

sec 




5.96 


' 5.86* 


5.92 


5.79 

- » 


5.81 


j 

5-75 


5-79 J 




I 

mm Hg sec 




c 

03 


<■ 15 


* * 

4.52 


4.-83 




« 22 


•7.82 J 



Exercise 3 i * fc 

» i « 

Determine the reaction order and rate constant from the data 
given in part (b) of Table I. 

Exercise k 

^ ' *' 

Determine tjie reaction ordbr and rate copstant from the data 
given in part (c) of Table I . *~ t 
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4. HALF- LIFE 

4.1 Definition % 

The half-life of a certain amount of a reactant 
is the length of time required for exactly half of it to 
be used up. In other words, if the amount of reactant 
is a 0 at time t = 0, and if a(t) is the amount at a- late'r 
time t, then t^ is the solution of the equation 

•v *«> - 

Jn Section a :2 we determined graphically the half- 
lives df various amounts' of three reactants, and 'discovered 
that for two o^f the reactants t^ did not seem io.dfpend 
uppn the initial amount,^ but for jthe third retfct^ftWit* 
did. Let us, see if this phenomenon can sh^d a little 
more lighten the concept of reaction order, 

? " / 

4.2 formulas for Half -Life 

i * 

To start with, let us compute t, for each of the 
three reaction orders we^ are considering. All we need 
to do is -se/t -a t (t)-» |a 0 iir-each of Equations (5), (6) , " 
and (7) and solve for t: * ' 

* 1 1 

(11) = a Q ^Zero-order) . - 

(12) : t, = it2r . TFiVsf.oraer) . * , 

. T ,< ' • •- 

(13) * t, ^ ^ % (Second-order) . > « 
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Exercise 5 * . ■ . 

Find as 0 a«function of.a^ for a third-order reaction.' 

Exercise 6 ^ ' - - * 

r ' ' : ' v 5« 

We 1 define tj as the time required for .4 of a reactant to/ be 

used up. That h$„a(t 3/ ) - ijL. Find t as a function of a for 

reactions of zero,* first,, and second-order. 1 *', , 

• . ' 11 
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• Exercise^ 

f / ind th^ratio_A for reactions of zero, first, and 



second- order^ 
Exercise 8 / 



Table III gives t^ and t^ for three initial amounts of the 



*reactant Fn the reaction 



CH 3 CH0 



C»l t 



+ CO 

acetaldehyde methane carbon monoxide 



0 



Determine if possible whether the reaction has one of the three 
orders discussed in, this unit and, if so, which one. 

* . ■ TAB'fe III ' 

• * h 

Half-life and 3/„ -Life Data for the 

Reaction CH 3 CHO * CH u + CO (Exercise 8) 



a^ (mm Hg) . 


r 3 


225 


184 


tt (Seconds) 
* 4 / 


1 * 


572 


665 


I tf 3/ (seconds) 

I 


M35 

; 


1710 


1920 




h 







Exercise 9 



Suppose, for eyerij, x between^O and*1, we write t for the 

x * 

time required for fraction x of a reactant to be used up. (In *' 
Exercise 6 t ■ Fs an example of t^with x » */ h .) Show that in 
a first-order reaction IfHs independent of <he initial amount no 
matter what x is. 



4.3 Zero-order Reactions 

For a zero-order reactiort, half-life is proportional 
to initia^amount. " The greater the amjount, the longer ' 

^ . 12" 
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the half-Jife. To help yourself understand and remember 
this, think of a very large. number of marbles, from which 
we remove, say, 10 each second (k = 10). The more there 
are originally, the longer it will take to remove half of 
them . > % 

4.4 First-order Reactions " y 

For a first-order reaction z half-life is independent 
of initial amount!! To help'understand and remember this, 
think §gain of a very l*arge v number, of marbles. This time 
remove one. half of the pile in the first second, then one 
hajjfr of. the remaining pile in the next second, etc, 
(kj = j) . No matter how, many we start with, it will take 
one second to remove half o,f them. ,Also, at any later 
stage it will take one second to remove half of what 
remains. ' 0 

4*. 5 * Second-orddr Reactions 

^or a second-order reaction, half-life is proportional 
to the reciprocal^ of the initial amount. Another way of 



the inii 
(t, is -J 



saying this is that ait, is-a constant. The more* of A 

o 'S 

there is, the less time it takes for' one half of it to 
decompose! Although this may seem paradoxical we invite' 
you to consider the fact that second-order reactions * 
depend upon collisions of pairs of; molecules. Equation ^ 
(13) says that the more molecules there, are, the more 
likely they will collide, and the fasrer the reaction W^Ll 
proceed. 

v 

Exerci.se 10 » \ 

The fol'l owing data were obtained by F. Daniels and E.H. Johnston 
(J. Am. Chem. Soc , 53 (1921)) fx>r the decompos i t icrn of nitrogen 
pentoxJde j (N 2 0 $ ) involution in carbon xetrachloride (CC1 ) at *»5° C: 

2N 2 0 $ - 2H 2 0,+ 0 2 . \ 

13. 
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t 

(seconds) 


0 


* 


319 


• 526 


86/ 


\)3B 


1877 


2^ 


31 kk 


concentrat ion 
of N 2 0 5 
(mole/£)' N 


2.33 


2.08 


1.31 


1.67 


1.36 


1.11 


i 

.72 


'.55 


• 3* 



Determine the reaction carder and the rate constant, as well «s the 
half-fife t^. How long would it take for 87.5% of the reactant to 
be used up? 



'4 



L 



• » 1 i . — ■ 

The Project y/oultflike {o'thank Scott C. Mohr of • 
Boston University, Andrew Jprgensen of Indiana State 
University at Evansville, Bernice Kastner of Montgomery 
College, Rockville, Maryland, Barbara Juister of Elflin 
Community College, Elgin, llfinois/for their reviews, 
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«nit. ^ £ \J ^ 

Thrs unit w^s field-tested and/or student reviewed 
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Evansville, Southern Oregon State Col lege Ashland , ' 4 
Colorado School of Mines, Golden, and Northern Illinois 
University, DeKalb, and has been revised on the basis , 
of data received from these sites. 
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.5. 'MODEL EXAti 



1. For some reactions the reaction order is found 
to be fractional. Find a(t) explicitly (in terms 
of a ) for a reaction with* reaction order^n = h- 

2/ Define t v "as that time for which a(t^)-= (1 - x)a . 

X • A , Q 

Find t for a second order reaction. Is this t» 
* x ^ 

independent of a ?> > 

& » \ 

3. Determine tf>e reaction order and rate constant from 

the following data for a hypothetical'reaction. 



t (seconds) 


. 0 


24t 


4 


' 6 


8 


• 10 


aft) (moJ,es/l) 


*1'0 . 0 

♦ 


3.98 


2. SI 


1.82 


1.44 


1.19 



J 



f5 



330 



.1 . • . ( 



/ 



ANSWERS TO EXERCISES 



,( t ) = a > ( —L Ljl 

0l2a 2 k_ t + lj 
0 ill 



2. The information given to us is: 

1. a' (t) = -kja(t) 

2. b'(t) = -k n b2(t) 
'3. a(0) = b(0) 

h. a'(0) = b'(0) < . • 

* To see that ' is a decreasing function of t, we show 

that the derivative of the quotient is negative. 

• * A. fa(t)1 _ b(t) a'(t) - a(t) b'(t) 
<MWj" b 2(t) 

, b(t)(-k x a(t)) -Ta(t)(-k n b2(t)) 
b 2 (t) - 

o*> , = a(t) ( k ir wt): 

Now, a'(0) = b*(0) means that' - 

' Hja(O) » k n b 2 (0) 
and 3(0),=* b(0) means further^that * 

kjb(O) = 'k n b 2 (0) • • - 

.kj- k H Mo). \ . ' it 

When we substitute this value of k*- in Equation ()k) we obtain 



• jLfett)} -a(t)fk' k " b ? 0) ) 
dtlWJ a(t, l II b( $ ) J 



Since b(t) < b(0) for t > 0, 

br(o) . , 

and . 
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3. Reaction order = 1 



Reaction order « 2 

a 0 k s il x lO^'sec" 1 or, since a 0 '*» 0,05 



* 1-2 -1 

k = 8,2xlo 2mole s 



2a 2 k 



Zero order: 

i 

Fi rst-order: 
\ 



t- - r- In k. 
3 A k T . 



Second-order: t, = 



7 a « k 

* H 0 \ 



II 



7* 



Zero-order: y 



FFrst-order: 2 
Second-order: { 

JL _ Second-order, ^ . , 

10. First order, k z 6.2" x io""* sec'I, t^ - 1120 sec, 3t^ = 3360; sec* 



ANSWERS TO MODEL" EXAM 



±. a(t) = a - ra" kt + 
o 0 



k 2 t 2 



3\ k » 7-5 x 10* 1 2* mole" 2 sec" 1 
Order » 2. 



35.2 



